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Abstract: We consider a class of Hamiltonian systems which posses integrals
expressible in terms of the eigenvalues of some associate matrices. Moreover,
these systems will be solved explicitly and their scattering behavior investigated
using additional associated matrices whose eigenvalues change in time during
a flow.

1. Introduction

We consider Hamiltonian systems of n particles on a line interacting with each other
where the Hamiltonian is of the form:

HΛ(χ,y)= ^Σy? + Σ V(*ι-χj)+ Σ W(xj. (l.l)
z i= l l^ i<j^« i = l

The examples of such pairs of potentials (V(x), W(x)) to be considered are:

(*-2,-α2x2/2), (A)

Ί \2 \
-cothx/2J,αe*J. (B)

Calogero and Marchioro [1] and Sutherland [2] have studied some of these
potentials in the context of quantum mechanics, and their work suggested looking
at the classical systems. For the case α = 0, Moser [3] has shown that both of the
above examples are integrable systems, i.e., possess n integrals whose associated
Hamiltonian flows commute, and in addition the integrals are rational in (xf, yt\
(eXi, yt) respectively. The method he used was based on the isospectral technique of
Lax [4], first applied by Flaschka [5] to the Toda lattice. This consists in the
construction of a matrix function of (x,y) whose spectrum remains fixed in t if
x = x(t\ y = y(t) are solutions of the above Hamiltonian system. We then take the
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eigenvalues of the matrix to be the desired integrals, and study systems whose
Hamiltonians are functions of these integrals.

We extend this method to some new systems. Moreover, we construct a second
matrix function of (x, y, t) whose spectrum is invariant under the Hamiltonian flow,
which allows us to describe the solutions more or less explicitly.

In this way we show for solutions x = x(t) of the above Hamiltonian system, in
Case (A), α φO, that the symmetric homogeneous polynomials in χ.(ί) of degree v are
polynomials of degree v in e±αίl, which implies that all solutions of the system
for α purely imaginary are periodic. Furthermore, for a class of systems whose
Hamiltonians are integrals of the above system, the symmetric polynomials of xf(ί)
are polynomials of at most n exponentials eλit. The same result is true for system (B),
for α = 0, if we replace xt by eXί, as first proven by Olshanetzky and Perelomov2, and
moreover for systems which we will construct such that their Hamiltonians are
integrals of (B), α = 0. For (B), αφO, we find that the symmetric polynomials in
eXί are rational in n exponentials eλlί, ...,eλnt.

It is then easy to discuss the scattering behavior of the above systems quite
explicitly in case the particles ultimately disperse, as in the case α>0, and to
construct scattering maps. For instance in Case (A), α>0, the solutions behave
asymptotically like :

2^)}, (1.2)

for ί-»±oo, and for all fc, q£ <^+1, if *fc(0)<xk+1(0). We include the artificial
factors 2~1/2, a~12~ί/2, for a later purpose, to make (x,y)-^>(p,q) a canonical
transformation. On the other hand for Case (B), α>0, the solutions behave
asymptotically like :

xk(t)=±λkt + β£+0(Γ1), for ί-> + oo, (1.3)

where A t < λ2 < . . . < λn < 0, if X;(0) <xi + ̂ 0) for all i.
The scattering maps which we construct are canonical, given by polynomial

relations, and lead to surprising algebraic transformations between the above
systems (1.1). Moreover, they are found to agree with their own inverse, i.e., they are
involutions. For instance in formula (1.3) we find

&++j3k-=21og«). (1.4)

It is surprising that the scattering map for the system (A), with α>0, which
relates data at t = — oo with data at t = + oo is precisely equal to the scattering map
for the same system (A), with α = 0, but which relates data at t = 0 with data at t = oo.

1 Some of this work was announced and presented at the conference on Theory and Application of
Solitons, held January 1976 in Tuscon, Arizona, and will appear in the proceedings of this conference
[13]
2 I am indebted to F. Calogero for communicating to me the then unpublished results of Olshanetzky
and Perelomov at the above mentioned conference. Their work, which was done independently has
meanwhile been published in [11, 18]. Part of their results overlap with some results presented in
Sections 2-4 of this paper. The proofs presented are those of the unpublished preprint [12], which was
handed out at the above mentioned conference of January 1976, in conjunction with a brief research
announcement. The results of the preprint can be found in [13]
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Another interesting fact is that the scattering map for the system (A), with α>0,
which relates data at ί=0 with data at t — oo, transforms the Hamiltonian of that
system into an integral of the system (B) with α=0, after a trivial change of
coordinates.

In Section 4 we show that Hamiltonian systems near by to system (1.1), Case (A)
with α purely imaginary, have at least n geometrically distinct orbits on each energy
surface. While such results are easily derived in case the periodic solutions of the
unperturbed system are isolated, they are quite delicate for manifolds of periodic
orbits, which we encounter. This result follows directly from the perturbation
theory of Weinstein [8].

2. Integrability

To construct the integrals of Hα(x, y) defined by (1.1), Case (A), we use the matrices
of Moser's system, Y=L(x,y), B = B(x\ where (x,y)eΩ = {(x,y)eR2n\xi<xi+i for
i = 1, 2, ..., n— 1}, Ω defined once and for all. We introduce

Yjk = [L(x, y)-]jk = δjkyj + /(I - δjk)(xj - xfc)~ *

and the diagonal matrices X = diag(x1?x2, ...,xπ), D(j;)=4iag(y1,y2, ...,yw). For
future use, we observe the crucial fact that L(x, y) has n distinct real eigenvalues. (See
[3].)

We observe the commutator relation [X, Y} = C, Cjk = i(l— δjk), noting that iC is
n

the identity operator on the subspace in Rn specified by Σ (̂ = 0.
< = 1

Define DG = Σ (Gyfixi ~~ GXidy) to be the Hamiltonian vector field acting on
i = l

functions of (x, y), i.e. if xt = Gy., yt = - Gx., ί = 1, . . . , n, then dF(x, y)/dt = DGF. As an
operator on matrices, DG acts componentwise. Let δ be the operator acting on
matrix functions of (x,y), and ί, defined by

Note that δ is a derivation, i.e., it satisfies the sum and product rule of
differentiation, respecting order, for it is the sum of three derivations. We observe
that in the case where t doesn't occur explicitly in Z, then δZ = DHoZ- [B,Z]. We
also note for future reference, that I ited shall stan^ for the n x n identity matrix.

Theorem 1. // x9y obey xt = dHJdyiy yt= —dHJdx^ i=l, ...,n, then the matrices
M± =(Y±(xX)e+0ίt satisfy the isospectral differential equation

δM±=0, (2.1)

and consequently so does the time independent matrix
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Proof. We establish the following partial differential equation.

a)δX=Y, b) δY=a2X. (2.2)

Note if we neglect the commutators, these equations become scalar harmonic
oscillator equations. Since x = y, we have X = D(y\ and (2.2a) is just
D(y)=Y+lB,Xl i.e., Y=D(y) + [X,Bl and since

[XΉ^Xj-xJBjt^l-δjάxj-x,)-1, where P=-

the definition of Y yields the result. To prove (2.2b), we note

and so DHaY=DHoY+DpY, but in [3] it is computed that DHo7=[β, Y] (a
straightforward computation), and since

we have

DHJ=DaJ+DPY=lB9Y]+x2X,

and (2.2b) is proven. Now (2.2) immediately implies

hence

and thus

δM±=0.

That E satisfies δE = Q is an immediate consequence of δ being a derivation.

Remark */. We note that the operator equation δD = Q, or equivalently
U'\δD)U = 0 = (d/dt)(U~1DU)9 where ύ = BU; this is equivalent to
U(t)' lD(ήU(t) = U~ l(0)D(Q)U(Q)9 provided l/(ί), t/(ί)" 1 exists. We say D undergoes
an isospectral deformation in time. Thus the constants of the derivation δ, i.e., the
algebra which forms the kernel of the operator δ, are nothing but the isospectral
matrices which evolve through their similarity class via the infinitesimal generator
B. Their eigenvalues and all functions of them remain constant in time.

Remark 2. In our case B + B* = Q, and U(t) exists for all finite time, and
UU* = I if it holds at some time ί0. If in addition U(t) converges for ί-> oo, we may
set the value of U at ί=oo to be /, the nxn identity matrix. Thus

00

U(t) = I - j B(x(s))U(s)ds, and we now redefine U(x, y) as the solution of the integral
* 00

equation U(x, y) = I— J B(x(s))U(x(s), y(s))ds, as a function of x = x(0), y = y(0) on Ω,
o


