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Introduction



Introduction

Fundamental questions of statistics and modelling :

• Does the observed data come from a specific (family of) model(s)?

• How dependent are two blocks of a random vector ?
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p-Wasserstein distance

Define Γ(P,Q), the set of probability measures with marginals P and Q

and Pp(Rd), the set of Borel probability measures on Rd with finite p-th

moment.

Definition (Villani, 2008)

The p-Wasserstein distance between P and Q ∈ Pp(Rd), is defined as

W p
p (P,Q) = inf

γ∈Γ(P,Q)

∫
Rd×Rd

‖x − y‖pdγ(x , y),
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Wasserstein distance
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Goodness-of-fit tests



Meta-approach

• Find a metric on a space of probability distributions

• Construct an empirical version of this metric

• Find its distribution under the null hypothesis to perform the test
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Formal definition of the test

Consider an i.i.d. sample {Xi}ni=1 and its empirical measure P̂n.

Hypothesis

Hn
0 : X1 ∼ P0 vs. Hn

1 : X1 ∼ P 6= P0.

The test statistic based on the empirical Wasserstein distance is

Tn,p := W p
p (P̂n,P0).

The test has the form

φnP0
=

{
1 if Tn,p > c(α, n,P0, p)

0 otherwise.
(1)

Formally, c(α, n,P0, p) is defined as

c(α, n,P0, p) := inf
c
{c : P⊗n0 [Tn,p > c] ≤ α}.
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Properties

Lemma

The test based on Tn,p is consistent against fixed alternatives.

From Varadarajan’s theorem (1958)

P̂n →w P0 a.s.

This combined with convergence of moments implies convergence of the

Wasserstein distance. Thus,

W p
p (P̂n,P0) = oP0 (1), n→∞.

Otherwise, if P 6= P0

W p
p (P̂n,P0)→W p

p (P,P0) > 0, n→∞.
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More general alternatives

Hypothesis

Hn
0 : X1 ∼ P ∈M vs. Hn

1 : X1 ∼ P /∈M,

where M := {Pθ : θ ∈ Θ}, with Θ a metric space.

For general parametric families, we suggest using

T ∗n,p := W p
p (P̂n,Pθ̂n).

The test will then have the form

φnM =

{
1 if T ∗n,p > c∗(α, n, θ̂n, p)

0 otherwise.
(2)
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Consistency for parametric families

Consider

(a) K(Θ) the collection of compact subsets of Θ;

(b) the map Θ→ Pd
p : θ 7→ Pθ, one-to-one and Wp-continuous;

(c) an estimator θ̂n weakly consistent locally uniformly in θ ∈ Θ.

Properties

(i) T ∗n,p → 0 in Pn
θ -probability uniformly in θ ∈ Θ.

(ii) For every P ∈ Pd \M : ∃K ∈ K(Θ) with Pn[θ̂n ∈ K ]→ 1

lim
n→∞

Pn[φnM = 1] = 1.
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Computations



Semi-discrete setting

One can compute W p
p (P̂n,Q), relying on a dual formulation.

The computation is equivalent to solving

sup
ψ∈Rn

F (ψ) :=
1

n

∑
j

ψj +

∫
Vψ(j)

(‖x − Xj‖p − ψj) dQ


where, for p = 2, Vψ(j) are Laguerre cells

Vψ(j) :=
{
x : ‖x − Xj‖2 − ψj ≤ ‖x − Xi‖2 − ψi ,∀i

}
.

Algorithms by Mérigot (2016), Genevay et al. (2016), Hartmann and

Schumacher (2017), . . .
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Simulation results



Comparisons

• Rippl–Munk–Sturm (2016)

For X ∼ N (m1,Σ1) and Y ∼ N (m2,Σ2),

W 2
2 (X ,Y ) = ‖m1 −m2‖2 + tr

[
Σ1 + Σ2 − 2(Σ

1/2
1 Σ2Σ

1/2
1 )1/2

]
.

Test based on plug-ins of m̂1 and Σ̂1

• Khmaladze (2016)

Test based on supx∈Rd |vG (x)| where vG (x) is a transformed

Brownian bridge.
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N (0, I2) null hypothesis
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N (0, I2) null hypothesis
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t⊗5
25 null hypothesis
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t⊗5
25 null hypothesis
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Location-scatter

Consider m̂ and Ŝ an estimator of the location and the scatter matrix of

the distribution, respectively. Define

P̃n := n−1
n∑

i=1

δŜ−1/2(Xi−m̂),

where Ŝ−1/2 is the Cholesky square-root. The test statistic based on the

empirical Wasserstein distance is

T̃n,p := W p
p (P̃n,P0).

The test has the form

φnP0
=

{
1 if T̃n,p > c̃(α, n,P0, p)

0 otherwise.
(3)
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Bivariate Gaussian family
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Bivariate Gaussian family
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Pentavariate Gaussian family
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Pentavariate Gaussian family
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Measuring dependence



Objective

Given a random vector (X1, . . . ,Xd), consider two complementary subsets

of {1, . . . , d}, D1 and D2.

What is the dependence between
(
Xj

)
j∈D1

and
(
Xk

)
k∈D2

?
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G-copulas

Given a random vector (X1, . . . ,Xd) from a measure µ with continuous

marginal cumulative distribution functions Fj(x) for 1 ≤ j ≤ d , define the

G-copula as

(Φ−1 ◦ F1(X1), . . . ,Φ−1 ◦ Fd(Xd)),

where Φ is the gaussian c.d.f. We denote the law of the G-copula of µ by

Gµ.
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New dependence measures

Set, γd = N (0, Id).

D1(µ,D1,D2) :=

W 2
2 (Gµ, γd)−W 2

2 (Gµ,D1 ⊗ Gµ,D2 , γd)

supν∈Γ(Gµ,D1
,Gµ,D2

) W
2
2 (ν, γd)−W 2

2 (Gµ,D1 ⊗ Gµ,D2 , γd)
.

D2(µ,D1,D2) :=
W 2

2 (Gµ,Gµ,D1 ⊗ Gµ,D2 )

supκ∈Γ(Gµ,D1
,Gµ,D2

) W
2
2 (κ,Gµ,D1 ⊗ Gµ,D2 )

.
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Wasserstein distance (rappel)
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Representation and properties



Representation - D1

·
γd

·
Gµ

·Gµ,D1
⊗ Gµ,D2

·ν
∗

W
2
2
(R
d )

0 1

D1
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Representation - D2

·
Gµ,D1

⊗ Gµ,D2

·
Gµ

·κ
∗

W
2
2
(R
d )

0 1D2
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Properties

• Invariance to increasing transformations of the margins.

• 0 ≤ D(µ,D1,D2) ≤ 1.

• D(µ,D1,D2) = 0 if and only if µ = µD1 ⊗ µD2 .

• If d1 = d2 = 1, both measures are equal and equal to

W 2
2 (Gµ, γ2)

W 2
2 (γco, γ2)

=
W 2

2 (Gµ, γ2)

2
(
2−
√

2
) .
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Gaussian copulas



Bivariate Gaussian copula

For a bivariate Gaussian with correlation coefficient ρ,

D =
2−
√

1 + ρ−
√

1− ρ
2−
√

2
.
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Gaussian copula - D1

Σ =

[
Σ1 F

F> Σ2

]
For a MVN with correlation matrix Σ,

D1 =
tr
[
Σ

1/2
1

]
+ tr

[
Σ

1/2
2

]
− tr

[
Σ1/2

]
tr
[
Σ

1/2
1

]
+ tr

[
Σ

1/2
2

]
−minΨ tr

[
Σ

1/2
Ψ

] ,
with

ΣΨ =

[
Σ1 Ψ

Ψ> Σ2

]
.
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Gaussian copula - D2

For a MVN with correlation matrix Σ,

D2 =
d − tr

[(
Σ

1/2
0 ΣΣ

1/2
0

)1/2
]

d −minΨ tr
[(

Σ
1/2
0 ΣΨΣ

1/2
0

)1/2
] .
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Gaussian copula - Dealing with denominators

Set Σj = OjΛjO
>
j with Oj orthogonal and Λj diagonal.

ΣΨ =

[
O1 0

0 O2

][
Λ1 K

K> Λ2

][
O>1 0

0 O>2

]
.

Theorem

To minimise tr
[
Σ

1/2
Ψ(K)

]
, take

K =
(

Λ
1/2
1 (Λ

1/2
2 )d1×d1 0d1×(d2−d1)

)
.
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A link with entropy, K-L and more

This construct

• maximizes tr(Ψ>Ψ) and therefore maximizes the RV coefficient;

• maximizes W2(Nd(0,ΣΨ), Nd(0,Σ0));

• maximizes W2(Nd(0,ΣΨ), Nd(0, Id));

• minimizes Ent(X ) for X ∼ Nd(0,ΣΨ);

• maximizes DKL(Nd(0,ΣΨ) ‖Nd(0,Σ0));

• maximizes DKL(Nd(0,ΣΨ) ‖Nd(0, Id));

• minimises the operator entropy, −
∑

i≤d λi log(λi ).
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Perfect dependence for Gaussian copula

Z

X1

X2

Dimension of Z is max(d1, d2)

In the perfect dependence case, the correlation matrix’s principal

components of the first subvector are perfectly correlated with those of the

second subvector, according to the sizes of the corresponding eigenvalues.
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Semi-parametric correlation matrix

Given an i.i.d. d-dimensional random sample from µ, (Xi )i≤n, let us define

the Gaussian pseudo-observations

Ẑi := (Φ−1 ◦ n
n+1 F̂1,n(Xi,1), · · · ,Φ−1 ◦ n

n+1 F̂d,n(Xi,d)),

where F̂j,n is the empirical distribution function of the jth margin.

Σ̂n := cn

n∑
i=1

Ẑi Ẑ
>
i ,

where c−1
n =

∑n
i=1[Φ−1(i/(n + 1))]2.
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(Semi-)parametric estimator

D̂1 :=
tr[Σ̂

1/2
1 ] + tr[Σ̂

1/2
2 ]− tr[Σ̂1/2]

tr[Σ̂
1/2
1 ] + tr[Σ̂

1/2
2 ]− tr[Σ̂

1/2
Ψ∗ ]

D̂2 :=
d − tr

[(
Σ̂

1/2
0 Σ̂Σ̂

1/2
0

)1/2
]

d − tr
[(

Σ̂
1/2
0 Σ̂Ψ̃Σ̂

1/2
0

)1/2
] .
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Inference for (Semi-)parametric estimator

D̂1 :=
tr[Σ̂

1/2
1 ] + tr[Σ̂

1/2
2 ]− tr[Σ̂1/2]

tr[Σ̂
1/2
1 ] + tr[Σ̂

1/2
2 ]− tr[Σ̂

1/2
Ψ∗ ]

Theorem

If the eigenvalues of Σ1 and Σ2 are distinct and Σ is positive definite,

√
n(D̂j −Dj)

L−→ N (0, σ2
j (Σ)),

where σ2
j (Σ) ≥ 0 is some function of the correlation matrix Σ and

j = 1, 2.
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To go further

• A fully nonparametric estimator exists.

• Provably convergent.

• Optimisation on the manifold of bistochastic matrices needed for the

denominator.
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Summary

• Wasserstein distance measure cost to “reshape” distributions

• Useful for GoF

• Helps measure dependence

• Nice performance and properties
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Questions ?
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In a nutshell

Goal

Propose and investigate Goodness-of-Fit tests based on the Wasserstein

distance Wp.

• Simple null

Tn,p := W p
p (P̂n,P0)

• Parametric family

T ∗n,p := W p
p (P̂n,Pθ̂n)

W p
p (µ, ν) := min

X∼ν,Y∼µ
E‖X−Y ‖p

Key points

• Tests proved consistent against fixed alternatives

• Good performance in various simulation settings
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Bootstrap

Conditions for Hn(θ̂n)
L−→ Hn(θ0)

1. ∀θn → θ0,Hn(θn)
L−→ Hn(θ0)

2. θ̂n → θ0 in Pθ0,n- probability.

Currently hindered by lack of distributional results.
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