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Abstract

In this paper we prove large and moderate deviations principles for the
kernel estimator of a distribution function introduced by Nadaraya [1964.
Some new estimates for distribution functions. Theory Probab. Appl. 9, 497-
500]. We provide results both for the pointwise and the uniform deviations.
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1 Introduction

Let X4,...,X, be independent, identically distributed of random variables, and
let f and F' denote respectively the probability density of X; and the distribution
function of X;. Nadaraya (1964) introduce a kernel K (that is, a function satisfying
Je K(x)dz = 1), a function K (that is, a function defined by K (2) = [7_ K (u) du),
and a bandwidth (h,,) (that is, a sequence of positive real numbers that goes to zero).
The estimator proposed by Nadaraya (1964) to estimate the distribution function
F" at the point x is given by

F, (z) = %gic(”’ ZHX’“) (1)
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Some theoretical properties of the estimator F,, have been investigated (see among
many others, Nadaraya (1964), Reiss (1981), and Hill (1985)). Reiss (1981) and
Falk (1983) showed that the kernel distribution estimator (1) have an asymptotically
better performance than empirical distribution function, which does not take into
account the smoothness of F.

Recently, large and moderate deviations results have been proved for the well-
known nonrecursive kernel density estimator introduced by Rosenblatt (1956) (see
also Parzen, 1962). The large deviations principle has been studied by Louani
(1998) and Worms (2001). Gao (2003) and Mokkadem et al. (2005) extend these
results and provide moderate deviations principles. The purpose of this paper is to
establish large and moderate deviations principles for the nonrecursive distribution
estimator (1).

Let us first recall that a R™-valued sequence (Z,),~, satisfies a large deviations
principle (LDP) with speed (v,) and good rate function I if :

1. (v,) is a positive sequence such that lim,, .., v, = o0;
2. I:R™ — [0, 00] has compact level sets;
3. for every borel set B C R™,

—inf I (r) < liminfv, 'logP[Z, € B]

o n—oo
zeB

< limsupy, 'logP[Z, € B] < — inf I (z),

n—oo z€B

where B and B denote the interior and the closure of B respectively. Moreover,
let (v,) be a nonrandom sequence that goes to infinity; if (v,7,) satisfies a
LDP, then (Z,) is said to satisfy a moderate deviations principle (MDP).

The first aim of this paper is to establish pointwise LDP for the kernel distribu-
tion estimator (1).

We show that using the bandwiths defined as h,, = h (n) for all n, where h is a
regularly varing function with exponent (—a), a € |0, 1[. We prove that the sequence
(F, (z) — F (x)) satisfies a LDP with speed (n) and the rate function defined as
follows:

{Z'f F(z)#0, IxzteF(:r)I(HF&)) (2)

if F(z)=0, I,(0)=0 and I,(t)=40c0 for t#0.
where

I(t) = sup {ut — ¢ (u)}

u€R

o (u) = exp (u) — 1.
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Our second aim is to provide pointwise MDP for the distribution estimator de-
fined by (1). For any positive sequence (v,) satisfying

2

Un

lim v, =00 and lim — =0

n—oo n—oo M

and general bandwidths (h,,), we prove that the sequence
o, (F (7) — F (2))

satisfies a LDP of speed (n/v?) and rate function J, (.) defined by

if f@)#0, Joit— gt (3)
if f(x)=0, J,(0)=0 and J,(t) =400 for t#0.

Finally, we give a uniform version of the previous results. More precisely, let U be a
subset of R; we establish large and moderate deviations principles for the sequence

(Sup,epr [Fn () = F (2)]).

2 Assumptions and main results

We define the following class of regularly varying sequences.

Definition 1. Let v € R and (vn)n21 be a nonrandom positive sequence. We say
that (v,) € GS () if

lim n [1 - “’”} — . (4)

n—-+4oo Un

Condition (4) was introduced by Galambos and Seneta (1973) to define regularly
varying sequences (see also Bojanic and Seneta, 1973). Typical sequences in GS ()
are, for b € R, n” (logn)’, n7 (loglogn)’, and so on.

2.1 Pointwise LDP for the Nadaraya’s distribution estima-
tor

To establish pointwise LDP for F,, we need the following assumptions.

(L1) K : R — R is a bounded and integrable function satisfying [, K (z)dz = 1,
and [, 2K (2) dz = 0.

(L2) (h,) € GS (—a) with a € ]0, 1].
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The following Theorem gives the pointwise LDP for F}, in this case.

Theorem 1 (Pointwise LDP for Nadaraya’s distribution estimator).

Let Assumptions (L1) and (L2) hold and assume that F' is continuous at z. Then,
the sequence (F), (x) — F'(z)) satisfies a LDP with speed (n) and rate function de-
fined by (2).

2.2 Pointwise MDP for the Nadaraya’s distribution estima-
tor

Let (v,) be a positive sequence; we assume that

(M1) K : R — R is a continuous, bounded function satisfying [, K (z)dz = 1,
and, [p 2K (z)dz =0 and [, 2°|K (2) |dz < oo,

(M2) (hy,) € GS (—a) with a € ]0, 1].
(M3) F is bounded, twice differentiable, and F'®) (z) is bounded.

(M4) lim,, .o, v, = 00 and lim,,_, % =0.

The following Theorem gives the pointwise MDP for F,.

Theorem 2 (Pointwise MDP for the kernel distribution estimator (1)).

Let Assumptions (M1) — (M4) hold and assume that F' is continuous at xz. Then,
the sequence (F), (x) — F (z)) satisfies a MDP with speed (n/v?) and rate function
J, defined in (3).

2.3 Uniform LDP and MDP for the Nadaraya’s distribution
estimator

To establish uniform large deviations principles for the distribution estimator defined
by (1) on a bounded set, we need the following assumptions:

(Ul) i) [p 2K (2)dz =0 and [, 2*|K (2)|dz < co.
i1) K is Holder continuous.

(U2) F is bounded, twice differentiable, and, sup, g |[F® (z)| < oc.

(U3) lim,,_oo 8% —

n
Set U C R; in order to state in a compact form the uniform large and moderate
deviations principles for the distribution estimator defined by (1) on U, we set:

) = 1F]vee (Hﬁ) when v, =1, (L1) and (L2) hold
S - when v, — oo , (M1)— (M4) hold

2HFHU,OO

gu (6) = min{gy (), gv (—0)}
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where [[Fllvco = sup,ep [F (2)]-

Remark 1. The functions gy (.) and gy (.) are non-negative, continuous, increasing
on |0, +o00[ and decreasing on |—oo, 0, with a unique global minimum in 0 (gy (0) =
gu (0) = 0). They are thus good rate functions (and gy(.) is strictly convex).

Theorem 3 below states uniform LDP on U in the case U is bounded, and
Theorem 4 in the case U is unbounded.

Theorem 3 (Uniform deviations on a bounded set for the kernel distribution estimator (1)).
Let (U1) — (U3) hold. Then for any bounded subset U of R and for all 6 > 0,

lim n 'v2logP |sup v, |F, (v) — F (2)] > 0| = —gu (9) (5)

n—oo zelU

To establish uniform large deviations principles for the distribution estimator (1)
on an unbounded set, we need the following additionnal assumptions:

(U4) i) There exists 3 > 0 such that [, [|z|°f (z) dz < occ.
i7) F is uniformly continuous.

(U5) There exists 7 > 0 such that z — [|z]|"K (2) is a bounded function.

(U6) i) There exists ¢ > 0 such that [, ||z]|° |K (z)]dz < o0
i1) There exists n > 0 such that z — |[|z||7F (z) is a bounded function.

Theorem 4 (Uniform deviations on an unbounded set for the estimator defined by (1)).
Let (U1) — (U6) hold. Then for any subset U of R and for all § > 0,

—gu (6) < liminfn 'v?logP lsup U |y () — F(2)] > (5]

n—oo xelU

< limsupn 'v2logP {supvn |F, () — F (z)] > 5} < — b gu (9)
n—o0 zelU ﬂ +1

The following corollary is a straightforward consequence of Theorem 4.

Corollary 1. Under the assumptions of Theorem 4, if [ [|z||*F (z) dz < oo for all £
in R, then for any subset U of R,

lim n~'v2 log P {sup U | Fy () — F (2)| > 5} = —qu (0) (6)

n—oo zelU

Comment. Since the sequence (sup,cy |F () — F (z)|) is positive and since gy
is continuous on [0, +-00], increasing and goes to infinity as § — oo, the application of
Lemma 5 in Worms (2001) allows to deduce from (5) or (6) that sup,; |y, () — F ()]
satisfies a LDP with speed (n) and good rate function g on R+.



876 Yousri Slaoui

3 Proofs

Throught this section we use the following notation:

Vi = K (x ;nxk) (7)

Noting that, in view of (1), we have

n

Fo(@)—E[F ()] = =3 (Vi —E[Via))

k=1

S

Let (U,,) and (B,,) be the sequences defined as

1
U (2) = — ; (Ye = E [Yin])
By (x) = E[F, ()] - F(z)
We have:
F,(z)— F(z) =Y, (z) + B, (x) (8)
Theorems 1, 2, 3 and 4 are consequences of (8) and the following propositions.

Proposition 1 (Pointwise LDP and MDP for (V,,)).

1. Under the assumptions (L1) and (L2), the sequence (F, (x) — E (F), (x))) sat-
isfies a LDP with speed (n) and rate function 7.

2. Under the assumptions (M 1) — (M4), the sequence (v, V,, (z)) satisfies a LDP
with speed (n/v?) and rate function J,.

Proposition 2 (Uniform LDP and MDP for (V,,)).

1. Let (U1) — (U3) hold. Then for any bounded subset U of R and for all § > 0,

lim n~'v2log P lsup v |, ()] > 5] = —gu (6)
n—oco z€U

2. Let (U1) — (U6) hold. Then for any subset U of R and for all § > 0,

—gu () < liminfn 'v?logP lsup U [y, ()] > (5}

n—oo xelU

§
§+d

< limsupn 'v?logP {sup v |, ()] > 6] < —

n—00 zeU

gu (6)
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Proposition 3 (Pointwise and uniform convergence rate of (By)).
Let Assumptions (M1) — (M3) hold.

1. If f"is continuous at x. We have

If a <1/3, then

If a > 1/3, then

2. If (U2) holds, then:
If a <1/3, then
sup |B, (z)| = O (h3) .

n
zeR

If a > 1/3, then
sup | B, (z)] = o (x/nflhn> :
zeR

Set 2 € R; since the assumptions of Theorems 1 guarantee that lim,, .. B, () =
0, Theorem 1 is a straightforward consequence of the application of Part 1 (respec-
tively of Part 2) of Proposition 1. Moreover, under the assumptions of Theorem 2,
we have by application of Propostion 3, lim, . v, B, () = 0; Theorem 2 thus
straightfully follows from the application of Part 3 of Proposition 1. Finaly, Theo-
rem 3 and 4 follows from Proposition 2 and the second part of Proposition 3.
We now state a preliminary lemma, which will be used in the proof of Proposition 1.
For any u € R, Set

Ano () = nlvilogE{eXp (u:—n\lfn (:zc))]
A7 (u) = F(x) (¥ (u) —u),

U2

Ay (u) = 5 (@)
Lemma 1. [Convergence of A,, ;]
1. (Pointwise convergence)
If F' is continuous at x, then for all u € R
lim A, (u) = Ay (u) (9)
where

AL (u hen v, =1
rw={ 450

(u) when v, — o0



878 Yousri Slaoui

2. (Uniform convergence)
If F' is uniformly continuous, then the convergence (9) holds uniformly in
reU.

Our proofs are now organized as follows: Lemma 1 is proved in Section 3.1,
Proposition 1 in Section 3.4 and Proposition 2 in Section 3.3.

3.1 Proof of Lemma 1.

Set u € R, w, = u/v, and a,, = n. We have:

Ao (u) = On log E [exp (u,a, ¥, (2))]

exp (un Z (Y — E [Ykn])>

2
= log E
On k=1

2 n
= Z log E [exp (unYin)] — v, E [Y7,]
(07%
k=1

By Taylor expansion, there exists ¢, between 1 and E [exp (u,,Y} )] such that

log E [exp (u,Yyn)] = E [exp (u, Yk ) — 1] — (E [exp (tnYin) — 1])°

2¢;
and A, , can be rewriten as
Moe @) = 23 B foxp (un¥im) = 11— 22 3 - (B fexp (unYin) — 1)
nx (U = exXp (UnYrn) — - — —_ XD (UnYim) —
, a0, p k, 2, a2 p k
k=1 k=1 "k,
—uv,E [Y1,] (10)

First case: v, — oo. A Taylor’s expansion implies the existence of ¢ , between
0 and w,Y}, such that

1 1 /
E [exp (unYen) = 1] = u,E [Yia] + 502E [Y2,] + ulE [Yk%neck,n]
Therefore,
L, - 2 L su, - 3
An,x (U) = 5/& Qp, ZE [Yk,n] -+ éu a— ZE [Yk,ne k,n:|
k=1 " k=1
12 e 1
- —— (E [exp (unYin) — 1])2

2
2a,, — Cn

n,

1
= §u2F (x) + RS; (u) + R(Q; (u) (11)
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with

Since F' is continuous, we have lim,, ., |F (x + zh,,) — F (z)| = 0, and thus, by the
dominated convergence theorem, (M1) implies that

lim [ K (2)K(=2)|F (z+ zh,) — F(z)|dz =0,

n—oo R

it follows that lim,, ) & (u)‘ = 0.

Moreover, in view of (7), we have |Y},| < [|K||.,, then

’unYk,n’

Com <
< un| 1K o (12)

v

Noting that E|Vi,|" < 3| F||. [, |K (2)||K?(2)|dz. Hence, it follows from (12),
there exists a positive constant ¢; such that, for n large enough,

n

31 /
v Z E |:Yk3eck,n:|
Un Qn

k=1

ud
< cw""'”’CwU—HFHOO/R\K(z)\]ICQ (2)]dz  (13)

which goes to 0 as n — oo since v, — 0.
In the same way, there exists a positive constant ¢, such that, for n large enough,

v2 "1
%0 > = (Elexp (unYin) — 1])*
nop—1 kn
U?L u 2
< 03 fexp (0¥ — 1)
-
U2 2
2
< ey 1 e G 111) ([ 1K (=1 a2) (14

The combination of (13) and (14) ensures that lim,, . ’Rﬁ?; (u)’ = 0. Then, we
obtain from (11), lim,, oo Ao (u) = AM (u).
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Second case: (v,) = 1. It follows from (10), that

n

1 1
Ay = —ZE exp (uYgn) —1]—Ezcin(E[eXp(qun)—l])

—uE [Ym]

Moreover, using integration by parts, we get
Ay (u) = uF(x) / K (2) (exp (uK (=2)) — 1)dz — Rngi (u) + R 43)5 (u) (15)
R

with

n

1
Rn3a)c (u) = S, 2e 2 (E [exp (uYy,) — 1])°
" k=1 kn

Rn‘f; (u) = u/RK (2) (exp (uC (=2)) — 1) [F (z + zh,) — F (x)] d=.

It follows from (14), that lim,, ’Rq(f’; (u)’ = 0.

Since |ef — 1| < |t] €l*l, we have
R )] < aeWle [ K QK (=P (@ +2h) = F (@)] d=

Then, the dominated convergence theorem ensures that lim,, . R;Af; (u) = 0.

In the case F' is uniformly continuous, set € > 0 and let M > 0 such that

2 HFHoof||z||<M |K (2)| K (=2)|dz < €/2. We need to prove that for n sufficiently
large -

sup/|| o |K (2)| K (=2)||F (x + zh,) — F (x)|dz < ¢/2

zeR

which is a straightforward consequence of the uniform continuity of F'.
Then, it follows from (15), that

lim A, (u) = uF(x) /RK (2) (exp (U (=2)) — 1) dz

F (2) (exp (u) — 1 - u)
= A7 (u)

and thus Lemma 1 is proved.
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3.2 Proof of Proposition 1

To prove Proposition 1, we apply Lemma 1 and the following result (see Puhalskii,
1994).

Lemma 2. Let (Z,) be a sequence of real random variables, (v,,) a positive sequence
satisfying lim,, .., v/, = 400, and suppose that there exists some convex non-negative
function I' defined on R such that

1
Vu € R, lim — logE [exp (uv, Z,,)] =T (u) .

n—oo U,

If the Legendre function I'* of I" is a strictly convex function, then the sequence (Z,,)
satisfies a LDP of speed (v,) and good rate fonction I'*.
In our framework, when v, = 1, we take Z, = F, (x) — E(F,(z)), v, = n
and ' = AL. In this case, the Legendre transform of I' = AL is the rate function
t

I, :t — F(x)I <1 + W)’ since 1) is strictly convex, then its Cramer transform

I is a good rate function on R (see Dembo and Zeitouni, 1998). Otherwise, when,
v, — 00, we take Z,, = v, (F, (z) — E(F, (x))), v, = n/v? and T = AM; T'* is then
the quadratic rate function J, defined in (3) and thus Proposition 1 follows.

3.3 Proof of Proposition 2

In order to prove Proposition 2, we first establish some lemmas.

Lemma 3. Let ¢ : RT — R be the function defined for § > 0 as

T when v, — oo , (M1)— (M4) hold

) { W;l (1+mt=) when wo=1 , (L1) and (L2) hold
1Flv,00
1. sup,ep {ud — sup,ep Ax ()} equals gy (6) and is achieved for u = ¢ (0) > 0.

2. sup,er {—ud —sup,cy Ay (w)} equals gy (0) and is achieved for u = ¢ (—6) <
0.

Proof of Lemma 3 . We just prove the first part, the proof of the second part
one being similar.

e First case v, — 1. Since e’ > 1+ ¢, for all ¢, we have v (u) > u and therefore,

ud —sup A, () = ub — || Fllue (¢ (u) — w)

N I R
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The function u +— ud—sup,cy A, (u) has second derivative —|| F'||py ot (u) < 0
and thus it has a unique maximum achieved for

_ n—1 0
v = () (“ !|F||U,oo)

Now, since 1’ is increasing and since ¢’ (0) = 1, we deduce that uy > 0.

e Second case v, — oo. In this case, we have
U2
ud —sup A, (u) = ud — EHFHUOO
zelU
The function u — ud — sup,c;y A, (u) has second derivative —||F'||pyo < 0 and
thus it has a unique maximum achieved for

J

= >0
1E 0700

Ug

Lemma 4.

e In the case when (v,) =1, let (L1) and (L2) hold,;

e In the case when v, — oo, let (M1) — (M4) hold.
Then for any 6 > 0,
2

lim 2 logsup P [v, 0, (x) >8] = —gu (5)
n—oo N zeU
2
lim —logsupP v, ¥, (x) < =] = —gu(=9)
n—oo M zeU
02
lim — logsupP [Un |\Iln (I)| < _5] = _gU (_6)
n—oo N el

Proof of Lemma 4. The proof of Lemma 4 is similar to the proof of Lemma 4
in Mokkadem et al. (2006).

Lemma 5. Let Assumptions (U1) — (U3) hold and assume that either (v,) = 1 or
(U4) holds.

1. If U is a bounded set, then for any 6 > 0, we have

n—oo M, T

2
1m9m%PFm%WM@@g—%w)

eU
2. If U is an unbounded set, then, for any b > 0 and § > 0,

<b—gu(9)

n—oo T zeU,|z]|<wn

2
lim sup I log P [ sup v, |V, (2)]

where w,, = exp (b%)

n
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Proof of Lemma 5. Set p € |0, 4], let 5 denote the Holder order of I, and ||| i

its corresponding Holder norm. Set w,, = exp <bv—2> and

P 5
Rn = P TIPT—

We begin with the proof of the second part of Lemma 5. There exist N’ (n) points

of R, yY‘), yé"), . ,y](\?,)(n) such that the ball {z € R; ||z|| < w,} can covered by the

N’ (n) balls B™ = {x ER; [z — ™| < Rn} and such that N’ (n) < 2 (%)
Considering only the N (n) balls that intersect {x € U;||z| < w,}, we can write

{z € U;||z|| < w,} c UNWB™,

2

For cach i € {1,... ,N (n)}, set 2 € B™ NU. We then have:

N(n)

Z P
=1

IN

sup v, |V, (z)] >0
xEBE")

IP’[ sup vn]\IJn(x)\E(SI

z€eU,||z|| <wn

< N(n) max P
1<i<N(n)

sup v, |0, ()] 25].

:EGBE">

Now, for any i € {1,... ,N(n)} and any = € BZ.(n),

0 ()

T iE K (‘” ;ank) _K (#ﬁ)'
oa [, (2] + z%"nicu,,i (””hf(n)y
o (2)

Un |V, (xﬁ’”)‘ +p

U [, (7)) < o,

Un
+_
n

IN

IA

+ 20, |Kl| by, " Ry

IA

Hence, we deduce that

IA

N(n) max P [vn

1<i<N(n)

Pl osup v, (2) > 5]

zeU,||z||<wn

< N {(n)supP |:Un

zelU
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Further, by definition of N (n) and w,, we have

log N (n) <logN'(n) < b% +2log2 —log R,
v

n

and
v2 102
—log R, = =— [log p — log (2||K|| i) — log v, + Blog hy,] .
n G n
Then, in view of (U3), we have
02
limsup —~log N (n) <b (16)
n—oo n

The application of Lemma 4 then yields

2 2
lim sup I log P sup v [Vp (2)] > 0| < limsup I log N (n) — gy (6 — p)
n—oo T z€U,||z|| <wn n—oo T

< b—gu(6—p).

Since the inequality holds for any p € ]0,0[, part 2 of Lemma 5 thus follows from
the continuity of gy .

Let us now consider part 1 of Lemma 5. This part is proved by following the
same steps as for part 2, except that the number N (n) of balls covering U is at
most the integer part of (A/R,), where A denotes the diameter of U. Relation (16)
then becomes

02
limsup —~log R, <0
n

n—oo

and Lemma 5 is proved.

Lemma 6. Let (U1)14), (M2) and (U6)4) hold. Assume that either (v,) =1 or (U3)
and (U6) i) hold. Moreover assume that F' is continuous. For any b > 0 if we set

wy, = exp ( b7z | then, for any p > 0, we have, for n large enough,

n
n

Eele ()] <

sup —
veU el >wn W 423

Proof of Lemma 6. We have

%;E {/c (x ZHX’“)} :vn/RK(z)F(thn) dz. (17)
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Set p > 0. In the case (v,) = 1, we set M such that ||F||~ f”Z”>M |K (2)|dz < p/2;
it follows that

[ (5]

+ F (x) /”Z”<M |K (2)|dz + /”Z”>M |K (2)| |F (x + zhy,) — F (z)] d=.

n
UTZ

Lemma 6 then follows from the fact that F fulfills (U6)4i). As matter of fact,
this conditions implies that lim, .7 F (z) = 0 and that the third term in the
right-hand-side of the previous inequality goes to 0 as n — oo (by the dominated
convergence).

Let us now assume that lim,, .., v, = 0o; relation (17) can be rewritten as

—H)n/ K () F (v + zh,) dz.
2l Zwn /2

First, since ||z]| > w, and ||z|| < w,/2, we have

|z + zh,|| wy (1= hy,/2)

>
> w,/2 for n large enough.

Moreover, in view of assumptions (U3), for all £ > 0,

U, . n 11} log vy,
lim — =1 b= (1-—="———|=0. 1
im im exp{ bévg ( K n )} 0 (18)

Set My = sup,cg ||z||"F (x). Assumption (U6) i) and equation (18) implie that, for
n sufficiently large,

sup vn/ |K (2) F (x + zh,)| dz
2l <wn/2

||| >wn
< My sup vn/ |K (2)| ||z + zh,|| "dz
[l >wn Iz <wn /2
< o, / K (2)] d

IN

2"M
L
5
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Moreover, in view of (U3), (U6) i) and (18), for n sufficiently large,

sup Un/ |K (2) F (z + zhy,)| dz
[2l1>wn /2

l|z]|>wn
Un
<2 [ e )]s
Wn Jz[|>wn/2
<t
-2

This concludes the proof of Lemma 6. Since K is a bounded function that vanishes
at infinity, we have lim,|—c |V, ()| = 0 for every n > 1. Moreover, since K is
assumed to be continuous, V¥, is continuous, and this ensures the existence of a
random variable s,, such that

|Wy, (8n)] = sup [y, (v)] .

zelU

Lemma 7.
Let Assumptions (U1) — (U3), (U4)ii) and (U5) hold. Suppose either (v,) =1 or
(H6) hold. For any b > 0, set w,, = exp <by%>; for any 6 > 0, we have

2
limsup 2 logP[||snl| > w, and  [W, (s,)] >8] < —b3 (19)
n

n—oo

Proof of Lemma 7. We first note that s,, € U and therefore

|snll > w, and v, |¥, (s,)| >0
Un, - Sn_Xk: Unp, = Sn_Xk
= s, > w, d = K —/F K >
ol 2 w0 ana 2132 ( - )+n > ( - )
n = n_X
= sall > w and 2 /c(s ’“)’26
n hy,

- X
—  sup Un E'IC (S" k)'
v N hn

]| >wn,x k=1

Set p € ]0,0[; the application of Lemma 6 ensures that, for n large enough,

)

|snl| > w, and v, |¥, (s,)| > 9

- - X
K(Sn k

= [|sp|l > w, and

Un,
n > 45— p.
n
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Set K = sup,eg ||2]|7 |K ()] (see Assumption (U5)). We obtain, for n sufficiently
large,

|snl| > w, and v, |¥, (s,)| > 9

n— X
= ||sn|| > w, and Jk e {1,... ,n} such that vnIC(S : k)'Z(S—p
= ||sn|| > w, and 3k e {1,...,n} suchthat kh} >v, s, — Xe||” (0 — p)
= ||sull > w, and  Jke{l,...,n} such that |||sn]|—||Xk|||§{m" }

1
Ko )|~
5 —

= [|su|| > w, and Jke{l,... ,n} suchthat | Xy <w,(l—wu,k) with

= ||spll > w, and  Jk e {l,...,n} suchthat || Xg|| <|snll— [

1

Up ) = W,, vgh (5ip)v.

Moreover, we can write u,, ; as

o ([ vRlogun 1 wlog(h) 1] (L)
Unk = EXD v2 n by n b 0o—p

and assumption (U3) ensure that lim,, .. t,, = 0, it then follows that 1 —wu,; > 0
for n sufficiently large; therefore we can deduce that (see Assumption (U4)1)):

Pllsnl 2 wn and v, |9 (s0) 20 < DOP|I1XGI)7 = wf (1 - )]
i=1

< D CE (X)) w,? (1= tng) 7

< 0B ([1%1%) wy” max (1—w,) ™"

Consequently,

[\

" log P [|sall > wn and v, [W, (s,)] > 4]
n
2

v
< N BY _ 2 _ —
= logn + log E (|| X1]|”) — bBnv;, ﬁloglrél&xn(l Unk)| s

and, thanks to assumptions (U3), it follows that

02
hmsup—log]P’[Han>wn and v, |V, (s,)| =9 < =05,

n—oo

which concludes the proof of Lemma 7.
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3.4 Proof of Proposition 2
Let us at first note that the lower bound

02
lim inf 2 log]P’ {supvn |V, ()] > (5] > —gu (9) (20)

n—oo xelU

follows from the application of Proposition 1 at a point xo € U such that F () =
1 F 0,00

In the case U is bounded, Proposition 2 is thus a straightforward consequence of (20)
and the first part of Lemma 5. Let us now consider the case U is unbounded.

Set 0 > 0 and, for any b > 0 set w,, = exp (b ) Since, by definition of s,,,

P [supvn 1y, ()| > 5}

zelU

+P[llsnll > w, and v, W, ()] > 4],

z€eU,||z|| <wn

SIP’[ sup v, [V, (2)] >0

it follows from Lemmas 5 and 7 that
2

limsup logIP {sup U |V, ()] > 5] < max{-b3;b—gu(6)}

n—00 zelU

and consequently

2
lim sup In log P {sup Uy [V ()| > 5} < %n(f) max {—b3;b — gy (6)}.
n >

n—00 zelU

Since the infimum in the right-hand-side of the previous bound is achieved for b =
gu (0) / (B + 1) and equals —Bgy (9) / (6 + 1), we obtain the upper bound

2
hmsup—log]P’{supvn]\IJ (x )\2(5] < —ﬁilgU((S)
n—00 xelU

which concludes the proof of Proposition 2.

3.5 Proof of Proposition 3
It follows from (1), that

BlE @] =[x (%) redy

= /K F(x+ zhy,)dz

)
= P+ Ly2pe ()/RZQK(,Z)dz—l—n(x) (21)
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with
n(z) = /R lF (x + zhy,) — F (x) — zh, F' (x) — %ZthF(Q) (x)| K (2)dz

Since F is continuous, we have lim,, .o | F (z + zh,,) — F (2) — zh, F' (z) — 322h2F? (2)| =
0, and thus by the dominated convergence theorem, we have lim,, ... n () = 0, and

thus Part 1 of Proposition 3 is completed. Since sup, g [|[F® (2) || < +o0, Part 2
follows.
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