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K3 surfaces

A K3 surface X is a smooth, compact, complex, simply connected
surface such that

Kx ~ 0.

In particular
HO(X7 OX(KX)) =C- wx
where wx is a nowhere vanishing holomorphic 2-form.

We study automorphisms of X, i.e. biholomorphic maps

c: X — X
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An easy example
Consider the K3 surface

X : af+ ]+ xors + v2d =0

>

in P3 and the automorphism

o P3 — P3
((170 M i I /1) B $3) — ((Eo X Cgmz : .Tg)

where (3 = ¢5". In the chart xg # 0, 9 £ the holomorphic 2-form
Oxs
on X can be written as

. dri N dxo - dxy N dxo

of B 2
B 3x311

the action is

o(w) = Gaw
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The fixed locus

X af+ 2t + zoxd + zad3 =0
o Pg — Pg
(.’L’o M N /) B xg) — (ZL'() X C3Z'2 : .2173)

The fixed locus is the intersection of X with the plane {x2 = 0} and
the point (0:0:1:0) hence

X7 = {Plane curve of genus 3} U {pt}

Automorphisms operating non trivially on the holomorphic 2-form, like
o, are called non-symplectic
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Non-symplectic automorphisms

An automorphism o of X is called purely non-symplectic if
2im
0" (wx) = Cwx, C(r=el
In this case the order of ¢ is finite equal to I.

e Nikulin ’80: list of possibilities for non symplectic automorphisms
on K3 surfaces.

o Possible prime orders are: I =2, 3,5, 7, 11, 13, 17, 19

@ A first problem: determine the fixed locus.
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Involutions

Let
i: X — X, i?=id, i*(wx)=—-wyx

Nikulin (’80) computed the fixed locus of i:

e X' can be empty. In this case the quotients are well known and
are exactly the Enriques surfaces.

e X' is the disjoint union of smooth curves (Nikulin gives the
complete list of possibilities)
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The orders 11, 13, 17, 19

If the order is I = 13, 17, 19 there is only one couple (X7,07). The
examples are produced by using elliptic fibrations (¢ € C).

1 X or fixed points | fixed curves
13| o2 =2 + P2+t | (CGaz, Cuay, Cyt) 9 1 rational
17 |y =23 +t7Tx + t2 (C1771U, C127Z/» 412715) 7 -

19| 2= +t"z+t | (Tyz, Cyy, (2t) 4 -

If I = 11 there are 3 possibilities for the fixed locus.

(Kondo 1989, Oguiso and Zhang 1999/ Artebani, S., Taki 2009)
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The orders 3, 5, 7

At a fixed point x € X7 the action can be linearized as follows

t+1 0
< 10 I_t), t=0,...,] -2
I

@ the fixed locus is non empty and contains smooth disjoint curves
(t = 0) or isolated fixed points

o if the fixed locus contains a fixed curve of genus g > 1, then this is
the only fixed curve of genus g > 1, the other are rational.

@ we can write

XU=CgURlu...URkU{pl,...,pn}

where Cy is a smooth curve of genus g > 0, R; is a smooth rational
curve and p; is an isolated fixed point.
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Two important sublattices

Recall that for K3 surfaces

HY(X,2) 2 U™ @ B9, U = {22, ( ) (1) )}
The action of 0 on X induces an action on cohomology
o* : H¥(X,Z) — H*(X,7)

We have two important primitive sublattices

S(o) ={x e H}X,Z)|o*(z) =z}, T(o)=S(co)*
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Properties of the sublattices

e S(o) C Sx (the Picard group of X) and (the transcendental
lattice of X) Tx = S+ C T(0)

e Tx and T'(o) are free modules over Z[(;] via the action of o*
e rank(7'(0)) is even equal to (I — 1)m

o |det S(o)| =|detT(o)| = I* for some a # 0

o (Rudakov-Shafarevich ’89) the lattice S(¢) is uniquely determined
by its rank and a.
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The classification

Main tools:
o Lefschetz formulas, topological and holomorphic
e properties of the lattices S(o) and T'(0)
e Smith exact sequences

One obtain relations

m—a 24 12 m-+a
_ =929 ([ —2)— = =2
g 2 " (I =2) =71 T—1 2

and a complete description of the fixed locus and a list of the lattices
T(o) and S(o).

Recall that:

X7 =CyUR1U...URU{p1,...,pn}, rank(T(o))= (I —1)m,
|det T'(o)| = I®.
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The order five

The local actions at a fixed point are

0 3.0 2 0

and we obtain a table

niy | ng k’o kl k‘Q T(O’) S(O’)

1 0]0] 0|1 HsoU ® B3 @ Eg Hsy

3 1 0 1 0 Hs U @ Es ® Ay Hs & Ay
311]10]0]|0|HsaUB)@Es®As| Hsd A;5)
5 2 1 1 0 U® Hs @ Eg Hs ® Eg
51210/ 0 U® Hs ® A3 Hs @ A}

7 3 2 0 0 U®H;P Ay H; ® Ay @ Eg
9 4 3 0 0 U® Hs Hs ® Eg @ Eg
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where
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The families of K3 surfaces

The generic K3 surface in each family has Picard group Sx

= S(0).
One can describe projective models of each family.
Example: o(c) =5, Sx = S(0) = Hs,
4
2 = .%‘0—.%'1 Hl‘o—)\ml +x2x1C]P’(3111) N eC
=1

The transformation

2
o(t, z, x1,22) = (t, 2o, 1, C522), (5=e€5

is a non-symplectic automorphism of order 5,

= {pt} U {curve of genus 2}
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