ELLIPTIC FIBRATIONS AND SYMPLECTIC AUTOMORPHISMS
ON K3 SURFACES

ALICE GARBAGNATI AND ALESSANDRA SARTI

ABSTRACT. Nikulin has classified all finite abelian groups acting symplectically on a K3 surface and
he has shown that the induced action on the K3 lattice U2 @ Es(—1)2 depends only on the group but
not on the K3 surface. For all the groups in the list of Nikulin we compute the invariant sublattice
and its orthogonal complement by using some special elliptic K3 surfaces.

0. INTRODUCTION

An automorphism of a K3 surface is called symplectic if the induced action on the holomorphic 2-form
is trivial. The finite groups acting symplectically on a K3-surface are classified by [Nik1], [Mu], [X],
where also their fixed locus is described. In [Nik1] Nikulin shows that the action of a finite abelian
group of symplectic automorphisms on the K3 lattice U? @ Eg(—1)? is unique (up to isometries of the
lattice), i.e. it depends only on the group and not on the K3 surface. Hence one can consider a special
K3 surface, compute the action, then, up to isometry, this is the same for any other K3 surface with
the same finite abelian group of symplectic automorphisms. It turns out that elliptic K3 surfaces are
good candidate to compute this action, in fact one can produce symplectic automorphisms by using
sections of finite order.

The finite abelian group in the list of Nikulin are the following fourteen groups:

Z/nZ, 2 <n <8, (Z/mZ)? m =234,
Z)27 x ZJAZ, 7.]27 x L]6Z, (Z/2Z)!, i = 3,4.

For all the groups G but (Z/2Z)%, i = 3,4, there exists an elliptic K3 surface with symplectic group of
automorphisms G generated by sections of finite order (cf. [Shim]). In general it is difficult to describe
explicitly the action on the K3 lattice. An important step toward this identification is to determine the
invariant sublattice, its orthogonal complement and the action of G on this orthogonal complement.
In [Nik1] Nikulin gives only rank and discriminant of these lattices, however the discriminant are
wrong if the group is not cyclic (cf. also [G2]). In the case of G = Z/27Z the action on the K3 lattice
was computed by Morrison (cf. [Mo]), and in the cases of G = Z/pZ, p = 3,5, 7 we computed in [GS]
the invariant sublattice and its orthogonal in the K3 lattice. In this paper we conclude the description
of these lattices for all the fourteen groups, in particular we can compute their discriminant which
are not always the same as those given in [Nik1]. Its is interesting that some of the orthogonal to the
invariant lattices are very well known lattices. We denote by Q¢ := (H?(X,Z)%)* then

G | Z/3Z (Z)272)* 7Z/AZ (z)22)*  (Z/3Z)?

Qc | K12(=2) Aa(—1) Aws(-1) Ais(—1) Kies(—1)
where Kj2(—2) is the Coxeter-Todd lattice, the lattices A,, are laminated lattices and the lattice K14.3
is a special sublattice of the Leech-lattice (cf. [CS1] and [PP] for a description). All these give lattice
packings which are very dense.
In each case one can compute the invariant lattice and its orthogonal complement by using an elliptic
K3 surface. In the case of G = Z/27Z x Z/AZ, (Z/27)*, /A7 we use always the same elliptic fibration,
with six fibers of type I, with symplectic automorphism group isomorphic to Z/47 x 7 /47 generated
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by sections, then we consider the subgroups. The K3 surface admitting this elliptic fibration is the
Kummer surface Km(E /=1 x E /) and the group of its automorphisms is described in [KK]. This
fibration admits also symplectic automorphisms group isomorphic to (Z/2Z), i = 3,4, in this case
some of the automorphisms come from automorphisms of the base of the fibration, i.e. of P'. Hence
also for these two groups we are able to compute the invariant sublattice and its orthogonal comple-
ment.

Once we know the lattices Q¢ we can describe all the possible Neron Severi groups of algebraic K3
surfaces with minimal Picard number and group of symplectic automorphisms G. Moreover we can
prove that if there exists a K3 surface with one of those lattices as Néron Severi group, then it admits
a certain finite abelian group G as group of symplectic automorphisms. These two facts are important
for the classification of K3 surfaces with symplectic automorphism group (cf. [vGS], [GS]), in fact they
give information on the coarse moduli space of algebraic K3 surface with symplectic automorphisms.
For example an algebraic K3 surface X has G as a symplectic automorphism group if and only if
Q¢ C NS(X) (cf. [Nikl, Theorem 4.15]) and moreover p(X) > 1 + rk(Qq).

The paper is organized as follows: in the sections 1 and 2 we recall some basic results on K3 surfaces
and elliptic fibrations, in section 3 we show how to find elliptic K3 surfaces with symplectic automor-
phism group (Z/27Z)", i = 3,4. The section 4 recalls some facts on the elliptic fibration described by
Keum and Kondo in [KK] and contains a description of the lattices H?(X,Z)¢ and (H?(X,Z)%)*
in the cases G = Z/AZ x ZJAZ,7.)27 x LJAZ,L/AZ,(Z)2Z), i = 2,3,4. In the section 5 we give
the equations of the elliptic fibrations for the remaining G and compute the invariant lattice and its
orthogonal. Finally the section 6 describe the Neron Severi group of K3 surfaces with finite abelian
symplectic automorphism group and deal with the moduli spaces. In Appendix we describe briefly
the elliptic fibrations which can be used to compute the lattices Q¢ for the group G which are not
analyzed in Section 4 and we give a basis for these lattices. The proofs of these results are essentially
the same as the proof of Proposition 4.1 in Section 4.

We warmly thank Bert van Geemen for discussions and for his constant support during the preparation
of this paper. We thank also Gabriele Nebe for comments and suggestions.

1. BASIC RESULTS

Let X be a K3 surface. The second cohomology group of X with integer coefficients, H?(X,Z), with
the pairing induced by the cup product is a lattice isometric to Ags := Eg(—1)2® U3 (the K3 lattice),

where U is the lattice with pairing L ] and Eg(—1) is the lattice associated to the Dynkin

1 0
diagram Eg (cf. [BPV]). Let g be an automorphism of X. It induces an action g*, on H?(X,Z). This
isometry induces an isometry on H?(X,C) which preserve the Hodge decomposition. In particular
g (H*(X)) = H>°(X).

Definition 1.1. An automorphism g € Aut(X) is symplectic if and only if Iimoxy = Ldjg2o(x)
(i.e. g*(wx) = wx with H*9(X) = Cwx ). We will say that a group of automorphisms acts sym-
plectically on X if all the elements of the group are symplectic automorphisms.

Remark 1.1. [Nikl, Theorem 3.1 b)] An automorphism ¢ of X is symplectic if and only if g‘*TX =
Idrp, . O

In [Nik1] the finite abelian groups acting symplectically on a K3 surface are listed and many properties
of this action are given. Here we recall the most important. Let G be a finite abelian group acting
symplectically on a K3 surface X, then

e ( is one of the following fourteen groups

(1) Z/nZ, 2 <n <8, (Z/mZ)?, m =234,
Z)27 x ZJAZ, 7.]27 x Z6Z, (Z/2Z)¢, i = 3,4;

e the desingularization of the quotient X/G is a K3 surface;
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e the action induced by the automorphisms of G on H?(X,Z) is unique up to isometries. In
particular the lattices H?(X,Z)¢ and (H?(X,Z)%)* depend on G but they do not depend on
X, up to isometry.

The last property implies that we can consider a particular K3 surface X admitting a finite abelian
group G of symplectic automorphisms to analyze the isometries induced on H2(X,Z) ~ Ax3 and to
describe the lattices H2(X,Z)¢ and Qg := (H?(X,Z)%)*. In particular since T is invariant under
the action of G (by Remark 1.1),

H*(X,7)¢ — NS(X)% & Tx
and the inclusion has finite index, so considering the orthogonal lattices, we obtain
(H*(X,2)%)" = (NS(X)9)* .

For a systematical approach to the problem how to construct K3 surfaces admitting certain symplectic
automorphisms we will consider K3 surfaces admitting an elliptic fibration. We recall here some basic
facts.

Let X be a K3 surface admitting an elliptic fibration, i.e. there exists a morphism X — P! such that
the generic fiber is a non singular genus one curve and such that there exists a section s : P! — X,
which we call the zero section. There are finitely many singular fibers, which can also be reducible. In
the following we will consider only singular fibers of type I,,, n > 0, n € N. The fibers of type I are
curves with a node, the fibers of type I> are reducible fibers made up of two rational curves meeting
in two distinct points, the fibers of type I,,, n > 2 are made up of n rational curves meeting as a
polygon with n edges. We will call C the irreducible component of a reducible fiber which meets the
zero section. The irreducible components of a fiber of type I,, are called C; where C; - C;411 = 1 and
i € Z/nZ. Under the assumption Cy-s = 1, these conditions identify the components completely once
the component C; is chosen, so these conditions identify the components up to the transformation
C; « C_; for each i € Z/nZ. All the components of a reducible fiber of type I,, have multiplicity one,
S0 a section can intersect a fiber of type I,, in any component.

The set of the sections of an elliptic fibration form a group (the Mordell Weil group), with the group
law which is induced by the one on the fibers.

Let Red be the set Red = {v € P!|F, is reducible}. Let r be the rank of the Mordell Weil group
(recall that if there are no sections of infinite order then r = 0) and let p = p(X) denote the Picard
number of the surface X. Then

p(X) =rkNS(X)=r+2+ Y (my,—1)
vERed

(cfr. [Shio, Section 7]) where m,, is the number of irreducible components of the fiber F,.

Definition 1.2. The trivial lattice Trx (or Tr) of an elliptic fibration on a surface is the lattice
generated by the class of the fiber, the class of the zero section and the classes of the irreducible
components of the reducible fibers which do not intersect the zero section.

The lattice Tr admits U as sublattice and its rank is rk(T7) = 2 + > _p.4(my — 1). Recall that
NS(X)® Q is generated by Tr and the sections of infinite order.

Theorem 1.1. [Shio, Theorem 1.3] The Mordell Weil group of the elliptic fibration on the surface X
is isomorphic to the quotient NS(X)/Tr := E(K).

In Section 8 of [Shio] a pairing on F(K) is defined. The value of this pairing on a section P depends
only on the intersection between the section P and the reducible fibers and between P and the zero
section. Now we recall the definition and the properties of this pairing.

Let E(K)ior be the set of the torsion elements in the group E(K).



4 Alice Garbagnati and Alessandra Sarti

Lemma 1.1. [Shio, Lemma 8.1, Lemma 8.2] For any P € E(K) there exists a unique element ¢(P)
in NS(X)® Q such that:

i) ¢(P) = (P) mod Tr ® Q (where (P) is the class of P modulo Tr @ Q)

i) p(P) L Tr.

The map ¢ : E(K) — NS(X) ® Q defined above is a group homomorphism such that Ker(¢) =
E(K)tor~

Theorem 1.2. [Shio, Theorem 8.4] For any P,Q € E(K) let (P,Q) = —¢(P) - ¢(Q) (where - is
induced on NS(X) ® Q by the cup product). Then it defines a symmetric bilinear pairing on E(K),
which induces the structure of a positive definite lattice on E(K)/E(K)tor.
In particular if P € E(K), then P is a torsion section if and only if (P, P) = 0.
For any P,Q € E(K) the pairing (—, —) is

<P7Q> = X+P'S+Q'S_P'Q_ZUERedcontr’U(PvQ)

(P,P) = x+2(P-5) = ,creqcontry(P)

where x is the Euler characteristic of the surface and the rational number contr,(P,Q) are given in
the table below

I, I, I v IIr-
L 1ifi=1
@) contr, (P) 2/3 i(n—1)/n L tn/difi=n—1ori=n 4/3  3/2
contro(P,Q) 1/3 i(n—j)m | YV2di=1 2/3 -

24n/difi=n—1ori=n

where the numbering of the fibers is the one described before, P and QQ meet the fiber in the component
Ci and Cj and @ < j.

The pairing defined in the theorem is called height pairing. This pairing will be used to determine
the intersection of the torsion sections of the elliptic fibrations with the irreducible components of the
reducible fibers.

2. ELLIPTIC FIBRATIONS AND SYMPLECTIC AUTOMORPHISMS

Using elliptic fibrations one can describe the action of a symplectic automorphism induced by a torsion
section on the Néron Severi group. Since a symplectic automorphism acts as the identity on the
transcendental lattice we can describe the action of the symplectic automorphism over NS(X) @ T,
which is a sublattice of a finite index of H?(X,Z). Moreover, knowing the discriminant form of N.S(X)
and of Tx one can explicitly find a basis for the lattice H?(X,Z), and so one can describe the action
of the symplectic automorphism on the lattice H?(X,Z).

Let X be a K3 surface admitting an elliptic fibration with section, then the Néron Severi group of X
contains the classes F' and s, which are respectively the class of the fiber and of the section. Let us
suppose that ¢ is an n-torsion section of an elliptic K3 surface and let o; be the automorphism, induced
by ¢, which fixes the base of the fibration (so fixes each fiber) and acts on each fiber as translation by
t. This automorphism is symplectic and if the section ¢ is an n-torsion section (with respect to the
group law of the elliptic fibration) the automorphism o; has order n. More in general let us consider
a K3 surface X admitting an elliptic fibration £x with torsion part of the Mordell Weil group equal
to a certain abelian group G. Then the sections of tors(MW (£x)) induce symplectic automorphisms
which commute. So we obtain the following:

Lemma 2.1. If X is a K3 surface with an elliptic fibration Ex and tors(MW (Ex)) = G, then X
admits G as abelian group of symplectic automorphisms and these automorphisms are induced by the
torsion sections of Ex .

Now we want to analyze the action of the symplectic automorphisms induced by torsion sections on
the classes generating the Néron Severi group of the elliptic fibration. By definition, o, fixes the class
F'. Since it acts as a translation on each fiber, it sends on each fiber the intersection of the fiber with
the zero section, in the intersection of the fiber with the section ¢. Globally o; sends the section s in
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the section t. More in general the automorphism o; sends sections in sections and the section r will
be send in r + ¢ — s, where the + and — are the operations in the Mordell Weil group. To complete
the description of the action of o; on the Néron Severi group we have to describe its action on the
reducible fibers. The automorphism o; restricted to a reducible fiber has to be an automorphism of
it. This fact imposes restrictions on the existence of a torsion section and of certain reducible fibers
in the same elliptic fibration.

Lemma 2.2. Let t be a torsion section and F, a reducible fiber of the fibration.

1) If t meets the fiber F, in a component C;, then a4(Cy) = C;.

2) If t meets the fiber F,, in the component Cy, then o4(C;) = C; for each j.

3) If there is a fiber of type 15 with component C; and there is an n-torsion section with n/fd, then
t-Co=1 and by 2) 04(C;) = C; for each i =0,...,d.

4) If there is a fiber I with component C; and an n-torsion section t with n|d, such thatt-C; =1,
i # 0, then i|d and d|(n - ). Moreover o, restricted to this fiber has order d/i and 04(C;) = Cj;.

Proof. 1) The section s meets the reducible fiber in the component Cy, so 1 = s-Cy = ¢(s) -0+ (Cp) =
t-0¢(Co). But 0¢(Cp) has to be a component of the same fiber, because o, fixes the fibers, and has to
be the component with a non-trivial intersection with ¢, so 0,(Cp) = C;.

2) By 1) applied in the case ¢ = 0 we obtain 0,(Cy) = Cy. The group law on the fibers of type I,,
is C* x Z/nZ (cf. [Mi, Section VIIL3]). Since the automorphism fixes the component Cy it acts as
(wn,0) on I, where w,, is a primitive n-th root of unity. It acts trivial on Z/nZ, so it fixes all the
components Cj.

3-4) The automorphism group of the fiber of type I; is C* X Z/dZ. The automorphism o, either acts
on I, as in 2) or has order which divides d. 0

In the following we always use this notation: if ¢; is an n-torsion section, then t; corresponds to the

sum, in the Mordell Weil group law, of h times t;. Moreover Ci(j ) is the i-th component of the j-th
reducible fibers.

3. THE CASES G = (Z/2Z)® aAND G = (Z/27)*

We have seen (cf. Lemma 2.1) that an example of a K3 surface with G as group of symplectic
automorphisms is given by an elliptic fibration with G as torsion part of the Mordell Weil group. The
groups which appear as torsion part of the Mordell Weil group of an elliptic fibration on a K3 surface
are twelve. In particular the groups G = (Z/27)® and G = (Z/27Z)* are groups acting symplectically
on a K3 surface, but they can not be realized as the torsion part of the Mordell Weil group of an
elliptic fibration on a K3 surface (cf. [Shim]). Hence to find examples of K3 surfaces with one of these
groups as group of symplectic automorphisms, we have to use a different construction. One possibility
is to consider a K3 surface with elliptic fibration £x with MW (Ex) = (Z/27Z)? and to find one (or
two) other symplectic involutions which commute with the ones induced by torsion sections.

3.1. The group G = (Z/27)? acting symplectically on an elliptic fibration. We start consid-
ering an elliptic K3 surface with two 2-torsion sections. An equation of such an elliptic fibration is
given by

(3) y* = a(zx —p(7))(x —q(r)) deg(p(r)) = deg(q(r)) =4, 7 € C.

Then we consider an involution on the base of the fibration P!, which preserves the fibration. This
involution fixes two points of the basis. Up to the choice of the coordinates on P', we can suppose
that the involution on the basis is op1 4 : 7 — —7. So we consider on the K3 surface the involution
(r,z,y) — (—7,x,—y). Since this map has to be an involution of the surface, it has to fix the equation
of the elliptic fibration. Moreover the involution op: , has to commute with the involutions induced
by the torsion sections. This implies that it has to fix the curves corresponding to the torsion sections
t:7— (p(7),0) and u : 7 — (g(7),0). The equation of such an elliptic fibration is

) y* = x(z —p(1))(z — q(7)) with

deg(p(r)) = deg(q(7)) = 4 and p(7) = p(=7) q(7) = q(-7).
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e y? =z(x — (pam + p2m® +p0)) (@ — (@ + ©27* + @), P4, P2, P04, G2, 90 € C.

The involution op1 , fixes the four curves corresponding to the sections in the torsion part of the
Mordell Weil group and the two fibers over the points 0 and co of P'. On these two fibers the auto-
morphism is not the identity (because it sends y in —y). So it fixes only the eight intersection points
between these four sections and the two fibers. It fixes eight isolated points, so it is a symplectic
involution.

To compute the moduli of this family of surfaces we have to consider that the choice of the automor-
phism on P! corresponds to a particular choice of the coordinates, so we can not act on the equation
with all the automorphisms of P'. We choose coordinates such that the involution op o fixes the
points (1:0) and (0: 1) on PL.

The space of the automorphisms of P! commuting with op1 o, has dimension one. Moreover we can
act on the equation (4) with the transformation (x,y) — (A\2z, \3y) and divide by A°. Since the
parameters of the equation (4) are 6, we find that the number of moduli of this family is 6 — 2 = 4.
Collecting these results, the properties of the family satisfying the equation (4) are the following:

discriminant singular fibers || moduli
p(1)%q(7)*(p(7) — a(7))* 121 4
Since the number of moduli of this family is four, the Picard number of the generic surface in this
family is 16. The trivial lattice of this fibration has rank 14, so there are two linearly independent
sections of infinite order which generate the free part of the Mordell Weil group.

3.2. The group G = (Z/27)* acting symplectically on an elliptic fibration. As in the previous
section we construct an involution which commutes with the three symplectic involutions oy, o,
(the involutions induced by the torsion section ¢ and u) and op1 , of the surfaces described by the
equation (4). So we consider two commuting involutions on P! which commute with the involutions
induced by the 2-torsion sections. Up to the choice of the coordinates of P! we can suppose that the
involutions on P! are 7 — —7 and 7 — 1/7. We call the corresponding involution on the surface
oprg : (T,2,y) = (—7,2,—y) and opry, : (7,2,y) — (1/7,2,—y). As before requiring that these
involutions commute with the involutions induced by the torsion sections means that each of these
involutions fixes the torsion sections. Elliptic K3 surfaces with the properties described have the
ﬁ(;l)lowmg equation: V2 = a(z — p(r)) (@ — (7)) 1 with 1

deg(p(r)) = deg(q(7)) =4 p(7) =p(=7) =p(3) a(7) =q(=7) =q(3).
Le. y® = x(x — (pat* 4+ par® + pa))( — (qa7* + q27° + @), P1,P2,94,92 € C.
As before the choice of the involutions of P! implies that the admissible transformations on the
equation have to commute with op1 , and op1 , . The only possible transformation is the identity so
no transformations of P! can be applied to the equation (5). The only admissible transformation on
that equation is (z,7) — (A2, A3y).
Collecting these results, the properties of the family satisfying the equation (5) are the following:

discriminant singular fibers || moduli
p(7)*q(7)?(p(7) — 4(7))? 121 3
As in the previous case the comparison between the number of moduli of the family and the rank of
the trivial lattice implies that the free part of the Mordell Weil group is Z3.

4. AN ELLIPTIC FIBRATION WITH SIX FIBERS OF TYPE I,

An equation of an elliptic K3 surface with six fibers of type I is the following

2 212
(6) y? = x(x — 1%0?) <x - 7(T —ZJ ) > .
This equation is well known, for example it is described in [TY, Section 2.3.1], where it is constructed
considering the K3 surface as double cover of a rational elliptic surface with two fibers of type I3 and
two fibers of type I4. One can find this equation also considering the equation of an elliptic K3 surface
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with two 2-torsion sections (i.e the equation (3)) and requiring that the tangent lines to the elliptic
curve defined by the equation (3) in the two rational points of the elliptic surface pass respectively
through the two points of order two (p(7),0) and (g(7), 0).

We will call X(z/47)> the elliptic K3 surface described by the equation (6). It has two 4-torsion
sections ¢; and u;, which induce two commuting symplectic automorphisms o, and o,,. We will
analyze this surface to study not only the group of symplectic automorphisms G = (Z/4Z)%, but also
its subgroups Z /27 x Z./A7 = <07521,0u1>, Z)27.x 7./27 = <‘7t21a‘7§1>7 Z/AZ = {(0v,), )27 = <Ut21> which
act symplectically too.

It is more surprising that the equation (6) appears as a specialization also of the surfaces described
in (4) and (5). So it admits also the group G = (Z/2Z)* as group of symplectic automorphisms. The
automorphisms op1 , : (7,2,y) — (—7,2,—y) and op1p, : (1,2,y) — (1/7,2, —y) commute with the
automorphism induced by the two 2-torsion sections to and us.

The automorphisms group Aut(X(z/4z)2) of the surface X(z,47)> is described in [KK]. Keum and
Kondo prove that X (z/47)> is the Kummer surface Km(E /1 x E /). They consider forty rational
curves on the surface: sixteen of them, (the ones called G, ;), form a Kummer lattice, and the
twentyfour curves G, ;, E;, i = 1,2,3,4, F}, j = 1,2,3,4 form the so called double Kummer, a lattice
which is a sublattice of the Néron Severi group of Km(E; x E3) for each couple of elliptic curves Fj,
E,. These forty curves generate N.S(Km(E 1 x E /7)) and describe five different elliptic fibrations
on X(z,/47)> which have six fibers of type Iy each. A complete list of the 63 elliptic fibrations present
on the surface X(z/47)> can be found in [Nis].

In the Figure 1 some of the intersections between the forty curves introduced in [KK] are shown. The
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five elliptic fibrations are associated to the classes ([KK, Proof of Lemma 3.5])
Ei+Ey+ Ly + Ly, Giy+Gia+Fi+ Lo, Gii+Gar + By + Lo,

G111+ Gogs + D1+ Lg, Gsz3+ Gaa + Dy + Lr.
We identify the fibration that we will consider with one of these, say the one with fiber E1+ Fo+ L1+ Lo.
Then we can define s = G117, t = G13, u = G329, and so C(gl) = Fj, C(g2) = Lqo, C(()S) = Lg, C(§4) = Dy,
P = Ey, ¥ = Ly.
We will consider the group G = (Z/27Z)* generated by two involutions induced by torsion sections
and two involutions induced by involutions on P! (with respect to one of these elliptic fibrations).

However one can choose the last two involutions as induced by the two torsion sections of different
elliptic fibrations (cf. Remark 4.2).

Proposition 4.1. Let X(z/47)2 be the elliptic K3 surface with equation (6). Let t1 and uy be two
4-torsion sections of the fibration. Then t; -ij) =1if7=1,2,3,4, t; -02(5) = t-C(g6) =1, u -CYL) =1
ifh=4,56 u-C¥ =1, u-CY =uy-CP =1.

A Z-basis for the lattice NS(X(z/47)2) is given by F, s, t1, uy, Ci(j), j=1,...,6,i=1,2 and C’:gj),
| =2,...,5.

JThe trivial lattice of the fibration is U @ A?G. It has index 4% in the Néron Severi group of X(z,/47)2 -
The lattice NS(X (zaz)2) has discriminant —4% and its discriminant form is Zs(—%) ® Zs(—7).

4 0

0 4 } , and has a unique primitive embedding in the lattice

The transcendental lattice is TX(Z = {
Ags.

Proof. The singular fibers of this fibration are six fibers of type I (the classification of the type of
the singular fibers is determined by the zero-locus of the discriminant of the equation of the surface
and can be found in [Mi, TV.3.1]). Hence the trivial lattice of this elliptic fibration is U @ A$°. Since
it has rank 20 which is the maximal Picard number of a K3 surface, there are no sections of infinite
order on this elliptic fibration. The torsion part of the Mordell Weil group is (Z/47)?, generated by
two 4-torsion sections. We will call these sections t; and u;. By the height formula (cf. Theorem 1.2)
the intersection between a four torsion section and the six fibers of type I has to be of the following
type: the section has to meet four fibers in the component C; with 7 odd, a fiber in the component Cy
and a fiber in the component Cy. After a suitable numbering of the fibers we can suppose that the
section t; has the intersection described in the statement. The section u; and the section v; which

corresponds to 1 + uq in the Mordell Weil group must intersect the fibers in a similar way (four in
the component C; with an odd 4, one in Cy and one in Cy). If 1 .09 =1 and Uy -C}(lj) =1, then vy

K2

meets the fiber in the component C @ (it is a consequence of the group law on the fibers of type I,).

i+h
The conditions on the intersection properties of u; and vy imply that u; - C’{h) =1if h = 3,4,5,6,
U - Cél) = uy - CéQ) = 0, and hence v, - ij) =1,i=2,6, vy - 02(4) =1, vy - C?(,h) =1, h = 1,5,
(% 063) =1.
The torsion sections t; and u; can be written as a linear combination of the classes in the trivial
lattice with coefficient in %Z (because they are 4-torsion sections). Hence the trivial lattice has index

4% in the Néron Severi group and so d(NS(X(z/4z7)2)) = 4°/4* = 42. In particular
ty =2F +5— 14 (Zle 3C 20 + ) + 20 4 4cl? + 2C§5)>
w =2F +5 - § (20,6017 + 200 + ¢f) + Y + 208 + 3¢ +20{V +4c{? +20V).
It is now clear that F, s, t1, uq, C’i(j), 7=1,...,6,72=1,2 and Céj), j=2,...,5is a Q-basis for

the Néron Severi group and since the determinant of the intersection matrix of this basis is 42, it is
in fact a Z-basis. The discriminant form of the Néron Severi lattice is generated by

o dy = 1M 120V 4+ 300 — 0P — 208 — 30 + €9 + 2089 + 3¢9y
dy = L + 2057 + 3¢ + Y + 2050 + 3¢5 — ) — 208 — 3¢,

=

1
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hence the discriminant form of NS(X z/47)2) is Z4(—%) ® Z4(—3). The transcendental lattice has to
be a rank 2 positive definite lattice Wlth discriminant form Z4 Z4(%) (the opposite of the one of

i )@
} 0

the Néron Severi group). This implies that TX(Z/M)2 = {
Up to now for simplicity we put X(z/47)2 = X.

Proposition 4.2. Let G4 4 be the group generated by o, and o,,. The invariant sublattice of the
-8 8

8 0
Its orthogonal complement (NS(X)%44): is Q7 4z)2 := (H*(X,Z)44)-. It is the negative definite
eighteen dimensional lattice {Z'®,Q} where Q is the bilinear form obtained as the intersection form
of the classes

Néron Severi group with respect to G4 4 15 isometric to {

by =s —t1, b2 =s—u, bz+2 =) —of", i=1,...5 bjt7 = o) — P j=1,....5,
b =C"M = h=2...5 br=CV-CP? bg=f+s—t,—cV-_c?_c»_c®.

The lattice z/4z)> admits a unique primitive embedding in the lattice Ags3.

The discriminant of Qzazy2 is 2% and its discriminant group is (2/27)* ® (Z/8Z)>.

The group of isometries G4 4 acts on the discriminant group QE/Z/4Z)2/Q(Z/4Z)2 as the identity.
The lattice H?(X,7)%44 is

O O O
= O O
O = o O
O O =~ O

and it is an overlattice of NS(X)%44 @ Tx ~ [ _g (8) } @ [ é Z } of index four.

Proof. Let v1 = t1 +uy, w1 =ty + uy, 21 = t3 + u;. By the definition, the automorphisms induced by
the torsion sections fix the class of the fiber, so F' € NS(X)%+. Moreover the group G4,4 acts on the
section fixing the class s + Z?Zl t; +u; + v; + w; + z;. The action of the group Gy 4 is not trivial on
the components of the reducible fibers, so the lattice (F, s+ Zf’zl t; +u; +v; +w; + z) is a sublattice
of NS(X)%44 of finite index. Since the orthogonal of a sublattice is always a primitive sublattice we
have (F, s + 23:1 ti 4+ u; +v; +w; + z)t = (NS(X)%44)L. In this way one can compute the classes
generating the lattice (N.S(X)%+4)L. A basis for this lattice is given by the classes b;, moreover the
lattice N.S(X)%4 is isometric to ((NS(X)%+4)4)L and a computation shows that it is isometric to

-8 8

)

To find the lattice H?(X,Z)%*4 we consider the orthogonal complement of (H?(X),Z)%4)+ ~
(NS(X)%4)L inside the lattice H?(X,Z). Since we know the generators of the discriminant form of
NS(X) and of Tx we can construct a basis of H%(X,Z). Indeed let a; and as be the generators of
Tx, then the classes F, s, t1, uq, Ci(j) j=1,...,6,i=1,2, C’éj), j=2,...,5,a1/4+d; and as/4+do
(d; as in (7)) form a Z-basis of H?(X,Z). The classes b;, i = 1,...,18 generate (H?(X,Z)%)+ and
are expressed as a linear combination of the Z-basis of H?(X,Z) described above. The orthogonal
of these classes in H?(X,Z) is the lattice H2(X,Z)%+. A computation with the computer shows
that the action of Gy, is trivial on the discriminant group Q% 72/ z/az)2 = (Z)27)? ® (Z/8Z)>.
Moreover the lattice €(z/47)> satisfies the hypothesis of [Nik2, Theorem 1.14.4] so it admits a unique
primitive embedding in Ags. O

Proposition 4.3. 1) Let Ga 4 be the group generated by oy, and oy, . The invariant sublattice of the
-4 0

0 —4
(NS(X)C24)Lis Qg jopagjaz = (H*(X, Z)924) 1. It is the negative definite sizteen dimensional lattice

Néron Severi group with respect to G 4 is isometric to U(4)® { ] . Its orthogonal complement
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{Z'%,Q} where Q is the bilinear form obtained as the intersection form of the classes

by=s—u;, b=C{-c i=2..5, biys=CP — Ut =345,
brpo =CM — M =345, by =Ct—C3, bs=CP -, by=cH+cl—c-c?,
bis =CP + 0P — 0P — P by =cV —c® —c® 1P — P+ — ot +2u,.

The lattice 07,977,472 admits a unique primitive embedding in the lattice Afc3.

The discriminant of Qz /277,47, 15 210 and its discriminant group is (Z/27)* & (Z/AZ)*.

The group of isometries Ga 4 acts on the discriminant group Q\Z//2Z><Z/4Z/QZ/QZ><Z/4Z as the identity.
The lattice H*(X,7)%24 is

4 -2 0 0 0
-2 0 -2 0 0
0 -2 —-64 —4 0
0 0 -4 0 —4
0 0 0 -4 80
0 0 0 0 4

Ok OO oo

and it is an overlattice of NS(X)%24 @ Tx ~ U(4) ® { 781 _2 } @ [ 3 2 } of index two.

2) Let Gap be the group generated by oy, (= of.) and oy, (= 02.).
The invariant sublattice of the Néron Severi group with respect to G o is isometric to

[ 4 —4 -2 -2 -4 0 0 0
4 —4 0 2 -2 0 8 4
-2 0 4 0 0 0 4 0
-2 2 0 0 0 0 0 0
~4 -2 0 0 -4 0 6 0

0o 0 0 0 0 -4 2 0

0 8 4 0 6 2 -16 2
0 4 0 0 0 0 2 —4|

Its orthogonal complement (N S(X)922)* is Qg j0747/07 = (H*(X, Z)%22) L. It is the negative definite
twelve dimensional lattice {Z2,Q} where Q is the bilinear form obtained as the intersection form of
the classes

b=-CY—c® —c® 1) + 0P+ 0O 2ty 4 2uy, by = —C — 208 — 5V + F,

by =CP — O by =—c -V + P 1 o,

by =CV 420V + eV + P 4o 4 P + e 4 el + Y + P 4 9 —3F — 25 + 2u,,
bg=-CP -V —c® P+ F b= -, bg=—cV —cV + M + Y,

by = O — ), by = -0V — Y + ) + P,

by = CtY — V), by = - — Y + ¥ 1 .

The lattice Qz/97x7,/22 admits a unique primitive embedding in the lattice Afcs.
The discriminant of Qg o7x7,/07 is 2'° and its discriminant group is (Z/2Z)° & (Z/AL)>.
The group of isometries Ga 2 acts on the discriminant group Q\Z//QZXZ/QZ/QZ/QZXZ/QZ as the identity.
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The lattice H*(X,7)%22 is

[0 4 2 0 0 2 0 -2 0 0]
4 0 6 -8 8 4 6 -2 8§ 2
2 6 0 -1 2 1 2 -6 0 2
0 -8 -1 -2 0 -1 2 1 2 0
0 8 2 0 -4 4 0 2 0 0
2 4 1 -1 4 -4 0 -1 0 -2
0o 6 2 2 0 0 -4 2 0 0
—2 20 -6 1 2 -1 2 -4 0 4
0o 8 0 2 0 0 0 0 -4 0
0 2 2 0 0 -2 0 4 0 —4|

and it is an overlattice of NS(X)%22 @ Tx of index four.

11

3) Let G4 be the group generated by oy,. The invariant sublattice of the Néron Severi group with

-2 10 00

1 -2 4 00
respect to Gy is isometric to (—4) ® 0 4 4 8 4
0 0 8 0 4

0 0 4 40

. Its orthogonal complement (N.S(X)%)+

is Q747 .= (H*(X,Z)C*). It is the negative definite fourteen dimensional lattice {Z**,Q} where Q

is the bilinear form obtained as the intersection form of the classes

b1 =S5 — tl, bi+1 = CY) - C§i+1), 1= 1, 2, 3,
bj+3 = Cij) - C£J)’ j = 23 RN 57 bh+7 = C2(h) - 02(h+1)7 h= 273
by =05 — Y bia = 5 — Y

bs=F-Cc?_—c®_c® _cf by=c?+c?-_cP®_c{.
The lattice §z,47 admits a unique primitive embedding in the lattice Aks3.
The discriminant of Qg7 is 2'° and its discriminant group is (Z/22)* & (Z/AZ)*.

The group of isometries G4 acts on the discriminant group Q%/4z/QZ/4Z as the identity.

The lattice H?(X,7)G* is

0 4 0 2 0 -1 0 0
4 0 4 4 -4 0 0 -4
0 4 0 0 0 0 0 0
2 4 0 0 0 -1 0 0
0 -4 0 0 -2 -1 0 -2
-1 0 0 -1 -1 -2 1 1
0O 0 0 0 0 1 -2 0
. 0 -4 0 0 -2 1 0 -2|

and it is an overlattice of NS(X)% @ Tx of index two.

Proof. The proof is similar to the proof of Proposition 4.3.

O

Remark 4.1. The automorphisms o, and o,, do not fix the other four elliptic fibrations described
in [KK] (different from E; + E5 + Ly + Ly). The involutions (o4, )? and (0, )? fix the class of the fiber
of those elliptic fibrations, however they are not induced by torsion sections on those fibrations, in fact
they do not fix each fiber of the fibration. On the fibrations different from E1+ Fo+ L1+ Lo, the actions
of (o4,)? and (o, )? are analogues to the ones of op1 , and op1 j, on the fibration Ey 4+ Es 4+ Ly + Lo.[]

Proposition 4.4. 1) Let G2 be the group generated by oy,, o4, and op1 ,. The automorphism

op1 o acts in the following way:

oo, wow CYoc? c®oc® i=01,23 cYoc j=34
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where w and v are respectively the section obtained as t1 + uy + w1 and t1 + t1 + uy with respect to

the group law of the Mordell Weil group, and fizes the classes F, s and Ci(j), 1=0,2, j =3,4. The
invariant sublattice of the Néron Severi group with respect to Ga2 2 is isometric to

—4 2 0 0 0 o0
2 =20 6 0 0 O
0 6 -4 -2 0 O
0 0o -2 0 -2 0
0 0 0 -2 0 —4
0 0 0 0 -4 -8
Its orthogonal complement (N.S(X)C222)% is Qg 075 := (H*(X, Z)%222)L . It is the negative definite
fourteen dimensional lattice {Z'*, Q} where Q is the bilinear form obtained as the intersection form
of the classes

by =CP — P b=V —c®, by =0 ), by =P Y, b= oY,
be=C3) + 08—tV -V, by =0 o) — oY iV, b= + o8V - o — ),
by=CP + P —c® - by=C® +c® - - by =-cV 40—t 4,
bio=C — M —t+u, by =00 — ) 4t -,
by =CM 4 0P 4 40P 420 + P —2F — 25 + 21y.

The lattice §(z/27)s admits a unique primitive embedding in the lattice Af3.

The discriminant of Qzaz)s is 2'° and its discriminant group is (Z/27)° & (Z/AL)?.

The group of isometries Ga 22 acts on the discriminant group QE/Z/QZ);;/Q(Z/QZ)S as the identity.

The lattice H*(X,7)%222 is an overlattice of NS(X)%222 @ Tx of index two.

2) Let G222 be the group generated by ov,, 0yu,, op1 o and opry. The automorphism op p, acts in
the following way:
t1 <z, u; < w, Cz(S) PN 01(4)7 01(5) - 04&6_)1» i=0,1,2,3, C{]) PN C?(,j), j=1,2

where w is as in 1) and z is the section obtained as t1 + t1 + t1 + uyp + w1 with respect to the group
law of the Mordell Weil group, and fizes the classes F', s and CZ-(J), 1=0,2, j =1,2. The invariant
sublattice of the Néron Severi group with respect to Ga.2 2.2 15 isometric to
-20 -8 —-12 =2 4
-8 8 2 2 4

—12 2 -4 0 4
-2 2 0 0 0
4 4 4 0 -8

Its orthogonal complement (NS(X)%2222)L is Q7072 = (H*(X,Z)%2222)-. It is the negative
definite fifteen dimensional lattice {Z'5,Q} where Q is the bilinear form obtained as the intersection
form of the classes

b=C) — ), by=CP — P, by =0 — o5, b= — ), b5 =Y — 0,
bo=C" — 0P b =cP + P — oV eV, p=cP 1P - - oY,
by=CH 1 —c® - P by=cP +cP —c - by =l + 0 - P — ),
bo=C% —CW —ty 4wy, bs=CP P 1ty —uy,  bu=CP -t 4,
bis =—CH —c® P —cW 4 Fis—t.
The lattice §(z/27)1 admits a unique primitive embedding in the lattice Af3.
The discriminant of Qz,azys is —2° and its discriminant group is (Z/27)° & (Z/8Z).
The group of isometries Ga 22,2 acts on the discriminant group QE/Z/QZ)4/Q(Z/QZ)4 as the identity.
The lattice H?(X,7)%2222 s an overlattice of NS(X)%2222 @ Tx of index two.
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Proof. The proof is similar to the proof of Proposition 4.2, we describe here the action of op1 , on
the fibration (the action of op1 ; can be deduced in a similar way). The automorphism op: , fixes the
sections t2 and us, the class of the fiber (because sends fibers in fibers) and fixes the third and the fourth
reducible fiber. It acts on the basis of the fibration P' switching the two points corresponding to the
first and the second reducible fiber and the two points corresponding to the fifth and the sixth reducible
fiber. Since the sections t5 and uy are fixed, the component 02(1) (which meet the section t2) has to be
sent in the component 052) (which is the component of the second fiber which meets the same section).

Similary we obtain O']pvlﬂ(c(()l)) = 062) and apl,a(C’i@) = C’i(ﬁ) for i = 0,2. The component 02(3) is sent
in a component of the same fiber and since 1 = C’ég) “Ug = UPI’G(CQ(S‘)) cop1 o (Uu2) = UPl’a(Cég)) - U, We
have U[pl)a(cg)))) = 6’2(3). Analogously we obtain aplﬂ(Ci(j)) = Ci(j), 1 =0,2, j = 3,4. The image of
C{S) has to be a component of the first fiber, so it can only be C§3) or C’ég). The curve C(()S) is a rational
curve fixed by an involution, so the involution has two fixed points on it (it cannot be fixed pointwise

because op1 , is a symplectic involution and the fixed locus of a symplectic involution is made up of

isolated points). These points are the intersection between the curve C’é3) and the section uy + to
of order two and the O-section s (which are fixed by the involution). Then the point of intersection
between C(gg) and 01(3) is not fixed, and then Cl(g) is not fixed by the involution, so we conclude that
aﬂ»l,a(C’f)) = C’éz), i = 3,4. To determine the image of the curves C7, i = 1,3, j = 3,4,5,6 and of
u1 and t; one sees that after an analysis of all possible combinations the only possibility is the action
given in the statement. O

Remark 4.2. The automorphisms op: ,, op1 ; are induced by a 2-torsion section of the fibrations
Goo + G171 + D1 + Lg and G171 + Go1 + E7 + Lqo respectively (with the notation of [KK]). O

5. OTHER CASES

For each group G in the list (1) except for the group G = (Z/27Z)" for i = 3, 4 there exists a K3 surface
X with an elliptic fibration £x such that tors(MW (Ex)) = G. For each group G we will consider the
K3 surface X with the minimal possible Picard number among those admitting such an elliptic fi-
bration. One can find these K3 surfaces in the Shimada’s list (cf. [Shim, Table 2]). In the tables 1 and
2 in the Appendix we describe the trivial lattice of these elliptic fibration, the intersection properties
of the torsion sections (which can be deduced by the height formula) and we give the transcendental
lattices in all the cases but Z/4Z. In this case seems to be more difficult to identify the transcendental
lattice, however our first aim is to compute the lattice H?(X,Z)%/** and we did it in Proposition 4.3.
In Table 3 we describe (N.S(Xg)%)* ~ Qg, giving a basis for this lattice. The proof of the results is
very similar to the proof of Proposition 4.1 and 4.2 except for the equation of the fibrations. Observe
that in all the cases the Mordell Weil group has only a torsion part. In fact the number of moduli
in the equation is exactly 20 — rank(Tr), so there are no sections of infinite order. The equation in
the case of G = Z/2Z is standard. We computed already in Section 3 the equations for G = (Z/2Z)",
i=2,3,4. For G =Z/pZ, p = 3,5, 7 equations are given e.g. in [GS]. We now explain briefly how to
find equations in the other cases.

G = Z/47Z. This fibration has in particular a section of order two so has an equation of the kind
y? = z(2? + a(t)z + b(1)), deg(a(r)) = 4, deg(b(1)) = 8. To determine a(r) and b(T) we observe
that a smooth elliptic curve of the fibration has a point @ of order four if @ + Q = P = (0,0) which
is the point of order two on each smooth fiber. Geometrically this means that the tangent to the
elliptic curve through @ must intersect the curve exactly in the point P. With a similar condition
one computes the equations for the groups Z/8Z, Z./27 x Z/AZ, Z]AZ x 7./AZ.

G =7Z/6Z. An elliptic fibration admits a 6-torsion section if and only if it admits a 2-torsion section
and a 3-torsion section, so it is enough to impose to the fibration y? = x(2? + a(7)z + b(7)) to have
an inflectional point on the generic fiber (different from (0:0: 1)) (cf. [C, Ex 6, p.38]). By using this
condition and the equation of a fibration with two 2-torsion sections one computes the equation of a
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fibration with G = Z/27Z x Z/6Z.

G =7Z/3Z x Z/3Z. We consider the rational surface:

(8) y? =23 +12(udur — ui)z + 2(u — 20udud — 8uf), (ug:up) € P!

which has two 3-torsion sections and four singular fibers I3 (cf. [AD],[B] for a description). We can
consider a double cover of P! branched over two generic points (« : 1), (8 : 1), which is realized by
the rational map u — (@72 + 3)/(7? +1). The image is again a copy of P1. This change of coordinate
in the equation (8) induces an elliptic fibration over the second copy of P*. This elliptic surface is a
K3 surface, in fact the degree of the discriminant of this Weierstrass equation is 24 and admits two

3-torsion sections, which are the lift of the torsion sections of (8). The Weierstrass equation is for
a,feC

9) v’ =2"+122(7° + D[(ar® 4+ B)° — (7 + 1)°] + 2[(ar® + 8)° — 20(ar? + B)*(r* + 1)® = 8(7* + 1)°].

In all the cases the lattices (NS(Xg)%)* are isometric to the lattices Q. Moreover since we know
the transcendental lattice of the K3 surfaces considered (except for G = Z/47) we can compute also
H?(X¢,Z)¢ as in the proof of Proposition 4.2. Here we summarize the main properties of the lattices
Q¢ (the basis are given in Table 3) and of their orthogonal complement:

Proposition 5.1. For any K3 surface X with a group G of symplectic automorphisms, the action on
H2(X,Z) decomposes as (H*(X,Z)%) m*xn ~ Qg and H*(X,7)% = (Qg)*#>x2. The following
table lists the main properties of Qg and (Qg) Axs.
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G rk(Qc) | d(Qe) QL0 rk(Q5"5) Qs
7/27 8 28 (Z)27)8 14 Es(—2) e U®3
7./37 12 36 (7./37,)° 10 UaU3)9% o AY?
ALY/ 14 210 (z)272)* ® (Z/AZ)* Q4
757 16 54 (Z./57)* UaU5)®?
767 16 6* (Z)67)* UaU(6)®?

4 1
Z]TZ 18 73 (Z)77.)3 4 U(7) . 2]
3 2 2.0
7,/8Z 18 8 7./27. & 7.JAZ & (Z./8Z) 4 U(8) 04
(7./27.)? 12 210 (Z)27) @ (Z./AZ)? 10 U(2)%2 Q22
(z./27)* 14 210 (Z/27)° & (Z/AZ)? U(2)% @ (—4)®2
(Z./27)* 15 —29 (Z/272)° ©Z./8Z (—-8) pU(2)®3
7)27. x ZJAZ | 16 210 (Z./27)* ® (Z/AZ)* Q2.4
0 6 00
a3 ) 6 0 -3 0
7)27. x LJ6Z | 18 213 (Z/3Z) & (Z/127Z) 4
0 -3 6 6
0 0 6 8
2 6 4 ®2 2.3
(7./37) 16 3 (Z/32)* & Z/9Z 6 U(3)®2 @ R
4 6 0 0
6 4 6 4
7./4A7)? 18 28 Z]27.)? & (Z./87)* 4
(Z/AZ) (Z)22)° & (Z/8Z) 06 4 0
0400
where _ -
0 40 2 0 -1 0 0
4 0 4 4 -4 0 0 —4
0 40 0 0 0 0 0
Qs = 2 40 0 0 -1 0 0
Y1 040 0 -2 -1 0 -2
-1 00 -1 -1 -2 1 1
0O 00 0O 0 1 -2 0
| 0 -4 0 0 -2 1 0 -2
0 1 0 0 0 0 [ 4 -2 0 0 00
1 2 2 0 0 0 -2 0 -2 0 00
Q_02—4200Q_0—2—64—4 0 0
2710 0 2 -4 2 0|"**" | 0 0 -4 0 —40
0 0 0 2 —4 4 0 0 0 —4 80 4
0 0 0 0 4 -8 0 0 0 0 40

The lattices Q¢ are even negative definite lattices, do not contain vectors of length —2 and are generated
by vectors of mazimal length, i.e. by vectors of length —4.

Proof. The proof is for each case similar to the one of Proposition 4.2. The fact that the lattices Q¢

do not contain vector of length —2 was proved by Nikulin (cf. [Nikl1]).

The fact that these lattices
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are generated by vectors of length —4 is a direct consequence of the choice of the basis in Table 3,
Appendix, and in Propositions 4.2, 4.3, 4.4. In fact all these bases are made up of classes with self
intersection —4. (]

Remark 5.1. The lattices Q(z/27)2, {2z/4z, 2(z/22)+ and 7,37y are isometric respectively to the
laminated lattices (with the bilinear form multiplied by —1) Aja(—1), A143(—1), A15(—1) and to
the lattice K16.3(—1) (a special sublattice of the Leech-lattice). All these lattices are described in
[PP], [CS1] and [NS] and the isometries can be proved applying an algorithm described in [PP)]
about isometries of laminated lattices. We did the computations by using the package Automorphism
group and isometry testing of MAGMA and the computation can be done at the web page MAGMA-
Calculator (cf. [M]).

In particular the lattices A12(—1), A14.3(—1), A15(—1) and Kj6.3(—1) are primitive sublattices of the
lattice Ags.

The lattice Q37 is isometric to the lattice K12(—2) described in [CS2] and [CT]. The proof of this
isometry can be found in [GS] where a description of the lattices €2z/57 and Q77 is also given.

Remark 5.2. We have computed here for a group of symplectic automorphisms in the list of Nikulin
the invariant sublattice and its orthogonal in the K3 lattice. It is in general difficult to find explicitely
the action of a symplectic automorphism on Ags. This is done by Morrison [Mo] in the case of
involutions, otherwise this is not known. By using an elliptic fibration with a fiber I1¢, a fiber I, four
fibers I; and a 4-torsion section s; (cf. [Shim, No.3171]) one can identify an operation of a symplectic
automorphisms of order four on the K3 lattice whose square is the operation described by Morrison.
In fact it is easy to find two copies of the lattice Eg(—1) in the fiber 15 together with the sections sq,
s2. Then the operation of s, interchanges these two lattices and after the identification with Agg, it
fixes a copy of U3. Since the computations are quite involved we omit them.

6. FAMILIES OF K3 SURFACES ADMITTING SYMPLECTIC AUTOMORPHISMS

Now let us consider an algebraic K3 surface X with a group of symplectic automorphisms G. Since
the action of G is trivial on the transcendental lattice, we have Ty C H?(X,Z)% and NS(X) D
(H?*(X,Z)%)* ~ Qg. The lattice Q¢ is negative definite, and the signature of NS(X) is (1,p — 1),
SO QéNS(X) has to contain a class with a positive self-intersection. In particular the minimal possible
Picard number of X is rank(Q2g) + 1. Here we want to consider the possible Néron Severi groups of
K3 surfaces admitting a finite abelian group of symplectic automorphisms. The first step is to find
all lattices £ such that: rank(£)=rank(Qq)+ 1, Q¢ is primitively embedded in £ and Qé‘ is positive
definite. We prove that if a K3 surface admits one of these lattices as Néron Severi group, then it
admits the group G as symplectic group of automorphisms and viceversa if a K3 surface with Picard
number rank(Qq) 4+ 1 admits G as symplectic group of automorphisms, then its Néron Severi group
is isometric to one of those lattices.

To find the lattice £ we need the following remark.

Remark 6.1. We recall here the correspondence between even overlattices of a lattice and totally
isotropic subgroups of its discriminant group (cf. [Nik2, Proposition 1.4.1]). Let Ly be an overlattice
of L such that rankl =rankLpy. If L < Ly with a finite index, then [Ly : L)*> = d(L)/d(Lg)
and L S Ly S LV. The lattice Ly corresponds to a subgroup of the discriminant group H of LV.
Viceversa a subgroup H of LV /L corresponds to a Z-module Ly such that L € Ly. On LV is defined
a bilinear form which is the Q-linear extension of the bilinear form on L and so on every subgroup of
LV is defined a biliner form induced by the one on L.

Let L be an even lattice with bilinear form b and H be a subgroup of LY /L. We call b also the form
induced on H and Ly by the one on L. If H is such that b(h, h) € 27Z for each h € H, then Ly is an
even overlattice of L.

In fact each element © € Ly is x = h+1, h € H, | € L. The value of the quadratic form ¢(z) = b(z, )
on z is in 27Z, in fact b(x,x) = b(h +1,h + 1) = b(h,h) + 2b(h,l) + b(l,1) and b(h, h),b(l,1) € 2Z by
hypothesis, b(h,l) € Z because h € LY. For each h,h’ € H we have b(h + I/, h + 1') = b(h,h) +
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2b(h,h") + b(W',h') € 2Z by hypothesis and so b(h,h’) € Z. Moreover b(xz,z') = b(h + 1, +1') =
b(h, ') +b(h, ")+ b(l, ') +b(l,1") and b(h,1"), b(l,h') € Z because h € LY, b(l,l") € Z because [,I' € L
and we have already proved that b(h, k') € Z. So the bilinear form on Ly takes values in Z and the
quadratic form induced by b takes values in 2Z, i.e. Ly is an even lattice. O

Proposition 6.1. Let X be an algebraic K3 surface and let T be a negative definite primitive sublattice
of NS(X) such that Y+Nsx) = ZL where L is a class in NS(X), L? = 2d with d > 0. Let the
discriminant group of T be @?Zl(Z/hjZ)”J', with hjlhjq1 foreach j =1,...,m—1 and put ZL&Y = L.
Then NS(X) is one of the following lattices:

i) if ged(2d, hj) =1 for all j, then NS(X) = L;

ii) if L> = 0, mod r with r|h,,, then either NS(X) = L, or NS(X) = L. is an overlattice of L
of index r with Y primitively embedded in L. . If NS(X) = L. then there is an element of type
(L/r,v/r) € L. which is not in L where v/r € TV, v? = —2d mod 2r2.

Proof. Let us suppose that L? = 0 mod r where r|h; for a certain i. If there exists an element v
in T such that v/r € TV and v? = —2d mod 272, then the element v = (L/r,v/r) has an integer
intersection with all the classes of £ and has an even self-intersection. Then (cf. Remark 6.1) adding
v to the lattice £ we find an even overlattice of £ of index 7.
We prove that if there exists an even overlattice £/ of £ with T primitively embedded in £/, then
there is a j with ged(2d, h;) > 1 (i.e. there exists an integer r such that L? =0 mod r and r|h,,) and
the overlattice £/ is constructed by adding a class (L/r,v/r) to L. Let (aL/r,fv'/s), v € T, a, S,
r, s € Z be an element in NS(X), then its intersection with L and with the classes of T is an integer.
This implies that aL/r and Bv’'/s are classes in (ZL & T)V, w.l.o.g we assume that ged(a,r) = 1,
ged(B, s) = 1. In particular aL/r = kL/(2d) € (ZL)V for a certain k € Z and Bv’/s € TV so r|2d and
Slhm,.
By the relations

r(aL/r,pv'[s) —aL =rpv'/s € NS(X)

s(aL/r,pu'/s) — pv' = saL/r € NS(X)
and the fact that T is a primitive sublattice of NS(X) we obtain that » = s. The class is now
(aL/r, pv' /1) with r|2d (so L? = 2d = 0 mod 7) and r|h,,. Since ged(a,r) = 1 there exist a,b € Z
such that aa + br = 1, so the class a(aL/r, Bv'/r) — bL = (L/r,afv’/r) is in the Néron Severi group.
Hence we can assume a = 1 and we take the class (L/r,v/r), where v = afv’€ Y. Observe that the
self-intersection of a class in NS(X) is an even integer, so (L/r,v/r)? = (2d + v?)/r* € 2Z, hence
v? = —2d mod 2r?.
Now we prove that all the possible overlattices of ZL @& T containing Y as a primitive sublattice, are
obtained in this way. Essentially we need to prove that if there exists an overlattice £’ of a lattice
L! (containing T primitively) then it is a lattice £/, with r|r’, so all the possible overlattices £’ of
ZL &Y with T primitive in £’ are of type £ for a certain k. Assume that (L/t,v/t), (L/s,w/s) and
ZL & T generate the lattice L. If t = s then we have (v — w)/t€ NS(X) and so L' is generated by
(L/t,v/t) and L. If s # t consider the element (L/t,v/t) — (L/s,w/s) = ((s —t)L/ts, (sv —wt)/(ts)),
if ged(s — t,ts) = 1 then we can replace ((s — t)L/ts, (sv — wt)/(ts)) by an element (L/ts,v’/ts).
Then it is an easy computation to see that the lattice £’ is generated by this element and £. If
ged((s —t),ts) # 1 then we reduce the fraction (¢t — s)/ts and we apply the same arguments. O

Proposition 6.2. Let X be an algebraic K3 surface with a finite abelian group G as group of sym-
plectic automorphisms and with p(X) = rank(Q¢g) + 1. Then the Néron Severi group of X is one of
the following (we write a =4 b for a =b mod d)

_ 2 _ NS(X)=L& Q¢ or
* G = { L7 =40, { NS(X)/(L@QGG):((L/2,v/2)>, v/2 € QL /Qq, L2 +v* =350,

ZI2L: ) 24,0, NS(X) = Lo Qo
e G = 2= 0 NS(X)=L& Q¢ or
Z/pZ T NS(X)/(LeQa) = ((L/p,v/p)), v/p € Q)0 L +v* =,,2 0,
p=3,5,7 L?=5, 0, NS(X) =L@ Qc;
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e G = NS(X)=L® Qg or
7./AZ L? =40, { NS(X)/(L @ Qc) = ((L/2,v/2)), v/2 € Q&/Qq, L* +1v* =4 0,
(Z./27.)* NS(X)/(L®Qg) = (L/4,v/4)), v/4 € Q% /Qq, L? +v* =32 0,
(Z./27.)* 12,0 4 NS(X)=L®Qq or
727 X 7./AZ F40, { NS(X)/(L ®Qc) = (L/2,v/2)), v/2 € Q&/Qq, L* +v* =5 0;
NS(X)=L& Qg or
2= 0 NS(X)/(L®Qc) = {(L/2,v/2)), v/2 € Qé/QG,LQ + v2 =350,
oG = =00 ) NS(X)/(L®Qs) = ((L/3,v/3)), v/3 € QG/QG,L —|—v =150,
7./67 NS(X)/(L®Qa) = (L/6,0/6), v/6 € Q%/Qa, L* +v? =1 0,
12240 NS(X)=L& Q¢ or
F60, { NS(X)/(L®Qa) = (L/2,v/2), v/2 € Q%/Qq, L? +v> =5 0
NS(X)=L& Qg or
2= 0 NS(X)/(L® Q) = ((L/2,v/2)), v/2 € Q& /QG,L +v2 =30,
« o ) NS(X)/(L®Qs) = ((L/4,0/4)), v/4eQV/QG,L2+v =350,
7 SZ_ NS(X)/(L®Qc) = (L/8,v/8), v/8 € Q%/Qa, L* +v* =128 0,
2/224 NS(X)=L® Q¢ or
(Z/4Z)2 L?=,0, L= 0, { NS(X)/(L®Qc)={(L/2,v/2)), v/2 € Q /Qg,L2 +v? =50,
(Z/47) NS(X)/(L®Qg) = (L/4,v/4)), v/4 € Q% /Qq, L? +v* =32 0,
12,0 NS(X)=L& Q¢ or
F10 | NS(X) /(L@ Qc) = (L/2,0/2), v)2 € Q%/Qa, L + v =s 0;
NS(X)=L® Qg or
L?*=130, { NS(X)/(L&Qc)={(L/3,v/3)), v/3 € Q&/Qq, L* +v2 =150,
e G = (X)/(LGBQG) (L/9,v/9)), v/9 € Q%/Qq, L? + v* =162 0,
(Z./37)* 9 0 _ X)=L® Qg or
L7150, L7 =6 0, { X)/(L&Qc) = (L/3,v/3), v/3 € Q%/Qq, L +v* =12 0,
L?=40, NS(X) = L@QG,
NS(X)=L& Qg or
NS(X)/(L® Q) = (L/12,v/12)), v/12 € QG/Q(;,L + v? =28 0,
2= 0 NS(X)/(L®Qg) = ((L/6,v/6)), v/6 € Q&/Qa, L? +v* =12 0,
20 NS(X)/(L@®Qc) = (L/4,0/4)), v/4 € Q%/Qq, L? +v? =320,
NS(X)/(L ®Qc) = ((L/3,v/3)), v/3 € Q%/Qq, L* +v* =150,
NS(X)/(L ®Qa) = (L/2,v/2)), v/2 € Q&/Qq, L* + v* =5 0,
o — NS(X)=L® Q¢ or
- : 5 - NS(X)/(L® Q) = {(L/6,v/6)), v/6 € QY /QG,L2+U =7 0,
ZJ6L X 2/22 ") L Fh2 0,17 =6 0, { NS(X)/(L® Qa) = (L/3,v/3)), v/3 € Q/Qa, L2 +v* =15 0,
NS(X)/(L @ Qc) = ((L/2,v/2)), v/2 € Q¢/Qa, L* +v* =5 0,
NS(X)=L&® Q¢ or
L*42 0,17 =4 0, { NS(X)/(L® Q) = (L/4,v/4)), v/4 € Q%/Qq, L* 4+ v? =32 0,
NS(X)/(LEBQG) (L/2,v/2)), v/2 € Q% /Qq, L* +v* =5 0,
2 2 S(X)=L®Qg or
L7F60, L7240, { NS(X)/(L& Qc) = (L/2,0/2), v/2 € Q%/Q, L2 + 0 =s 0.

Moreover the class L can be choosen as an ample class. We will denote by E%;d the lattice ZL ® Qg
where L? = 2d and by EIGQ,dT the overlattices of EQGd of index .

Proof. The statement follows from the application of Proposition 6.1 to the lattices ZL @ Q¢, where
Q¢ has the discriminant group given in Proposition 5.1. The cases G = Z/pZ, p = 3,5, 7 are described
in [GS]. The case G = Z/27Z is described in [vGS]. Applying Proposition 6.1 one obtains that there
are no conditions on L? to obtain an overlattice of index two of ZL @ Q¢. However if G = Z/2Z and
L?=, 0 there are no possible overlattices of ZL & 27,/27. This depends by the properties of {07,97. In
fact if there were an overlattice of ZL @ €1z/97, L2 =, 0, then there would be an element of the form
(L/2,v/2) such that L? +v? =0 mod 8. Since L?=,; 0 then L? =g 2 or L? =g 6. This implies that
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v? =g +2. But all the elements in €y 2z = Es(—2) have self-intersection which is a multiple of four.
Since L? > 0 by the Riemann Roch theorem we can assume that L or —L effective. Hence we assume
L to be effective. Let D be an effective (—2)-curve, then D = oL + v', with v/ € Q¢ and « > 0 since
Q¢ does not contain (—2)-curves. We have L - D = aL? > 0, and so L is ample. O

Proposition 6.3. Let Lg be either L2, or [,/GQ’dT. Let X¢ be an algebraic K8 surface such that
NS(X¢) = Lg. Then X¢ admits G as group of symplectic automorphisms (cf. also [Nikl, Theorem
4.15], [vGS, Proposition 2.3], [GS, Proposition 5.2]).

Proof. Denote by G a group of isometries of Eg(—1)? @ U? acting as in the case of the K3-surfaces
with an elliptic fibration and a group of symplectic automorphisms G.

Step 1: the isometries ofC:Y fix the sublattice L. Since é(Qg) = Q¢ and é(L) = L (because L € Qf
which is the invariant sublattice of Ags), if Lo = L& = ZL @ Q¢ it is clear that é(ﬁg) = Lg.
Now we consider the case Lo = L£2%. The isometry G acts trivially on Q%/Qq (it can be proved
by a computer-computation on the generators of the discriminant form of the lattices ¢ and on
(ZL)V/ZL).

Let 1(L,v") € L¢, with v/ € Q¢. This is also an element in (Qg & LZ)Y/(Qq @ LZ). So we have
é(%(Lv’)) = L(L,v') mod (Q¢ ® ZL), which means é(%(L,v’)) = L(L,V) + (BL,V"), B € Z,
v" € Q¢g. Hence in any case we have é(ﬁg) =Lq.

Step 2: The isometries of G preserve the Kdhler cone C}. We recall that the Kéhler cone of a K3
surface X can be described as the set

Ck={x e V(X)" | (x,d) > 0 for each d € NS(X) such that (d,d) = —2, d effective}

where V(X)T is the connected component of {x € HY(X,R) | (z,2) > 0} containing a Kéhler class.
First we prove that G fixes the set of the effective (—2)-classes. Since there are no (—2)-classes in Q,
if N € Lg has N? = =2 then N = 1(aL,v’), v’ € Qg, for an integer a # 0 (recall that r € Z>0). Since
1aL? = L-N >0, because L and N are effective divisor, we obtain a > 0. The curve N’ = G(N) is a
(—2)-class because G is an isometry, hence N’ or —N is effective. Since N’ = G(N) = (aL/r,G(v")/7)
we have —N'- L = fa/rL2 < 0 and so —N' is not effective. Hence N’ = G(N) is an effective (—2)-
class. Using the fact that G has finite order it is clear that G fixes the set of the effective (—2)-classes.
Now let = € C}; then G(z) € C%, in fact (G(x ), ¢ G(z)) = (x,2) > 0 and for each effective (—2)-class d
there exists an effective (—2)-class d’ with d = G(d'), so we have (G(z),d) = (G(z), G(d')) = (x,d') >
0. Hence G preserves C; as claimed.

Step 3: The isometries of G are induced by automorphisms of the surface X. The isometries of G
are the identity on the sublattice £ of Ak, so they are Hodge isometries. By the Torelli theorem,
an effective Hodge isometry of the lattice Axs is induced by an automorphism of the K3 surface (cf.
[BPV, Theorem 1.11]). By [BPV, Corollary 3.11], G preserves the set of the effective divisors if and
only if it preserves the Kéahler cone. The isometries of G preserve the Kahler cone, from Step 2, and
so they are effective, hence induced by automorphisms of the surface. The latter are symplectic by
construction (they are the identity on the transcendental lattice Tx C Q). O

The previous proposition implies the following:

Proposition 6.4. Let Lg be either E , or L 2d. Let X be an algebraic K3 surface with Picard
number equal to 1+ rank(Qg) for a certam G in the list (1). The surface X admits G as group of
symplectic automorphisms if and only if NS(X) = Lg.

In general is an open problem to understand if for a particular lattice Lo there exists a K3 surface X
such that NS(X) = Lg.
For the lattices £ Ipz With p =2,3,5 the existence is proved in [vGS] and in [GS] as for the lattices

L’Z/pz , for (p,r) = (2,2),(3,3),(5,5), (7,7). Observe that an even lattice of signature (1,n), (n < 20)
is the Néron Severi group of a K3 surface if and only if it admits a primitive embedding in Ags (cf.
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[Mo, Corollary 1.9]). The lattices L’édm for G = Z/AZ, Z/6Z and (Z/2Z)? and any r satisfy the
conditions of [Nik2, Theorem 1.14.4] so they admits a primitive embedding in the K3 lattice. For the
lattices L3, ,, d =0 mod 7, L&, G = Z/8Z, (Z/2Z)™ m = 3,4, (Z/AL)*, Z/2Z x L/4AZL, LE for
G = (Z/37)* 727 x Z./6Z for d = 0 mod 3 a carefully analysis shows that the discriminant group
admits a number of generators which would be bigger than the rank of the transcendental lattice (if a
K3 surface would exists) so this is not possible. The other cases needs a detailed analysis. We discuss
the case G = Z/7Z and show the following proposition (some other cases are described in [G1]). The
following lemma is completely trivial, but it is useful for the next proposition.

Lemma 6.1. Let S be a lattice primitively embedded in Az and s € S. Then either T = Zs @ S+4xs
1s primitively embedded in A3, or there exists an overlattice T' of T such that T' is primitively
embedded in Az and T — T with finite index. Viceversa if I = ZL ® S+Axs or an overlattice with
finite index of T is primitively embedded in Aks, then L € S and so there exists an element of square
L2

Proposition 6.5. There exists a K3 surface with Néron Severi group isomorphic to ['%72 if and only
ifd=1,2,4 mod 7 and a K3 surface with Néron Severi group isomorphic to £Z2/d7Z - if and only if
d=0 mod 7.

4
1

Proof. We apply Lemma 6.1 in our case. First we consider the lattice Qi/m:( ; ) ®U(7). Let

d be a positive integer, then if
(10) d=0,1,2,4 mod 7
there exists an element in 92/72 with square 2d. These elements are:

(0,0,1,k), if d = 7k, (1,1,1,k) if d =Tk + 4,

(0,1,1,k)ifd=7k+1, (1,0,1,k)ifd="7k+ 2.
If d does not satisfy (10) there is no element L of square 2d. Indeed the bilinear form on the vector
(p,q,7,8) is 4p* + 2pq + 2 + 14rs. If L = (p,q,r,s), then d = 2p* + pq + ¢*> + Trs. Considering this
equation modulo 7 we obtain d = (4p+ ¢)?, but 3, 5 and 6 are not square in Z/7Z. Hence the lattices
E%m with d = 3,5,6 mod 7 do not admit a primitive embedding in Ags by Lemma 6.1. Since
the lattice /J%%Z with d = 1,2,4 mod 7 do not admits overlattices (Proposition 6.2), they admits a
primitive embedding in Ags, again by Lemma 6.1. We observed before that /J%C/lm ford =0 mod 7
is not primitively embedded in Ags. On the other hand, by Lemma 6.1, E%‘;m or an overlattice of

L%%Z has to be primitively embedded in Ag3. Hence the lattice EIZQ/%Z’? is primitively embedded in
Ags for each d =0 mod 7. O

In the cases where the existence is proved one can give a description of the coarse moduli space
similar to [vGS, Proposition 2.3], [GS, Corollary 5.1]. In fact under this condition, Propositions 6.2,
6.3 imply that the coarse moduli space of algebraic K3 surfaces admitting a certain group of symplectic
automorphisms is the coarse moduli space of the L-polarized K3 surfaces, for a certain lattice £ (for
a precise definition of £-polarized K3 surfaces see [D]).

Remark 6.2. The dimension of the coarse moduli space of the algebraic K3 surfaces admitting G as
group of symplectic automorphisms is 19 — rank(Q¢).

In fact for each group G there exist K3 surfaces such that their Néron Severi group is either £Z or
Lgi (cf. [G1] and in fact is a similar computation as in Proposition 6.5), so the generic K3 surface
admitting G as group of symplectic automorphisms has Picard number 1+ rk(¢). The dimension of
the moduli space of a family of K3 surfaces such that the generic one has Picard number p is 20 — p.

O
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7. APPENDIX
first fiber mentioned in the column ”singular fibers”) and we write the intersections of the section and

In the Tables 1, 2 we number the fibers according to the column ”singular fibers” (the fiber 1 is the
the components of the fibers which are not zero.

TABLE 1

G equation trivial lattice singular fibers intersection torsion section Tx
2 _ 2 t1 has order 2
7207 | ¥ =@ +a(n)z 4 b()) U@ A®8 &I, + 81 ! N @ U292
/ deg(a) = 4 deg(b) = 8 & Ay 2 +8h t 08 =1, i=1,...,8 eU®
y2 =3 + A(m)x + B(T)) @6 t1 has order 3 ®2
7/3Z N 6dc3+d4 B 27c23_dﬁ U Af 613 + 617 00D 1, izl o U UB) & Ax(—1)
s 3 s AU
2 _ 2 2 — 2 t1 has order 4
7./47, Yy~ =z(x” + (e“(7) — 2f(7))x + f7(7)) U ASL @ 492 Ala 4 200 4 AT )
/ deg(f) =4 deg(e) =2 O A3 DA 4t 22 +4h t-08) =1, i=1,...,6
y?> =2% + A(mz + B(r),
A= (—g* + g°n? — h* — 3hg® + 3039) t1 has order 5
- ’ @4 (i) _ P —
Z/5Z B (g2+h2)(19g4734g2h2+19h4) U A} 415 + 414 t1 - C '_)_ ,1=1,2, U U(b)
= 3 T08 t1-Cy?) =1, j=3,4
+18hg” — 18h°g
108
2 _ 2 2 — 2 3 _ t1 has order 6
7/6% Zeg?ka;(x djg((?)k: (;) =(m))x + k2 (1) (8k(7) — 2I(7))) U A?Z @ Ag;2 ® A?Q 206 + 215 + 213 + 211 t1 Z’b(ic))r er1 . ] U U®s)
) = = -GV =1, =1,
t1 has order 7
Z)7TZ y2+(1+‘r77’2)zy+(7’2773)y:13+(r277’3)12 UEBA?S 317 + 311 t1<C%1):t1-C§2):1 [ 411 ; ]
. ty - 033) =1
v =2 (@ + (—2m(r)?n(r)? 4+ nDon(m)” ) z) t1 has order 8 s o
7./8Z UeAP? @ A3 @ Ay 2Ig + Iy + In + 214 t1-00 =1, i=1,34 [0 4]

+x (m4(7)n4(7'))
deg(m) =1 deg(n) =1

t1<ci2) =1
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TABLE 2

G equation trivial lattice singular fibers | intersection torsion section Tx
5 t1, w1 have order 2 ,
z/2z xz/2z | Y. = 2@ —p(M)(@ = q(7)) Ue A®12 121, t-0$) =1, 5i=1,...,8 U@2)®2 g AP?
deg(p(7)) = 4 deg(q(7)) =4 w09 —1j=5 1o
1ol = =5,...,
t1 has order 4 , u; has order 2
tl»cjg” =1,4i=1,...,6
2 _ 2 2 -0 =1, i=78
Yy =a(z —r7(1)(z — s7(7)) o4 ®4 1 %o ’ ’
2/ x 24z | Y e = 2 Ue APt g A 41 + AIy w O Z 1 i—1n U((2) @ U4)
w - C{P =1, i =3,4
w -0 =1i=5,6,7,8
t1 has order 6 ,u1 has order 2
. t-cD =1, i=1,2,4,5
v = oo = (Bu(r) = 2(r)(w(r) + 2(r))fe = (Gu(r) P R
22z xzfen | FHTN@E) = =(1)] Ue A% @ aP? | 3L+ 35 O Z1 it R
uy - =L =1
deg(w) =1 deg(z) =1 ul-Ci):li:2,4
u -0 —1i=56
t1,u1 have order 3
N , , , . t-cD =1, i=1,...,6
y :1;3+12z[(7' + 1)(aT +ﬂ)37(7— + 1)%]+ o8 tl-COl)=1i=778 9 3
Z/SZXZ/3L | 2[(ar® +6)° —20(ar? + 8)%(r? +1)° - 8(=* + 1)°] U® Ay 815 wp 0D —1, i=12 [ 3 0
a,Be€C LT =D
w -0 =145=3,4,7,8
u o) =1i=5,6
t1,u1 have order 4
) o ) b t1-00 =1, i=1,2,3,4
y° =z(z —u (r)v (1)) (z — (1/4)(u”(7) + v (7)) @6 o o6 4 0
24z x 24z | Y T ety — 1 U@ A§ 614 t1 - C§ t1-C§ 1 o 4

w -0 =1, i =3,4,56
up -8 =4 -0l =1
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Z./27. x 7./]AZ which are presented explicitly in

TABLE 3

(Z)27)%, i = 2,3,4, G
Propositions 4.2, 4.3, 4.4. We always refer to the elliptic fibration given in Table 2. In each case the

sublattice of the Néron Severi group which is fixed by G is generated, at least over QQ, by the class of

the fiber and by the sum of the classes of the sections.

Elliptic fibrations and symplectic automorphisms on K3 surfaces
In the Table 3 we give a set of generators for the lattice Q¢ for all the group G in the list (1) except

G =(2/4Z),i=1,2, G

G generators of the lattice Qg = (NS(Xg)%)+
/22 bi=c — D i1 e, br=F—c —c® pg—s—
—s—¢ —s—t iio=C _cUFD 1 534
Z/3L DT euen T R b oD Lo,
gj+e = C;70 — Cy , J=1,23,4, g11=Cy’ —Cy7, g12 = Cy
2/52 by =s—ty, by=t1 —ty, by =ty —t3, by =t3 — tg, by = CY) — C(2>,b+,70() e, i=1,2,3,
biug=C$) =P, j=1,23 by =" o™ h=1,2,3 byyg4= c““)ci’““) k=1,2.
2/62 b; = c,im cfi)z, i=1,....4, b5 =P —cW b =c® —cW v, =D —clD pg=c — I, by =iV =W, b1 =c® -,
by = 0 0 by = 0 — ¢, by = ) — 0O py = o® _ oM oD _ oMy — e — o _ o b st
2 blzsftl, bzfc@) C), byyo =t —tig1, i=1,...,5 bjyr= c(” C]“)2, j=1,...,4,
bra = Y — Y, bz =P — (), by =cV —cP®, by, = cif) e, h=1,...,4
by =t — s, by = t3 — t1, by = t4 — to, by =P —cM — b,
7./8% b=c®, — oM, with i=5,6,7,8, by = (” — oM, with j=9,...,13,
a=cM - c“) bis =P — P, b= 0(2) M, bir=c® oM g =c® _ ¥
by =5 —t1, bo = s — up, bita c“’ c(), i=1,2,3, bjys=c) — | j=123,
| B=Chrell, mo=cfioc m—cld o i Mt
be =Gy —CGa" hue ?1) %3) e - C%m ?2) @ _ @ TG
i Ca_his =Ty EIGaY T
. by =s—1t1 bg_s—ul biyo =C - 1 =1,...7
EaahAe bjrg=C$) —cPtY  j-2..6 bs=c{ —0;2) c(‘) c§?.




24

[AD]
[BPV]

(B]

(€]

[Nis]
[PP]
[TY]
[Shim]

[Shio]
(X]

Alice Garbagnati and Alessandra Sarti

REFERENCES

M. Artebani, I. Dolgachev, The Hesse pencil of plane cubic curves, preprint math.AG /0611590

W. Barth, C. Peters, A. van de Ven, Compact complex surfaces, Ergebnisse der Mathematik und ihrer Gren-
zgebiete 3. Springer-Verlag, Berlin, (1984).

A. Beauville, Les familles stables de courbes elliptique sur P? admettant quatre fibres singuliéres, C.R. Acad.
Sci. Paris Sér. I Math 294 (1982), 657-660.

J.W.S. Cassels, Lectures on elliptic curves, LMS Student Texts 24. Cambridge University Press, Cambridge,
(1991).

J.H. Conway, N. J. A. Sloane, Sphere packings, lattices and groups, Grundlehren der Mathematischen Wis-
senschaften, 290, Springer-Verlag, New York, (1988).

J.H. Conway, N.J.A. Sloane, The Coxeter-Todd lattice, the Mitchell group, and related sphere packings, Math.
Proc. Cambridge Philos. Soc. 93 (1983), 421-440.

H.S.M. Coxeter, J.A. Todd, An extreme duodenary form, Canadian J. Math. 5 (1953), 384-392.

I. Dolgachev, Mirror symmetry for lattice polarized K3 surfaces, Algebraic geometry, 4. J. Math. Sci. 81 (1996),
2599-2630.

A. Garbagnati, Symplectic automorphisms on K3 surfaces, PhD Thesis, Universita Statale di Milano, XX ciclo.
A. Garbagnati, Symplectic automorphimsms on Kummer surfaces, in preparation.

A. Garbagnati, A. Sarti, Symplectic automorphisms of prime order on K8 surfaces, J. Algebra, 318 (2007),
323-350.

B. van Geemen, A. Sarti, Nikulin involutions on K8 surfaces, Math. Z. 255, no.4, (2007), 731-753.

J. Keum, S. Kondo, The automorphism groups of Kummer surfaces associated with the product of two elliptic
curves, Trans. Amer. Math. Soc. 353 (2001), 1469-1487

http://magma.maths.usyd.edu.au/calc/.

R. Miranda, The basic theory of elliptic surfaces, Universita di Pisa, Dottorato di ricerca in matematica, ETS
Editrice Pisa (1988).

D.R. Morrison, On K3 surfaces with large Picard number, Invent. Math. 75 (1986), 105-121.

S. Mukai, Finite groups of automorphisms of K3 surfaces and the Mathieu group, Invent. Math. 94 (1988),
183-221.

G. Nebe, N. Sloane, http://www.research.att.com/~ njas/lattices/.

V.V. Nikulin, Finite groups of automorphisms of Kdhlerian K3 surfaces, (Russian) Trudy Moskov. Mat. Obshch.
38 (1979), 75-137. English translation: Trans. Moscow Math.Soc. 38 (1980), 71-135.

V. V. Nikulin, Integral symmetric bilinear forms and some applications, Izv. Math. Nauk SSSR 43 (1979),
111-177, Math. USSR Izvestija 14 (1980), 103-167.

K. Nishiyama, The Jacobian fibration on some K38 surface and their Mordell Weil groups, Japan. J. Math.
(N.S.) 22 (1996), 293-347.

W. Plesken, M. Pohst, Constructing integral lattices with a prescribed minimum II, Math. Comp. 202 (1993),
817-825.

J. Top, N. Yui, Ezxplicit equations of some elliptic modular surfaces, Rocky Mountain J. Math. 37 (2007),
663—687.

I. Shimada, On elliptic K3 surfaces, Michigan Math. J. 47 (2000), 423-446, (eprint version with the complete
list math.AG/0505140).

T. Shioda, On Mordell-Weil lattices, Comment. Math. Univ. St. Paul. 39 (1990), 211-240.

G. Xiao, Galois cover between K3 surfaces, Ann. Inst. Fourier 46, (1996), 73-88.

ALICE GARBAGNATI, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI MILANO, VIA SALDINI 50, I-20133 MILANO, ITALIA
E-mail address: garba@mat.unimi.it

ALESSANDRA SARTI, INSTITUT FUR MATHEMATIK, UNIVERSITAT MAINZ, STAUDINGERWEG 9, 55099 MAINZ, GERMANY.
E-mail address: sarti@mathematik.uni-mainz.de



