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Why do we monitor water quality?

Monitoring water quality is important for:

The assessment of water pollution.

Determining the proper use of the available water.

Protecting water resources from deterioration.
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What causes water pollution?

Pollution of water has many sources:

Wastewater.

Industrial waste.

Stormwater discharge.

Pesticides and fertilizers used in agriculture.
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Previously Used Methods

Data analysis (PCA), (Hayek et al. 2020).

Descriptive & Inferential statistics, (Diab, W. 2018).

Classical Cluster analysis (k-means, Hierarchical clustering).
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Stochastic Block Model

Definition [Nowicki and Snijders (2001)]

The stochastic block model is a random probabilistic graph model
which aims to produce classes, called blocks, or more generally
clusters in networks.

It takes the following parameters:

The number of nodes n.

A partition of the set of nodes {1, ..., n} into Q subsets
disjoint C1, ...,CQ called ”Communities”

A probability matrix of edges of dimension Q × Q.
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The model

Clustering Methodology

Notation

Let X be the symmetric weighted matrix of dimensions n × n
encoding the intensity of the observed interactions between nodes.

Xij =

{
mij if the nodes i and j interact with a weight mij

0 otherwise.

Where n is the number of weighed nodes.

6 / 26



logo-leesu.png

Water Quality Stochastic Block Model Application Conclusion

The model

Clustering Methodology

Notation

We denote by Z the binary indicator matrix labeling the
assignment of the physicochemical parameters into groups.

Ziq =

{
1 if node i belongs to group q

0 otherwise.

Where Q is the number of clusters.
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The model

Mixture Model With Latent Classes

We propose to generate the stochastic block model as follows:

Zi ∼M(1, α = (α1, . . . , αQ)), where α = (α1, . . . , αQ) is the
vector of class proportions of dimension 1 ×Q such as∑Q

q=1 αq = 1.
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The model

Mixture Model With Latent Classes

The (observed) variables {Xij , i , j ∈ [n], i < j} are independent
conditionally on {Zi = q,Zj = l}, and are sampled from a
Gaussian distribution as follows:

Xij |ZiqZjl = 1 ∼ N (µql , σ
2
ql),

where µql and σ2
ql denotes respectively the mean and the

covariance parameters associated to the Gaussian distribution.
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The model

Inference

Estimate θ = (α, µ,Σ).
The log-likelihood of the incomplete data:

logPθ(X ) = log
∑
z

Pθ(X ,Z ), (1)

where Pθ(X ,Z ) is the joint distribution such that

Pθ(X ,Z ) = Pµ,σ(X |Z )Pα(Z ),

10 / 26



Water Quality Stochastic Block Model Application Conclusion

The model

Inference

where

Pµ,σ(X |Z ) =
n∏
i<j

Q∏
q,l

 1

(2π)1/2σql
e
− 1

2

(Xij−µql )
2

σ2
ql

ZiqZjl

and

Pα(Z ) =
n∏
i

Q∏
q

Pαq(Zi ) =
n∏
i

Q∏
q

α
Ziq
q .
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The model

Variational Expectation Maximization (VEM) algorithm

By using VEM we obtain:

α̂q =
1

n

∑
i

τiq.

µ̂ql =

∑
i<j τiqτjlXij∑
i<j τiqτjl

.

σ̂2
ql =

∑
i<j τiqτjl(Xij − µ̂ql)2∑

i<j τiqτjl
.
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The model

Choice of The Number of cluster

The number of groups is unknown.

Integrated Classification Likelihood (ICL) is used to estimate

the most adequate number of groups.
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The model

The ICL is of the form:

ICL(Q) =
∑
i<j

∑
q,l

τ̂iq τ̂jl

(
− log((2π)1/2σ̂ql)−

1

2

(Xij − µ̂ql)2

σ̂2
ql

)
−

∑
i

∑
q

τ̂iq log τ̂iq +
∑
i

∑
q

τ̂iq log α̂q

−1

2

(
Q(Q + 1) log

n(n − 1)

2
+ (Q − 1) log n

)
.

The VEM algorithm is run for different values of Q then Q̂ is chosen
such that ICL is maximized.

Q̂ = argmaxQ(ICL(Q)).
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Data

The Litani River

Figure 1: Location of the stations.
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Data

Litani River Data

Samples were collected from three different stations
(Qaraoun, Ghzayel, Jeb-jenine).

Monthly measurements over a period of 10 years (2008-2018),
data dimension (12× 10, 11).

11 physicochemical parameters were measured and recorded in
each stations.

The physicochemical parameters are: Temperature, pH, TDS,
Salinity, Conductivity, Ammonia, Nitrite, Nitrate, Sulfate,
Phosphate.
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Results

Clusters

By applying the Gaussian SBM, we obtained the following clusters:

Figure 2: Grouping the physicochemical parameters into clusters.
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Results

Clusters

In the three stations, two clusters are obtained

TDS, salinity, and conductivity form the first cluster

The rest of the parameters form the second one
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Results

Weight Matrix

The difference between the three stations is in the weight matrix

Figure 3: Weight matrix for the Jeb-Jenine station.
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Results

Weight Matrix

Figure 4: Weight matrix for the Qaraoun station.
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Results

Weight Matrix

Figure 5: Weight matrix for the Ghzayel station.
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Importance of The SBM Method

Group the parameters into clusters.

Describe the relationship between the deduced groups.

Create and describe a variety of different structures.

Cover a wide range of data.

22 / 26



Water Quality Stochastic Block Model Application Conclusion

Analysis of The Results

The parameters are divided into clusters depending on the

natural interaction between them.

The magnitude of the weight matrix is a result of the type of

pollution within the water body.
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Analysis of The Results

The relationship between the parameters depends on two factors:

The natural interaction between the parameters.

The type of pollution in the station.

24 / 26



Water Quality Stochastic Block Model Application Conclusion

Enhancing Water Quality Based On The Results

Treating the parameters as groups instead of elements.

Understand the relationship between the parameters.

Identify the element with the greatest impact on the others.
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