INTEGRABLE DEFORMATIONS OF THE
BOGOYAVLENSKIJ-ITOH LOTKA-VOLTERRA SYSTEMS

C. A. EVRIPIDOU, P. KASSOTAKIS AND P. VANHAECKE

ABSTRACT. We construct a family of integrable deformations of the Bogoya-
vlenskij-Itoh systems and construct a Lax operator with spectral parameter
for it. Our approach is based on the construction of a family of compatible
Poisson structures for the undeformed system, whose Casimirs are shown to
yield a generating function for the integrals in involution of the deformed
systems. We show how these deformations are related to the Veselov-Shabat

systems.
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1. INTRODUCTION

The Bogoyavlenskij-Itoh system was introduced by Bogoyavlenskij in [2] in his
study of the integrability of Lotka-Volterra systems. Recall that the most general

form of Lotka-Volterra equations in dimension n is

n
L.Ci zsixi—l—ZAi’jxixj, 1= 1,2,...,77,. (11)
j=1
For the case of the Bogoyavlenskij-Itoh system, n = 2k + 1 is odd, there are no
linear terms (¢; = 0 for all ) and the matrix A is skew-symmetric with entries

A - 1 i+1<j<min{i+kn},
R | min{i +k,n} <j<n;
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see the matrix (2.2) below. It is a Hamiltonian system, with Poisson structure
defined by

{zi,z;} = A jziz; | (1.2)
and linear Hamiltonian H = x1 + x5+ - - - + x2x41. Bogoyavlenskij provides for this

system the following Lax equation (with spectral parameter \)
(X +AM) = [X + M, B — AM*] (1.3)

where for i, € {1,2,...,2k + 1} the (4, j)-th entry of the matrices X, M and B is

respectively given by
Xij = 0ijprti, Miji=20iv15, Bij=—0i;(@i+Tip1+ - +Tipx) .

The characteristic polynomial of X + AM leads to k + 1 independent constants of

motion, among which are both the Hamiltonian and the Casimir
2k+1

C .= H Ty = T1T2...T2k+1 (14)
i=1

of the Poisson structure (1.2). Itoh gives in [6] a combinatorial description of these
integrals and proves in [7] by a combinatorial argument that they are in involution,
thereby proving the Liouville integrability of the Bogoyavlenskij-Itoh system. Some
integrable reductions of the Bogoyavlenskij-Itoh system were recently constructed

and studied by us in [5].

In this paper we construct and study a certain type of integrable deformations
of the Bogoyavlenskij-Itoh systems. Our approach is based on (compatible) defor-
mations of the Poisson structure (1.2) and of its Casimir (1.4). We show that the

only constant Poisson structures
{@i, 2}, = bij, 1<, <2k+1,

which are compatible with (1.2) are the ones for which b; ; = 0 for all ¢ and j such
that |¢ — j| ¢ {k,k + 1}. If one writes the corresponding Hamiltonian vector field,

with H as Hamiltonian, one finds
2k+1
T; = ZAi,jxixj+Cia i=1,2,...,2k+1, (1.5)
j=1

where ¢; = b; i+ — bi—g. Notice that the ¢; sum up to zero, but this is the
only relation between these constants. Up to a minor change of variables (see
Section 6) this system coincides with the so-called Veselov-Shabat system, which
was constructed in [13] as fixed point of compositions of Darboux transformations
of the Schrédinger operator. Notice that this system is also known as (one of) the
Noumi-Yamada system(s) (see [11]), but it seems that Noumi and Yamada were
unaware of the Veselov-Shabat system. Also, neither in the Noumi-Yamada paper
[11] nor in the Veselov-Shabat paper [13] are the systems that they consider put in

relation with the Bogoyavlenskij-Itoh systems, of which they are deformations.
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We prove the Liouville integrability of (1.5) by using the deformed Casimir,
i.e., the Casimir of the deformed Poisson structure {-,-} + {-,-},. A combina-
torial description of the deformed Casimir is given in Proposition 4.2. From it,
one gets immediately a Casimir for the Poisson pencil {-,-} + A{-,-}, and so,
using the Lenard-Magri scheme, a family of polynomials in involution, which we
show to be independent, thereby proving the Liouville integrability of the deformed
Bogoyavlenskij-Itoh systems. We also provide a Lax equation with spectral param-
eter for these systems, which is a deformation of the Lax equation (2.6). Notice
that our (2k 4+ 1) x (2k + 1) Lax operator is different from the 2 x 2 Lax operator
which was constructed by Veselov and Shabat; our Lax equation has the advantage
that the phase variables appear in it linearly, which makes it easier to extract the
phase variables (in order to know for example their time evolution) from the Lax

operator.

It can be shown that the deformed Bogoyavlenskij-Itoh systems admit a natural
discretization, which is constructed by using the deformed Lax operator which we
constructed in this paper. This discretization will be worked out and studied in a

future publication.

The structure of the paper is as follows. We recall the main facts about the
Bogoyavlenskij-Itoh systems in Section 2. The combinatorial constructions that we
will use, in the style of Ttoh’s combinatorial constructions of the (undeformed) first
integrals, are prepared in Section 3. We proceed in Section 4 with the construction
of the deformed Poisson strutures and deformed Casimirs. Section 5 is devoted to
the Lax equation and the Liouville integrability of the deformed Bogoyavlenskij-Itoh
systems; in particular we match the combinatorial description of the first integrals
with the coefficients of our Lax equation. The upshot is that as integrable systems
they are deformation of the Bogoyavlenskij-Itoh systems. In the last section we
show how these deformed systems are related to the ones constructed by Veselov
and Shabat in [13].

2. THE BOGOYAVLENSKIJ-ITOH SYSTEMS AND THEIR INTEGRABILITY

We recall in this section the basic results on the Bogoyavlenskij-Itoh systems,
which were obtained in [2, 3, 6, 7]; the notation is a slight simplification of the one
used in [5], where more general systems are considered. Fix k € N* and denote
J:={1,2,...,2k + 1}. We consider on R?**! (or on C?*1) with linear coordinates

Z1,...,Tory1 the homogeneous quadratic Poisson structure defined by

{wi, ;) = A, joizy ,7€7, (2.1)
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where A = (A; ;) is the constant skew-symmetric matrix

0 1 T -1 -1 -1 .-+ -1 -1
10 1 - 1 1 -1 - -1 -1
-1 -1 0 - 1 1 1 . =1 -1
1 =1 —1 v e e s 11
1 1 1T - -1 -1 -1 - 0 1
1 1 1 - 1 =1 =1 - 1

with —1 appearing k times on the first row (and hence on every row). When k is
not clear from the context, we write A*) for A and {-, ~}(k) for {-,-}. The rank of

A is constant and equals 2k; a Casimir for {-,-} is given by the polynomial function

C .= H.’L‘l =T1T2...T2k+1 -
icd

As Hamiltonian function, one takes H := Ziej T =x1+To+ -+ Topt1, the sum
of all coordinates. If we set xog 11 = x¢ for all £ € Z, then the Hamiltonian vector
field Xy := {-, H} is given by

k
T; = X; Z(miﬂ — ﬂji,j) s 1e7. (23)
=1

The automorphism of R?**1 of order 2k + 1, given by

(x1,22, ..., Tog, Tak41) — (T2, X3, ..., Taky1, T1) (2.4)

is a Poisson map and it preserves the Hamiltonian, hence it is an automorphism of
the system. The following Lax equation (with spectral parameter \) was provided

by Bogoyavlenskij in [2]:
(X +AM) = [X +AM, B — AM"] (2.5)

where for 4,5 € J the (i,7)-th entry of the matrices X, M and B is respectively
given by

XiJ = 5i)j+kxi s Miﬂ' = 5i+1,j R Bi)j = biéi,j = _6i,j(mi +Tip1+ - +xi+k) .

(2.6)
The characteristic polynomial of X + AM has the form
k
det(X + AM — pId) = N — 2R L N g Al (2.7)
=0
where, by homogeneity, each K, is a homogeneous polynomial (in z1, ..., xogt+1) of

degree 20+ 1. One has Ky = H, the Hamiltonian, and K} = C, the above Casimir.
Being a coefficient of the characteristic polynomial of the Lax operator X + AM,
each one of the K is a first integral of (2.3).
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In order to give an explicit formula for K;, we need some more notation, which
will also be needed in the rest of the paper. With k fixed as above, let £ be
an integer with 0 < ¢ < k. We will consider besides A = A®) also A®. Let
m = (mqy,ma,...,Mosy1) be a (204 1)-tuple of integers, satisfying 1 < my < mg <
cor < mapy1 < 2k + 1. We view them as indices of the rows and columns of A: we

denote by Aj, the square submatrix of A of size 2¢ + 1, corresponding to rows and

columns my,mo, ..., mogr1 of A, so that
(AL)ij = Amim, » forij=1,...,20+1. (2.8)
Let
Sy = {m | Al = A“)} . (2.9)

With this notation, the polynomials K, which appear in the characteristic polyno-
mial (2.7) can be written as

K, = Z TmiTmy -+ Ty -+ - Tmaggyy - (2.10)

meSy

For example, 8o = {1,2,...,2k + 1} and 8 = {(1,2,...,2k+ 1)}, so that Ko = H
and K = C, as above. Moreover, Itoh shows by a beautiful combinatorial argument
that the polynomials K, are in involution, {Ky, K,,} = 0 for 0 < £ < m < k. Since
these k + 1 polynomials are moreover functionally independent, and since the rank
of the Poisson structure {-,-} is 2k, the triplet (R2**1 {. .} (Ko, K1,...,Ky)) is

a Liouville integrable system.

3. THE SETS 8,

We establish in this section some combinatorial properties of the sets 8, which
will be used in the subsequent sections. We recall that k is a fixed integer and that
J stands for {1,2,...,2k + 1}. We also denote for s € J by J*) the set of all strictly
ordered s-tuplets m = (mq,ma,...,ms), with entries in J. We will often use set
theory notation for such elements, for example we write ¢ € m and {i,j} C m, with
the obvious meanings. If m and n are two vectors with elements in J, satisfying
mNn =0, we write m @ n for the vector which contains the elements of m and n
(in increasing order); also, if n C m, we write m © n for the vector with elements
in m and not in n. By a slight abuse of notation, we will denote for » € Z by r
mod 2k + 1 the unique element of J which is congruent to » modulo 2k + 1. For
0 < £ < k the set 8y is defined by

Sy = {m €I | Ay =AY fordj=1,...,20+ 1} :

1,5

We recall from [5] the following characterization of the elements of 8;:

Proposition 3.1. Let m = (m1,...,maps1) be an element of I2*+Y . Thenm € 8,

if and only if the following conditions are satisfied:
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(1) My < m; +k+1< Metit1 fOT’i = 17"',‘67‘
(2) Mogy1 < Myy1 + k+ 1.

There are for any s € J two natural permutations of J(): first, there is an
involution o, given by
os(mi,ma,...,ms) = (2k+2—ms,2k+2—ms_1,...,2k+2—my) .

If we write n := o45(m), then n; = 2k +2 — mgy1—4, for i = 1,2,...,s. Next, there

is a cyclic permutation of order 2k + 1,

( )= (mi+1,ma+1,...,ms+1) when my < 2k +1;
TsiM1, M2, - - - Ms ) 2= (IL,mi+1,ma+1,...,ms_1+1) whenmg=2k+1.
(3.1)

Said differently, 74 simply adds 1 to all entries of the vector m, but the result needs
to be slightly reordered when one of the entries of m gets bigger than 2k + 1. We

show in following lemma that o9py1 and 79441 both restrict to a permutation of Sy.

Lemma 3.2. If m € 8; then ogp11(m) € 84 and Top41(m) € 8.

Proof. Suppose that m € 8y and let n := ogs41(m). According to Proposition 3.1

we need to show that
1<i<l+]l = nypi<ni+k+land 1 <i<l = n;+k+1 < nppipr - (3.2)

In terms of m these two inequalities become moyyo_; < myyo_;+k+1and mey1—;+
k41 < mopyay. Setting j := ¢+ 2 — ¢ in the first inequality and j:=¢+ 1 — i in

the second inequality, (3.2) becomes
1<i<l+1l = mypj<mj+k+land1<j<l = mj+k+1<mypjta,

which are exactly the conditions (1) and (2) in Proposition 3.1 which express that
m € 8. This shows that og¢11(m) € 8. Next, let n := 79p41(m). Again, we
need to verify (3.2): when moer1 < 2k + 1 this is completely obvious, so let us
assume that mop1 = 2k + 1. We have that n; = 1 and n; = m;_1 + 1 for
1=2,3,...,20+ 1. We need to prove (3.2) for this vector n. Again, for ¢ > 2 this is
completely obvious, so we only need to check that m; < k+1 < my41. Both follow
from the characterizations of m in Proposition 3.1: the first one from the second

inequality in (1), with ¢ = ¢, and the second one from (2), with mgsr; = 2k+1. O

We decompose 8, in two subsets 8, + and 8, _, where
Sp 4 1= {m €8y | 1e m} , Sp_ = {m €8y | 1¢ m} (33)

and we define the maps

o1 {m684_17_|mg<k—|—1} — 8y,

m = m
¢ {me81_|m2k+2} — 8, m — m
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Lemma 3.3. The formulas (3.4) define injective maps with values in 8¢ . More
precisely, they are part of the following commutative diagram, where all (restriced)
maps are bijections.

{m e 84_1,_ |mg<k‘+1}${QESg7+‘k‘+2€ﬂ}

TZIOGZIJ{ J{T@OU@

&ne&qfImﬁ>k+2}——fi—»{@e&ﬁ\k+le@}

Proof. We first show that ¢, is well-defined. Let £ > 1 and suppose that m € 8,_1,
with my < k+ 1. We need to show that m N (1,k +2) = 0 and that n := ¢1(m) =
m @ (1, k + 2) belongs to 8. According to Proposition 3.1,

my_14; <m; +k+1<myy; for i=1,...0-1; (3.5)
mog—1 <my+k+1, (3.6)

and, by assumption,
my > 1 and my<k+1. (3.7)

According to (3.5) with s = 1 and (3.7), mgy1 > k + 2 > my, which shows that
mN(1,k+2)=0. Since mgy1 > k+2 and my < k+ 1,

Lg=1,
mji—1 j=2,...,0+1,

TN k+2 j=0+2, (3.8)
mj_g j:£+3,,2€+1
We need to check that n € 8y, i.e., that
N <ng+k+1<ngppq for i=1,...,¢; (3.9)
Nort1 < Nyy1 + k+1. (310)

To do this, we use (3.8) to write the latter inequalities in terms of the entries of m:

fori=1,i=2and i=3,...,¢, (3.9) reads respectively
my<k+2<k+2,
k+2<mi+k+1<meyr,
Mpyi—a <Mi—1 +k+1 < megi—1 -

The first line follows from my < k 4+ 1 (see (3.7)), the other two from my; > 1
and (3.5). Finally, (3.10), written in terms of m is precisely (3.6). This shows that
n € 8y, hence that ¢; takes valuesin 8, 4, more precisely in {n € 8§, 1 | (1,k +2) € n}.
Obviously, ¢; is injective. It is proven similarly that ¢, takes values in 8, 4 and is
injective; let us just point out that the formula for n := ¢2(m) (as in (3.8)) is now

given by
1 j=1,
mj;—1 jZQ,...,f,
k+1 j=£041,
m]‘_Q ]:£+27,2€+1

(3.11)

’ij:
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In order to show that the (restricted) horizontal maps ¢; and ¢, in the diagram
are bijections, is suffices to construct their inverse maps, which are defined as
restrictions of the following two maps:

qb;l : {m684’+|k+2€m} — 8y,
¢2_1 : {m€83,+|k+1€m} — 8y,

m = mo(lL,k+2),

m — mo(l,k+1).

Clearly, these maps are well-defined. We need to show that if n € 8, with (1,k+2) C
n then m :=no (1, k + 2) satisfies my < k+ 1. Since n € 8, it satisfies (3.9), which
yields with ¢« = 1 and n; = 1 that nyy1 < k+2 < nyqe so that ngyo = k+ 2 and
my = ner1 < k+ 1. Similarly, if n € 8 with (1,k+1) C nthen m:=no (1,k+1)
satisfies my > k + 1. This shows that the horizontal arrows in the diagram are

bijections.

Let us show that the vertical arrows of the diagram are also bijections. In view
of Lemma 3.3, 74—1 0 0y—1 is a permutation (involution) of 8,_1; explicitly, it is

given for m € 8,_1 _ by
Te—1000-1(m) = (2k +3 —mor_1,2k +3 —mog_2,...,2k+3—m1) . (3.12)

The formula shows that 1 ¢ 7y_100,_1(m) so that 79— 00,_1 restricts to a bijection
of 8¢_1,—, and that the ¢-th component of 7y_1 0 gy_1(m) is given by 2k + 3 —
my, showing that 7y_1 o op_1 restricts further to a bijection between the subsets
{me8_1,_ |mg<k+1}and {m € 8p_1_ | mg > k+2} of S _. Similarly, po0,

is an involution of §,, which is given, for n € 8, 4 by
TgoO’g(ﬂ) = (172k+3—n2g+172k+3—ngi,...72k+3—n3,2k+3—ng) . (313)

Also, it restricts to a bijection between the subsets {n € 8¢+ | (1,k+ 2) C n} and
{ne8it+ | (L,k+1)Cn} of S4: if (1,k+2) C n (resp. (1,k+ 1) C n), then
Ngyo = k+2 (resp. ngr1 = k+1), so that 7¢(o¢(n)) o k+1 (resp. 7¢(0;(n)) 3 k+2).
The commutativity of the diagram follows at once from the explicit formulas (3.8)
and (3.11) — (3.13). O

For an element m € J(S), we denote by m’ the vector whose elements are those
elements of J which are absent from m (again these elements will always be put in

the increasing order). In formula, m' = J© m. We also denote, for 0 < £ < k,
52 :Z{m/|m654} .

Clearly, if m" € 8}, then m' has 2(k—/) entries. We give in the following proposition a
characterization of the elements of 8); it will be used in the construction of integrals

in the following sections.

Proposition 3.4. Let 0 < £ < k and let m' = (r1,7r9,...,Tk—¢, 51,52, .,Sk—¢) €
J@E=20 " Then m' € 8, if and only if

sj—r;e{kk+1}, forj=1,...;k—¢.
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Proof. The proof goes by induction on ¢, starting from ¢ = k, downwards to ¢ = 0.
When ¢ = k, the equivalence is trivially satisfied, because 8y has a single element
m=(1,2,...,2k+1), whose complement m’ has no entries. Suppose now that the
above equivalence is true for some ¢ with 0 < £ < k and for all m’ € J(2k=20)  Let

m' = (ri,72,. .., Tk—t41,51,52,- .., k—r41). We prove that
m' €8, ifandonlyif s;—r;e{kk+1}, forj=1,...,k—0+1. (3.14)

Let us assume first that m’ € 8)_, i.e., that m € 8,_1. According to Lemma 3.2,
Tor—1(m) € 8y—1 and it is easy to see that if m’ satisfies the right hand side of (3.14)
then so does Top_as2(m’) = Tap—1(m)’. We may therefore assume that 1 ¢ m, but
also that my < k+ 1: indeed, if 1 ¢ m and m, > k + 1 then it suffices to replace m
by 75, _,(m) (note that my_;1 < k, as follows easily by taking s = £—1 in item (1) of
Proposition 3.1). According to Lemma 3.3, m @& (1, k + 2) € 8;. By the recurrence
hypothesis, we can write (m e (1,k+2))" = (2, ... Fr—r+1, 52, .., Sk—e+1), satisfy-
ings;—r; € {k,k+1}forj=2,...,k—{+1;also, 7o > 1 and 7y_¢41 < k+2 < 35a.
Then

(137727 cee Fk72+17k+2a§23 .. '7§k7£+1) = m/ - (T17T2a ey Th—0y 81,52, .. .,Sk,[) )

so that r; = 7; and s; = 5; for j = 2,3,...,k, + 1. As a consequence, the entries
of m’ satisfy the right hand side of (3.14).

We now assume that the entries of m’ satisfy the right hand side of (3.14). Again,
using 79¢—1 we may assume that r; = 1 and that s; = k + 2. Thus, 1 ¢ m and
k+2 ¢ m. Then

(m® (17 k+ 2))/ = (7"2, T3y s Tk—f+1,52,53,.-+, 8k7€+1)

with s; —r; € {k,k+1} for j = 2,...,k —{+ 1. By the recursion hypothesis,
m @ (1,k + 2) € 8; more precisely, m @ (1,k +2) € {ne€ 8,4 | k+2ecn}. By

Lemma 3.3, m € 8_1, and so m’ € §,_,, as was to be shown. O

4. THE DEFORMED POISSON STRUCTURE AND ITS BASIC CASIMIR

In this section, we introduce a class of deformations of the Poisson structure {-, -},
defined by (2.1) and construct a Casimir for it. In the following proposition, we

determine all constant Poisson structures on R?*+1 which are compatible with {-,-}.

Proposition 4.1. Let (b; ;)1<i j<2k+1 be an arbitrary skew-symmetric matriz with
entries in R and consider the corresponding constant Poisson structure on R*F+1,
defined by {x;, x5}, = bij for 1 <i,j <2k +1. Then {-,-}, is compatible with
the quadratic Poisson structure {-,-} if and only if b; ; = 0 for all i and j such
that |i — j| ¢ {k,k +1}. In particular, the constant Poisson structures which are

compatible with {-,-} form a vector space of dimension 2k + 1.
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Proof. Recall (e.g. from [8, Section 3.3.2]) that two Poisson structures are said to be
compatible when their sum is a Poisson structure, i.e., when it satisfies the Jacobi

identity. Denote
Con) =0+ 00 (4.1)

Then {-, ~}l(7k) satisfies the Jacobi identity if and only if

(k)
{{mi,ﬂfj}ék) ,xm}b + O (i,5,m) =0,

for all triplets of distinct indices 4,5, m € J, where O (i,7,m) has the obvious
meaning. Since {-,-}, is a constant Poisson bracket this condition amounts to

{{miam]’} 773m}b+ O (i,j,m) =0, that is,

Aijlzizg, xm b}y, + O (i, §,m) = A jxibjm + Aj j2ibim+ O (4, 5,m) =
A jxibjm + A i®ibm i+ O (4,5, m) = xibjm (Aij + Aim) + O (4,5,m) =0,

which is in turn equivalent with
bjm (Aij+Aim) =0 (4.2)

for all triplets of distinct indices 4,j,m € J. It follows that {-,-} and {-,-}, are
compatible if and only if b, = 0 for all j,m € J such that A; ; + A; ., # 0 for
some i € J, with ¢ # j and i # m.

Suppose that j and m satisfy |j — m| € {k, k + 1}; without loss of generality, we
may assume that m = i + k. From the structure of the i-th line of the matrix A
(see (2.2) we see that A; j + A;,,, = 0 whenever ¢ # j and ¢ # m. Therefore, there
are no constraints on the entries b; ,,,, when |j —m| € {k, k + 1}. We show that the
other entries b; ,, all have to be zero. By permuting j and m if necessary, we may
suppose that j < m. If m —j < k, then picking i = j — 1 (or ¢ = m + 1 in case
j =1) we have A; ; + A; ,, # 0; one arrives at the same result when m —j > k+1
by picking ¢ = j + 1. In both cases, it follows that the corresponding coefficient

bj.m must be zero. O

Notice that the conditions on b which are given in the above proposition are void
when k£ = 1.

The rank of the Poisson structure {-,-} is 2k, as follows from the fact that the
rank of A is 2k (see e.g. [8, Example 8.14]). Thus, the Poisson matrix of {-,-} has
a non-vanishing (2k x 2k)-minor; the latter is a homogeneous polynomial Py (z) of
degree 4k since the entries of the Poisson matrix are homogeneous and quadratic.
The corresponding (2k x 2k)-minor of the Poisson matrix of {-, },()k) is a non-
homogeneous polynomial of degree 4k, whose homogeneous part of top degree is
Pyy(), hence this minor is also non-zero (at a generic point of R?**1)  so that the
rank of {-, ~}l()k) is 2k.
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We show that {-, ~}l()k) has a polynomial Casimir of degree 2k 4+ 1 whose leading
term is the Casimir C' = z1xg ... 29,41 of {-,-}. To do this, we need some more
notation. First, in order to eliminate many signs in the formulas that follow, we

define new constants b ;, which are just the constants b; ;, possibly up to a sign:

4,37
we define, b ; := —b; ; = b;; when |i — j| =k + 1 and b ; := b; ; otherwise. Also,
for m € 8, we denote by x,, the product Z, = Tm, Tm, - - - Tmy,,, and by b}, the
product
bfﬂ = b;"1,s1b;“2732 e b{"k—bsk—l ’
where m' = (r1,...,7k—¢, $1,- - ., Sk—e) 18 the ordered list of all indices of J that are

absent in m (see Proposition 3.4).

Proposition 4.2. The polynomial
k

Kp=> " bam (4.3)

(=0 me§,

is a Casimir of {-, ~}l()k) ={,}+{.,}

Proof. In order to simplify the notation in the proof, we will write K}; simply as
C. We need to prove that {xz;, C’}gk) =0 for all j € J. To do this, it is sufficient to
prove that {z1, C’}gk) = 0. Indeed, consider the cyclic permutation 7 : J — J which
sends j to j+ 1, for j < 2k + 1 and sends 2k + 1 to 1 (it is 71, as defined in (3.1)).
The induced permutation on the variables z; is denoted by 7%, so that 7*x1 = zo,
for example. As we already recalled, 7* is a Poisson automorphism of {-,-}; it is
also a Poisson isomorphism between {-,-}, and {-,-}_.,, where 7%b is defined by

(’T*b)i’j = bi+1¢j+1' Indeed,
{r7ai, "2}y, = {@it1, ity = bivr i = {zi 25}, = 7" {@, 25}, -
It follows that 7* is a Poisson automorphism between {-, -}l(yk) and {-, ~}gi)b. Ac-
cording to Lemma 3.2, 7*C = C, so that
{1}2, C}l()k) = {T*'Z'l?T*C}ZSk) =7 {xlv C}-(r]i)b )

and we can conclude from {z1,C}{* = 0 for all b that {2, C}* = 0 for all b, and
similarly that {z;, C}l()k) =0 for all j € J and for all b.

In order to show that {x1, C’}l()k) = 0, we decompose C as C' = Z]Z:O(C'z,Jr—l-Cg’,),
where

Coy = Z bypTm , and Cp_ = Z by T -

meSy, + meESy, -
With this notation and in view of the definition (4.1) of {-, -}gk), proving that

{z1, C}l()k) = 0 amounts to proving that

k

Z ({21, Co g} + {21, Co 1}y + {21, Co,} + {21, Ce - },) = 0.
=0
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We will do this by showing that
{o1,Cov} ={z1,Crq}y +{z1,Cica, -} = {21, Cp -}, =0, (4.4)

for all £ > 0 (with the convention that C_; _ = 0). We start with the first term.
Let m € 8¢ with m = (my,ma, ..., mass1). Recall that the sets 8y are defined such
that m € 8, if and only if A, = A®) (see (2.8)). If m € 8, then m; = 1 and

w 2041 2041
{J;l,xm} =T1Tm Z AS,’flmj =T1Tm Z Ag@ =0.
j=1 j=2

This shows that {z1,C¢+} = 0. We next prove the last equality in (4.4). From the
definition of {-,-}, it follows that for any function F

oOF oF
Fly,=0b — +b _— . 4.5
{21, F}p T + Lk (4.5)
Therefore
b C - = { b b/ m} )
{r1,Co -}, ; 1, U T

where the sum can be restricted to those m € 8, _ which contain £+ 1 or k + 2.
Since 1 ¢ m, (3.14) implies that k + 1 and k + 2 cannot both belong to m. Also,
the inequalities in Proposition 3.1 imply that the vector ¢ (m) whose effect is to
replace k+ 1 in m by k + 2 leads to a new element of 8, _ containing k + 2 (and
vice-versa). Therefore

{r1,Co}, = Z {ml,b’mxm}b + Z {x1,b’mxm}b

mesy _ mesy _

k+lemBk+2 k+1¢gm>k+2
= Z ({xl,b/ﬂl‘m}b + {1‘1,[);}(&)371/,(@)}())
mesy
k+1emPk+2
B Z <b1,k+1b/mxm n bl,k+2b2p(m)xw(m)> —0
mesy,_ Th+1 Tk+2
k+1emPk+2
since xm/xk_H = Iw(m)/irk_;,_g and bl,k+1b/m = bll,kJrlb,m = bll,k+2b:b(m) = 7b1’k+2b2/f'(m)

forallm e 8y withk+1€mand k+2¢m.
It remains to be shown that {x1,C¢ }, +{21,Ci—1,—} = 0. Using (4.5), we find

X X
/ n / n
{z1,Cr 4}, = E bkiby ==+ E b2y —= (4.6)
nesy 4 k+1 nes, 4 k+2
k+1len k+2€en

For m € 84_1,_, if my < k+ 1 then {xl,mm}(k) = Z1%Tm (Z?i}l Al’mj> = Z1Tm,

and similarly if my > k + 2 then {a:l, xm}(k) = —Z1Zy,. Therefore,
{21,Cpq YW = — Z by 1T + Z V1T - (4.7)
meSyp_q1 meSy_q1,

me>k+1 me<k+1
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Up to a minus sign, the first sum in (4.6) and the first sum in (4.7) are equal, and
similarly for the second sums. We show this for the first sum, using the bijection
¢2 from Lemma 3.3 (for the second sum, one uses ¢1):

¢2 : {m685_1,_|77u>k'+2} — {ﬂ683,+|k+16ﬂ}
m — m@(l,kJrl).

For n := ¢o(m) = m® (1,k + 1), with m € {m € 84_1,_ | m¢ > k + 2}, we have
Ty, = T T1Tk41 and by, = by, /by 0y = b, /b1 k11, so that
> bty — = Y Hmia,,

xT
nesy 4 k1 meSy 1,

k+len me>k+1

as was to shown. O

5. LAX EQUATION, FIRST INTEGRALS AND INTEGRABILITY

We now introduce a family of deformations of the Bogoyavlenskij-Itoh Lotka-
Volterra systems, which we will show to be Liouville integrable. Let ¢, ca, ..., cogt1
be arbitrary constants, satisfying Zfﬂrl ¢; = 0. The deformed Bogoyavlenskij-Itoh

Lotka-Volterra system is the system defined by the following differential equations:

2k+1
ij,Lv: ZA%]:EZZ‘J_Fcl’ Z.:172,...72k+1, (5'1)

j=1

where the constants A, ; are given by (2.2). We first show that (5.1) is Hamiltonian
with respect to some of the Poisson structures {-, ~}£k), introduced in Section 4,
with H = 2225{1 x; as Hamiltonian function. Before doing this, notice that if (5.1)
admits H as a Hamiltonian function, then H is a constant of motion of (5.1), and
SO ngrl ¢; = 0, which explains why we have imposed the latter condition on the
deformation constants ¢;. Let b be as in Proposition 4.1, i.e., b is skew-symmetric
and b; ; = 0 for all 7 and j such that |i —j| ¢ {k,k+ 1}. Then the Hamiltonian
vector field {-, H}gk) is given by

2k+1

i?i = Z AiJIiﬂjj -+ bi,i—i—k - bi—k,i 5 L= 17 2, ey 2k + 1 5 (52)

j=1
where, as above, all indices are taken modulo 2k + 1 and with values in J =
{1,2,...,2k + 1}. Comparing (5.1) and (5.2), we need to show that the follow-

ing linear system admits a solution:
bi,i+k — bi—k,i =c¢, t€7. (5.3)

Let by_j,1 := ¢ be arbitray. Then the solution to the equations (5.3) can be obtained
by solving them for the following values of i (in that order and, as always, modulo
2k+1): i = 1,k+1,2k+1,. .., yielding unique values for b1 14%, b14k1+2k, D142k, 143k =

bi+2k ks - - .- The final formula is given by

bijiyk=ci+ciyrk+ciyon+ -+ cip+ci+c, for i€J. (5.4)
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indeed, it follows from the latter formula at once that b; ;1 — b;;—r = ¢; for all

1 € J and that
2k+1

bi—ki1=c+cigr+Ciqok + -+ 2t oy +c= E ¢ t+c=c,
i=1

since Zfii_l ¢; = 0. We have thereby proven the following proposition:

Proposition 5.1. The deformed Bogoyavlenskij-Itoh Lotka-Volterra system

2k+1
@ = Z Ajjrizg+c, i=1,2,...,2k+1,
j=1
with Zfi'fl ¢; = 0 4s a Hamiltonian system with respect to a (non-unique) Poisson
structure {-, -}gk), the non-zero entries of b being given by (5.4) and with H =

2k+1 L .
Zi:T z; as Hamiltonian function.

In the following proposition we give a Lax equation (with spectral parameter)
for the deformed Bogoyavlenskij-Itoh Lotka-Volterra system (5.1). Bogoyavlenskij’s

Lax equation (2.5) is obtained from it by putting all b; ; equal to zero.

Proposition 5.2. The system (5.1) can be written as the following Lax equation

(with spectral parameter \)

(X +ATA+AM) = [X + ATA + MM, B — AMFH (5.5)
where for i,5 € J the (i,7)-th entry of the matrices X, M and B is respectively
given by

Xij = 0ijkTi s Diji=Dbiyk;0ij, Mij:=0it1;, (5.6)

B, j =00, ; = =06 j(@i + Tig1+ - + Titr) - (5.7)

Proof. To check that (2.5) is equivalent to (5.2) it is sufficient to check that (5.2) is
equivalent with X = [X, B] — [A, M*1] and (since M is constant) that [M, B] —
[X, M*+1] = 0; indeed, [M,M**1] = 0 and [A, B] = 0 because A and B are
diagonal matrices. For the second equality, one finds at once from (5.6) that
(M, B] = [X, M**1))ij = Gig1,5(bj — bi — @i + 254x) =0 .
Since B and A are diagonal matrices, [X, B]; j = X; ;(b; —b;) and — [A, Mk“]ij =
(bi i+ — bi—k,i)0i j+k, with non-zero entries only when j = ¢ — k; for these entries,
one has from the Lax equation
i = Xiik = [X, Bliick — [A,Mkﬂ]i ip = Tilbick —bi) + biivr — biki,

which is the right hand side of (5.2). O

Each coefficient of the characteristic polynomial of the Lax operator

LP(N) = X + X TA+ M (5.8)
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gives a first integral for the deformed Bogoyavlenskij-Itoh Lotka-Volterra system.
We know already one constant of motion: the Casimir K,’;, introduced in Propo-
. : (k)
sition 4.2. Indeed, Kz = {KZ,H}b

that K,l; appears as a coefficient of the characteristic polynomial of the Lax op-

= 0. We will show in the Proposition 5.4

erator L°()\) (namely the coefficient of A°). But first we prove a basic lemma on

permutations, which will be used in the Proposition 5.4 and will clarify its proof.

Lemma 5.3. For a permutation o of 3, the following two conditions are equivalent:

(i) o(i) e {t,i+k,i+k+1} forallied;
(ii) o is equal to one of the following:
(1) The (2k 4+ 1)-cycle (1,1 + Kk, 1+ 2k, ..., 2,k +2);
(2) The inverse of the (2k + 1)-cycle (1,1 4+ k, 1+ 2k,...,2,k + 2);
(3) A product of k — £ transpositions (rj,s;) with disjoint support, and
satisfying s; —r; € {k,k+1} forj=1,...,k— L.

Proof. The implication (i4) = (i) is clear. We prove the other implication.
Suppose that o (i) € {i,i+ k,i + k + 1} for all i € J and that o is not as stated in (3)
above. Then there exist j € J such that o2(j) # j. Since o(j) € {i,i + k,i +k + 1},
we have either o(j) = j+k or o(j) = j+k+1. By replacing o with o, if needed,
we may suppose that o(j) = j + k. Since 02(j) # j (= j + 2k + 1), we must have
0%(j) = o(j + k) = j + 2k. By recursion, 0°(j) = j + sk for s = 0,1,2,.... Since k

and 2k + 1 are relatively prime,
o=, j+k j+2k, ..., 5+, j+14+k) =01, 14+k 1+2k, ..., 2, 24+k).

This proves that o is of the form (1). O

Proposition 5.4. The determinant of the Lax operator L*(\) is given by

2k+1
1
det L(A) = AZFH! 4 Es I v + K7, (5.9)

Jj=1

where KP is the Casimir (4.3) of {-, ~},()k).

Proof. Let A := L°(A\)E, where E denotes the (2k + 1) x (2k + 1)-matrix with
entries £ 1 = 1 for all j € J and all other entries equal to zero. Thus, A is just
the matrix L°()\) with its last k columns placed first. The nonzero entries of A are

the following (5 € J):

(1) Ay =z
(2) Agipn = 280

(3) Aiivrr1 =\
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Also, det A = det L®()\) since det E = 1. We compute this determinant by using

the Leibniz formula:
2k+1

det(A) = Y sgn(o) H Aoy

oc€Sy
where Sy is the permutation group of J and sgn(o) stands for the sign of a per-
mutation o. Because of items (1) — (3) above, [[; Aj ) # 0 if and only if
o(i) € {i,i+k,i+k+1} for every ¢ € J. According to Lemma 5.3, there are
three possibilities for a permutation o satisfying these conditions. For the first
one, o = (1,1 4+ k,1+2k,...,2,k+2). Since sgn(o) = 1, it leads to the following

contribution in det A:
2k+1

1
[T Aiir = o [T bivns -
i=1 jes

For the second one, o=' = (1,1 + k,1 + 2k,...,2,k + 2), leading to A?**! since
again sgn(o) = 1 and since A; ;141 = A for all 4. For the third and final one, o is

the product of transpositions,

o= (r1, s1)(re, s2)- - (P, Sk—t) ,

with s; —r; € {k,k+1} for j = 1,...,k —£. Let m € 8 be the element de-
fined by m’ = (r1,7ro,...,Tk—¢, S1,82,...,5k—¢) € Sy (see Proposition 3.4). The

corresponding term in det(A) is!

k—t 2041 k—¢
/ /
sgn(o) H(ATJ’»S.;’AS.MJ‘) H Tm; = H by, s;8m = by T -
i=1 i=1 i=1

Summing up all these contributions, we get in view of the definition (4.3) of K,l;

precisely (5.9). O

We can obtain from the above formula (5.9) for the determinant of the Lax
operator L?()) easily a formula for its characteristic polynomial det(Lb(\) — pId)
by the following trick: since the j-th diagonal entry of L¥()) is bj4x, ;/A and since
the parameters b; ; appear nowhere else in the Lax matrix, it suffices to replace in
all formulas bjyx ;/A by btk /A — . This can be done by replacing every b,y ;
by bj1k,; — Au. Notice that when the constants b; 1 ; are viewed as a vector b (with
2k + 1 entries), then this substitution amounts to replacing b with b — Aul, where
1=(1,1,...,1). This proves part of the following proposition:

Proposition 5.5. The characteristic polynomial of the Lax operator L°(\) is given by

2k+1
1 _
X(LY (V) ) = det(LY(A) = pld) = A4 oo TT (ke — dn) + K
j=1

(5.10)

1Something has to be said about the signs, which disappear thanks to the primes!
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The coefficients K} in the expansion

k

K= () Ry (5.11)
£=0

are first integrals of the deformed Bogoyavlenskij-Itoh Lotka-Volterra system (5.2).
Also, each Ki} is of total degree 20 + 1 (as a polynomial in x1,...,xo541), with

leading term K.

Proof. Formula (5.10) was proven above. In order to prove the other statements, we
first point out that if we attribute the weight 2 to every b; ; and the weight 1 to all
variables x;, to A and to u then every entry of the matrix L?(\)—p Id is homogeneous
of degree 1, and so the characteristic polynomial (5.10) is weight homogeneous of
degree 2k + 1 with respect to these weights. It follows that KZ_/\“ ! can indeed be
expanded as in (5.11) and that every coefficient K é’ is weight homogeneous of degree
20+1 (depending polynomially on the variables z; and the constants b, ;). Since
these polynomials are (possibly up to a constant) coefficients of the characteristic
polynomial of the Lax operator, they are constants of motion. Setting b = 0 in
(5.10) and in (5.11) we have

k
X(L()\)aﬂ) — \2k+1 _ ILLQkJrl + K};)\#l — \2k+1 _ ILLQkJrl + Z()‘u)king ’
£=0

which, compared with (2.7), to wit,

k

X(L(A), ) = NP — 220 N )P K
=0

shows that Ky is obtained from K é’ by putting all constants in b equal to zero; since
the constants in b are of weight 2 and both K, and Ké’ are weight homogeneous
of degree 2¢ + 1, it follows that K} is of total degree 2¢ + 1 (as a polynomial in

Z1,...,Topt1), with leading term Ky, as asserted. O

We have constructed k + 1 polynomial first integrals K§, K?,.. .,K}; for the
deformed Bogoyavlenskij-Itoh Lotka-Volterra system (5.1), which is a Hamiltonian
system on the Poisson manifold (R2¥+1, {-,-}ék)). We now prove the Liouville

integrability of this system.

Theorem 5.6. The deformed Bogoyavlenskij-Itoh Lotka-Volterra system (5.1) is
Liouville integrable, with independent first integrals K§, K¥, ..., Kz which are pair-

wise in involution with respect to {-, -}lgk).
Proof. According to Proposition 5.5, the k + 1 polynomials K, defined by

k
Kyt => " v"ERp (5.12)
£=0
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are first integrals of (5.1). By the same proposition, the leading term of K? (as
a polynomial in x1,...,2ok41) is Ky; since the polynomials Ky, Ki,..., K are
(functionally) independent, the latter fact implies that the same is true for the
deformed polynomials KS,K{’, .. .,K};. It remains to be shown that the latter
polynomials are in involution with respect to {-, }gk) To do this, we use the
Lenard-Magri scheme in the context of Poisson pencils (see [10]). Recall from
Proposition 4.2 that K? is a Casimir for {-, .}Z()k). It follows that for any v, K;;_”l
is a Casimir of {-, ~}l()]i)yl ={, -}l()k) —v{,-},. Said differently, K?™** is a Casimir
for the Poisson pencil {-, '},()k) —v{-,-};. Its expansion (5.12) implies according to

the Lenard-Magri scheme the following facts:

(1) The polynomials K? are in involution with respect to {-, '},()k);

(2) They are also in involution with respect to {-,-};;

(3) Each of the integrable vector fields is bi-Hamiltonian: { , KE }ék) = { , KL_I } v
(4) K} is a Casimir of {-, -}Z()k) (as we already know) and KJ, which is just H,

is a Casimir of {-,-}; (which is quite obvious).

In particular, the first integrals are in involution with respect to {-, -}Z()k)7 as was to
be shown. 0

Remark 5.7. The proof shows that the functions KE,K = 0,1,...,k are also in

involution with respect to the bracket {-,-},.

Remark 5.8. For b = 0, we get that the functions K;, £ = 0,1, ...,k are in involution
with respect to the brackets {-, ~}(k), which provides an alternative proof to Itoh’s

combinatorial proof of this fact.

6. RELATION WITH THE VESELOV-SHABAT SYSTEM

In this section we will give a recursive formula for constructing the first inte-
grals K? which shows that the combinatorial argument of Itoh can be used for
their definition as in the case of the polynomials KP, the first integrals of the
Bogoyavlenskij-Itoh system (see [5]). We will also show that the system (5.2) and
the Veselov-Shabat system constructed in [13] are isomorphic by constructing a
Poisson isomorphism between (R2**1 {. ~}§)k)) and (R*1 {. -} ) where {-,-}, is
the Poisson structure constructed in [13] as part of the Hamiltonian formalism of

the Veselov-Shabat system.

The Poisson structure {-, -}, is defined by the formulas {g;, g;}, = (—1)7""*'g,g;
if j >4+ 1 and {gi, gi+1}, = 9i9i+1 + Bi+1 and the Veselov-Shabat system is the
Hamiltonian system with Poisson structure {-,-}, and Hamiltonian the sum of
the variables Z?Zl g;. We define a permutation p of J by setting p(¢) := py =
({—1)k+1 for all £ € Z. Then, one defines the Poisson map g : (R?**1 {. -}gk)) —
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2k+1
(R ) { > }v> b
(xlvl'Qv ceey x2k+1) — (91792, e 7g2k+1) = (:Cp17‘rp27 e 7xp2)€+1)

which is easily checked to be a Poisson isomorphism. The parameters b; ;45 of
the first Poisson structure are related to the parameters [3; of the second Poisson
structure by B;11 = by, p,4% for all 7 = 1,2,...,2k 4+ 1. Since the Hamiltonian
2?21 x; of the system (5.2) is mapped under g to the Hamiltonian Z?Zl g; of the

Veselov-Shabat system, the two systems are isomorphic.

Following [13] we define new variables f; which are related to the g; by the formu-
las g; = fi+ fi41 or equivalently by f; = 3 Z%H( DItg iy, 1=1,2,...,2k+1.
Then the system of Veselov and Shabat in the f; variables reads

fz+fz+1:f12+1_f12+ﬂz+1_/827 Z:172a72k+1 (61)

and the matrix equation Li=1L;- Uiy1 — U; - L; where

I — fi 1 U - (. 0 1
T\ BN fi) C\fi+ fAHBi-X 0
gives the i-th equation of the system (6.1). Notice that Usrio = Uy and therefore

if we write L = []"_; L; we have that

2k+1
L= Z LiLy---Li Lok

2%+1 2%+1
= Z LiLo---LiUit1 -+ Log4+1 — Z LiLy---UiL;- - Log41

= LUspso — UL = [L, U]

a Lax equation for the system (6.1). The simple form of the matrices L; allows
us to compute easily the trace of L and as it turns out the trace is equal to the

Casimir k¥, If R, is the matrix R; = (5 — \) ((1) X

the following formulas on the matrices L;, R; and U; hold
‘
i RiR;
L= H s (5 1)

D D, -G
fife fi)\1 0) \fesofort1 fog2 fiforvr fi)°

As a consequence we get the following formula for the trace of L

) then one can show that

2k+1 2k+1 2k+1 82 2k+1
L; Li—R;+R;) = 1+ Big1 —N)————— 5. (6.2
H 1] ) 13( (Bita >agiagi+l>gg (6.2)
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The trace of L, written in the variables x;, becomes

2k+1 52 2k+1
tr(L): (1+(b iy i+k7_)\)7) Zp,
il;[l b 0x,,0x,, ., ]1;[1 ’
2k+1 52 2k+1
p— 1 ., —_— — s
1'1;[1 (L (Bosre )\)3%‘3%%) JI;[1 "

The coefficients of the thace of L (viewed as a polynomial in \) are first integrals
of (5.2). We will show that the previous formula for the trace of L is exactly the
polynomial K ,i’fA and we will also give a recursive formula for explicitly producing
the polynomials K;-’. To do this, we first define the following constant coefficient

linear operators

P 2k+1
di = %, Di,j = didj, D= Z Di,iJrk
v i=1
and also the
2k+1

D} =bijdid;, Dy =Y D}y
=1

Since they have constant coefficients, all these operators commute with each other
(at least when applied on polynomials, which is the case which we consider here).
In the following lemma we show that the first integrals K; of (5.2) can be defined

recursively using the operator D.
Lemma 6.1. The polynomials K;, defined by (2.7) (which are the same thing as
K; = K?) satisfy the following recursive equation

DEK; = (k—i+1)K;_,.

Proof. Each element m’ € 8, (and therefore each element m € §;) is in one to one
correspondence with the #’-tubles consisting of elements by ¢yx, £ = 1,2,...,n which
do not have any common indices (e.g. the choice b1 5,b5.9, . .. is not allowed). This

is evident from Proposition 3.4. Therefore there is a bijection ® : 8§; — B, where
Bir = {{bri,raths brarates -3 Or i} 2 AT, 2y e L R o R+ R =200
We can easily see that the map ® is the complement, meaning that
B ({bry s brars ko2 brypmy 1k }) =m0 =
m' = (ri,re,...,ro,r1+ kre+ koo e + k).

Let m = (my,ma,...,mo;y1) € 8; such that &(m) = {brlyrﬁk, brg roths - s bfr\’i,7ri,+k}.

Then x,, = (Hz/zl Dw,w—i—k) K}, and, using the combinatorial formulas (4.3) we get

’

i
K;= > LI Drerisn | Ko

{brl 1k Drg o ks by ,ri,+k}€93i (=1
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Because the degree of the monomial K}, viewed as a polynomial in one variable x;,
is one, it follows that d?K r = 0 for any 5 € J. The multinomial formula

B
4

n -/
y i m;
D' = E D;; = E ( > I | D"
J,j+k J+k
o My, Mo, ..., My Dt

mi+ma+...mE=1i j=1

gives that

DK = > (1

’

il i ,
1 1> HDijTﬂ-k Ky, =1K;

s Ly

{brl,r1+k;br2,7‘2+ka~-wbri,,ri,+k}63i J=1
and we deduce that
D' K, =iK; (6.3)
Therefore,
1 y ol 1
Ki1=——D'"'K; = — DK, = DK;.
YT+ 1) P! i+ 1

O

We prove now a similar formula for the polynomials K? which shows that the for-
mula (6.2) of Veselov and Shabat for the trace of the Lax operator L coincides with
the polynomial K, * (item (1) of the next proposition) which is the characteristic

polynomial of the Lax operator we constructed in (5.5).

Proposition 6.2. (1) For eachi=0,1,2,...,k
1

K} = Ki+ DyK; + o

L
D5K1+...+5DbKi
(2) Foreachi=0,1,2,....,k—1

1
b b
Ki _7]{: ZDKZ 1-

Proof. First of all, note that (1) holds for ¢ = k. This can be seen from the proof
of Lemma 6.1 and the definition of the polynomial K,l;; in the polynomial K};, for
each variable missing from x,, there is one and only one constant b . associated to

it (see also Proposition 3.4).

We also notice that the operator Dy, satisfies the following formula
l

l — m
Dyix1 =Dy +AD =Dl = Z <m>AmD,§ mpm.

m=0
Therefore for item (1) we have
E 1 1< (!
KM =_N"-pl K=Y = AN"DIm DMK
k ; TRt 211 mZ::O m b k

Since K is the coefficient of A*=% in the expansion of K Z+>‘1 it follows that

k

k
1 l ) ) 1 l . ,
b l—k+i yk—1i l—k+i nk—1 K
Ki Zl_ol!(kz)Db S Z_Zk_ll!(kz)Db S
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view of the formula (6.3), the previous line can be re-written as

k
1 l .
b . l—k+i 7~
K= 7 (k Z_)(k—z)!Db K;

l=k—1

ich is exactly item (1).

Item (2) can be deduced by combining item (1) and Lemma 6.1. O

(1]

2]
3]

(4]

[5]

[6]

[9]

(10]
(11]

(12]

(13]

[14]

REFERENCES

M. Adler, P. van Moerbeke, and P. Vanhaecke. Algebraic integrability, Painlevé geometry and
Lie algebras, volume 47 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A
Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. Srd
Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004.

O. 1. Bogoyavlenskii. Some constructions of integrable dynamical systems. Izv. Akad. Nauk
SSSR Ser. Mat., 51(4):737-766, 910, 1987.

0. L. Bogoyavlenskij. Integrable Lotka-Volterra systems. Regul. Chaotic Dyn., 13(6):543-556,
2008.

P. A. Damianou. Lotka-volterra systems associated with graphs. In Group analysis of dif-
ferential equations and integrable systems, pages 30-44. Department of Mathematics and
Statistics, University of Cyprus, Nicosia, 2012.

P. A. Damianou, C. A. Evripidou, P. Kassotakis, and P. Vanhaecke. Integrable reductions of
the Bogoyavlenskij-Itoh Lotka-Volterra systems. J. Math. Phys., 58(3):032704, 17, 2017.

Y. Itoh. Integrals of a Lotka-Volterra system of odd number of variables. Progr. Theoret.
Phys., 78(3):507-510, 1987.

Y. Itoh. A combinatorial method for the vanishing of the Poisson brackets of an integrable
Lotka-Volterra system. J. Phys. A, 42(2):025201, 11, 2009.

C. Laurent-Gengoux, A. Pichereau, and P. Vanhaecke. Poisson structures, volume 347 of
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer, Heidelberg, 2013.

A. J. Lotka. Analytical theory of biological populations. The Plenum Series on Demographic
Methods and Population Analysis. Plenum Press, New York, 1998. Translated from the 1939
French edition and with an introduction by David P. Smith and Héléne Rossert.

F. Magri. A simple model of the integrable Hamiltonian equation. J. Math. Phys., 19(5):1156—
1162, 1978.

M. Noumi and Y. Yamada. Affine Weyl groups, discrete dynamical systems and Painlevé
equations. Comm. Math. Phys., 199(2):281-295, 1998.

P. H. van der Kamp, T. E. Kouloukas, G. R. W. Quispel, D. T. Tran, and P. Vanhaecke.
Integrable and superintegrable systems associated with multi-sums of products. Proc. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci., 470(2172):20140481, 23, 2014.

A. P. Veselov and A. B. Shabat. A dressing chain and the spectral theory of the Schrédinger
operator. Funktsional. Anal. i Prilozhen., 27(2):1-21, 96, 1993.

V. Volterra. Le¢ons sur la théorie mathématique de la lutte pour la vie. Les Grands Classiques
Gauthier-Villars. [Gauthier-Villars Great Classics]. Editions Jacques Gabay, Sceaux, 1990.
Reprint of the 1931 original.

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF CYPRUS, P.O. Box 20537,

1678 N1cosiAa, CYPRUS

E-mail address: cevrip02@ucy.ac.cy, pavlos1978@gmail.com

PoOL VANHAECKE, LABORATOIRE DE MATHEMATIQUES, UMR 7348 Du CNRS, UNIVERSITE DE

POITIERS, 86962 FUTUROSCOPE CHASSENEUIL CEDEX, FRANCE

E-mail address:  pol.vanhaecke@math.univ-poitiers.fr



