CLASSIFICATION OF AUTOMORPHISMS ON A
DEFORMATION FAMILY OF HYPERKAHLER FOURFOLDS
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ABSTRACT. We give a classification of all non-symplectic automorphisms of
prime order p acting on irreducible holomorphic symplectic fourfolds defor-
mation equivalent to the Hilbert scheme of two points on a K3 surface, for
p=2,3and 7 < p < 19. Our classification relates the isometry classes of two
natural lattices associated to the action of the automorphism on the second
cohomology group with integer coefficients, with some invariants of the fixed
locus. In several cases we provide explicit examples. As an application, we find
new examples of non-natural non-symplectic automorphisms of order three.

1. INTRODUCTION

Irreducible holomorphic symplectic (IHS) manifolds (or equivalently hyperkahler
manifolds), together with Calabi-Yau manifolds, are the natural higher dimensional
generalizations of K3 surfaces. In particular many properties of automorphisms on
K3 surfaces generalize to THS manifolds (see [4, §4]). The interest in automorphisms
of THS manifolds has grown up extremely in the last years (see [5, 13, 28, 35, 9, 10])
especially the study of automorphisms of prime order on IHS fourfolds deformation
equivalent to the Hilbert scheme of two points on a K3 surface, that we call for
short THS—K3[2. The case of symplectic automorphisms (i.e. those automorphisms
leaving invariant the holomorphic two form) was studied by the second author [13]
for p = 2 and then completely settled by Mongardi [29] for all primes. They describe
the fixed locus, which is never empty and consists of isolated fixed points, abelian
surfaces and K3 surfaces. The case of non-symplectic involutions was considered
first by Beauville [5] and recently by Ohashi-Wandel [36]. In [36] the authors study
in detail families of THS — K3[? with 19 parameters and non-symplectic involution.
In particular they describe some non-natural involutions: these cannot be deformed
to an involution on the Hilbert scheme of two points on a K3 surface induced by
an automorphism on the K3 surface.

In this paper we classify the non-symplectic automorphisms of prime order p > 3
acting on THS— K32, As an application of our results, we construct the first known
examples of non-natural non-symplectic automorphisms of order 3 on THS — K3[2I.
This comes from the study of non-symplectic automorphisms of order 3 on a special
20-dimensional and a special 14-dimensional family of Fano varieties of lines on
cubic fourfolds (Corollary 7.6).
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Let X be an IHS — K3, In the study of non-symplectic automorphisms on
X, two natural lattices play an important role: the invariant sublattice T of
H*(X,Z) = U® @ E$? @ (—2) and its orthogonal complement S. The lattice
T is contained in the Néron—Severi group of X, while the lattice S contains the
transcendental lattice. These two lattices play an important role when studying
moduli spaces. In the case of K3 surfaces, they also determine completely the
topology of the fixed locus (see [1, 2]). In this paper, using lattice theory and a
formula relating topological invariants of the fixed locus with lattice invariants (see
[10]) we classify the lattices S and T when the order is p = 2,3 and 7 < p < 19. Our
first main result (Theorem 3.8) classifies all possible lattices T and S for p # 2,5.
Our second main result (Theorem 5.5, Theorem 7.1) proves that all cases (except
one) can be realized by an automorphism. For p = 11,13,17,19 all the examples
that we find are natural, for p = 3 some examples are constructed using the Fano
variety of lines of a cubic fourfold. In particular in a 12-dimensional family we find
an example of non-symplectic automorphism of order 3 of different kind: it has the
same invariant lattice T' and orthogonal complement S as a natural automorphism,
but its fixed locus is different (see Remark 7.7). This is very surprising: it shows
that in the case of IHS — K3[?! the lattice invariants do not uniquely determine the
fixed locus, in contrary to the case of K3 surfaces. In several cases we construct
coarse moduli spaces of THS —K3[?! with a non-symplectic automorphism of order p.
This construction uses the classification of non-symplectic automorphisms of order
p on K3 surfaces (Theorem 5.5).

In the last section of the paper we discuss the case p = 2. The situation is
more complicated because the lattice T' can have different embeddings in the lattice
U@ E$?@(—2). This has an important influence in the construction of the moduli
spaces. Our main result is Proposition 8.5 where we show that every embedding
of T' can be realized as the invariant lattice of a non-symplectic involution on
an THS — K32, Many examples can be constructed explicitely by using natural
involutions, but in several cases concrete realizations of the authomorphisms are
still unknown.

Acknowledgements: We thank Alice Garbagnati, Klaus Hulek and Keiji Ogu-
iso for helpful discussions and their interest in this work and Giovanni Mongardi,
Kévin Tari and Malte Wandel for useful remarks. We also thank the anonymous
referee for several remarks that improved the presentation of the paper and for
suggesting us to include open questions in Remark 7.8.

2. PRELIMINARY RESULTS ON LATTICE THEORY

A lattice L is a free Z-module of finite rank equipped with a nondegenerate sym-
metric bilinear form (-, -) with integer values. Its dual lattice is LV := Homg(L,Z).
It can be also described as follows:

LV2{zeL®Q|(z,v) €Z Yve L}

Clearly L is a sublattice of LY of the same rank, so the discriminant group Ay, :== LY /L
is a finite abelian group whose order is denoted discr(L) and called the discriminant
of L. We denote by ¢(Ap) the length of Ap, i.e. the minimal number of genera-
tors of Az. In a basis {e;}; of L, for the Gram matrix M := ({e;,e;));; one has
discr(A) = | det(M)].
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A lattice L is called even if (z,x) € 2Z for all x € L. In this case the bilinear
form induces a quadratic form qr, : A, — Q/2Z. Denoting by (s(4),s(—)) the
signature of L ® R, the triple of invariants (s(1),s),qr) characterizes the genus
of the even lattice L (see [15, Chapter 15, §7], [32, Corollary 1.9.4]).

A lattice L is called unimodular it Ay, = {0}. A sublattice M C L is called
primitive if L/M is a free Z-module. If L is unimodular and M C L is a primitive
sublattice, then M and its orthogonal M~ in L have isomorphic discriminant groups
and gp = —qpre (see [32]).

Let p be a prime number. A lattice L is called p-elementary if Ap & (p%)®a for
some non negative integer a (also called the length ¢(Ar) of A). We write I%(a),
a € Q/27Z to denote that the quadratic form g7 takes value a on the generator
of the 1% component of the discriminant group (to be precise we assume that « is
a rational number contained in the interval [0,2) and it is the least representant
of the corresponding equivalence class in Q/2Z). Recall the following classification

result:

Theorem 2.1. [37, §1].

(1) An even, hyperbolic, p-elementary lattice of rank r with p # 2 and r > 2 is
uniquely determined by the integer a.

(2) For p # 2, a hyperbolic p-elementary lattice with invariants r,a exists if
and only if the following conditions are satisfied: a <r,r =0 (mod 2) and

ifa=0 (mod?2), r
ifa=1 (mod?2), p

=2 (mod 4)
(=1)"/2=1 (mod 4).

Moreover, if r 2 (mod 8) then r > a > 0.

We formulate also the following generalization of Theorem 2.1, the proof is es-
sentially contained in [15, Chapter 15, §8.2], we give it here again for convenience.

Theorem 2.2. Let S be an even, indefinite, p-elementary lattice of rank r > 3,
p > 3. Then S is uniquely determined by its signature and its discriminant form.

Proof. By a result of Eichler (see [15, Chapter 15, Theorem 14]), since r > 3, the
genus and the spinor genus of S coincide, so by [15, Chapter 15, Theorem 13] the
genus contains only one isomorphism class. Now by [32, Corollary 1.9.4] the genus
of an even lattice is uniquely determined by the signature and the discriminant
form. O

Remark 2.3. For 2-elementary lattices the situation is different: an even indefinite
2-elementary lattice is determined up to isometry by its signature, length and a
third invariant § € {0,1}. We refer to [16, Theorem 1.5.2], [33, Theorem 4.3.1,
Theorem 4.3.2], [37, §1] for the relations between these invariants.

The following results on the unicity of the isometry class of a lattice of a given
genus and on splitting of lattices will be needed in the sequel:

Theorem 2.4. [30, Theorem 2.2]. Let L be an even lattice of invariants (54, S(—,qr)-
Assume that sy >0, s_y > 0 and £(Ar) <rank L — 2. Then up to isometry, L
is the only lattice with those invariants.
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Theorem 2.5. [15, Chapter 15, Theorem 21]. If L is an indefinite lattice of rank
n and discriminant d with more than one isometry class in its genus then 4121d is

divisible by k() for some nonsquare natural number k = 0,1 mod (4).

We denote by U the unique even unimodular hyperbolic lattice of rank two
and by Ay, Dy, E; the even, negative definite lattices associated to the Dynkin
diagrams of the corresponding type (k > 1, h > 4,1 =6,7,8). We denote by L(t)
the lattice whose bilinear form is the one on L multiplied by ¢ € N*. The following
p-elementary lattices will be used in the sequel (see [2]):

e For p =3 mod (4), the lattice
_( —+D/2 1
L

is negative definite and p-elementary with a = 1. Note that K3 = As,.
e For p=1 mod (4) the lattice

b, ( w-n/2 1 )

is hyperbolic and p-elementary with a = 1.
e The lattice

2 1 0 1
1 -2 0 0
Lim=1 4 o -2 1

1 0 1 -4
is negative definite 17-elementary with a = 1.

e The lattice EY (3) is even, negative definite and 3-elementary with a = 5.
To get a simple form of its discriminant group one can proceed as follows.
By [1, Table 2] the lattice U(3) @ Ey(3) admits a primitive embedding in
the K3 lattice (which is unimodular) with orthogonal complement isometric
to U @ U(3) ® AY®. Tt follows that the discriminant form of EY(3) is the
opposite of those of A$®, that is Z/37(2/3)%".

Theorem 2.6. [32, Theorem 1.13.5]. Let L be an even indefinite lattice of signature
(5(4), 8(=)) and assume that sy >0 and s_y > 0. Then:

(1) If s(4y + sy >3+ L(AL) then L=U @ W for a certain even lattice W.

(2) If sy > 8 and s(4) +5(—) > 9+ L(AL) then L = Ex @ W’ for a certain
even lattice W'.

The following result is an application of Nikulin’s results on primitive embed-
dings [32].

Proposition 2.7. Let S be an even p-elementary lattice, p # 2, with invariants
(5(4),8(=),qs,a), and L := U® g E§92 @ (=2). If S admits a primitive embed-
ding in L, then the orthogonal complement T of S in L has discriminant group
(Z/p2)®* & Z/2Z and discriminant form (—qs) @ qr. If moreover sy < 3,
5(—y < 20 and a < 21 —rank(S) then T is uniquely determined and there is at
most one embedding of S in L up to an isomorphism of L.

Proof. The lattice L has signature (3,20) and discriminant form ¢, = 21 (3) hence

7 \2
by Theorem 2.4 it is unique in its genus. By Nikulin [32, Proposition 1.15.1], the
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data of a primitive embedding of S in L is equivalent to the data of a quintuple
(Hg,Hp,~,T,~r) satisfying the following conditions:

e Hg is a subgroup of Ag = (Z/pZ)®*, Hy, is a subgroup of Ay = Z/27Z
and v: Hg — Hj, is an isomorphism of groups such that for any = € Hg,
qr.(v(z)) = qs(x). Here the only possibility is Hg = {0}, H;, = {0} and
v =id.

e Tisalattice of invariants (3—s(4), 20—s(-, ¢r) with gr = ((—¢s) © qr)|rs 1,
where T is the graph of v in Ag @ Ay, I'" is the orthogonal complement
of ' in Ag & A, with respect to the bilinear form induced on Ag & Ay,
with values in Q/Z, and ~yp is an automorphism of A that preserves gr.
Moreover T is the orthogonal complement of S in L. Here we get T’ = {0}
hence I't = Ag @ Ap = Ap and qr = (—qs) @ qr, is the only possibility.

Since p # 2 one has (A7) = a. If T is indefinite (that is s4) < 3, s(_y < 20) and
a < rank(T) — 2 = 21 — rank(S) then by Theorem 2.4 the lattice T is uniquely
determined up to isometry. Moreover, under these assumptions the natural ho-
momorphism O(T) — O(Ar) is surjective (see [16, Proposition 1.4.7]) so differ-
ent choices of the isometry 7 produce isomorphic embeddings of S in L(see [16,
Lemma 1.4.5]). O

3. AUTOMORPHISMS ON DEFORMATIONS OF THE HILBERT SCHEME OF TWO
POINTS ON A K3 SURFACE

3.1. Irreducible holomorphic symplectic manifolds. A complex, compact,

Kéhler, smooth manifold X is called irreducible holomorphic symplectic (IHS) if X

is simply connected and HY(X, Q%) is spanned by an everywhere nondegenerate

closed two-form, denoted by wx. In dimension four, one of the most famous exam-

ples of THS manifolds are the Hilbert schemes X2 of two points on a K3 surface X.
The second cohomology group has a Hodge decomposition

H?*(X,C) = H**(X)® H"'(X) @ H*?(X)

and we set HY'(X)g := HMY(X) N H%(X,R). The second cohomology group
H?(X,Z) is torsion-free and equipped with the Beauville-Bogomolov [4] bilinear
symmetric nondegenerate two-form of signature (3,b2(X) — 3) with the property
that, after scalar extension, H''1(X) is orthogonal to H*%(X) @ H%2?(X). The
Néron—Severi group of X is defined by:

NS(X) := H"Y(X)r N H*(X,Z).

We set p(X) := rank(NS(X)) the Picard number of X and Transc(X) := NS(X)+
the orthogonal complement of NS(X) in H? (X, Z) for the quadratic form, called the
transcendental lattice. Note that NS(X) and Transc(X) are primitively embedded
in H*(X,Z). By [22, Theorem 3.11] X is projective if and only if NS(X) is a
hyperbolic lattice.

Let G C Aut(X) be a finite group of automorphisms of prime order p and fix
a generator 0 € G. If c*wx = wx then G is called symplectic. Otherwise, there
exists a primitive p-th root of unity & such that c*wx = fwx and G is called non-
symplectic. Observe that non-symplectic actions exist only when X is projective
(see [3, §4]). Following the notation of [10] we denote by T := T (X) the invariant
sublattice of H?(X,Z) and by S := Sg(X) its orthogonal complement (see [10,
Lemma 6.1]).
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Since h°(X,TX) = 0 the variety X admits a universal deformation p: X — Def(X)
where p is a smooth proper holomorphic morphism, Def(X) is a germ of analytic
space and p~1(0) & X (the isomorphism is part of the data). Although h?(X,TX)
is not zero in general, Def(X) is smooth of dimension h'(X,TX) (see [23, §4] and
references therein). If Def(X) is taken small enough, all nearby fibres X; := p~1(t),
t € Def(X), are also THS manifolds and the universal deformation p: X — Def(X)
is in fact universal also for these fibres X} (see Huybrechts [22, § 1.12]). Two IHS
manifolds X and X’ are called deformation equivalent if there exists a smooth
proper holomorphic morphism p: X — S with connected base S, whose fibers are
Kahler manifolds, and with two points ¢, € S such that X; = X and X, = X'.
We say that an THS manifold X is an IHS — K3[! if it is deformation equivalent to
the Hilbert scheme of two points on a K3 surface.

3.2. Invariant sublattice and fixed locus. We recall the main results of Boissiere—
Nieper-Wiflkirchen—Sarti [10]. In this section we denote by G a finite group of prime
order p acting on an ITHS — K3 that we call X.

Proposition 3.1. [10, Definitions 4.5 and 4.9, Lemma 5.5]. Assume that the order
p of G satisfies 3 < p < 19. Then:

e rank S = (p — 1)mg(X) for some positive integer ma(X);

H2(X,7) ~ (2 )00
6 = (%)

o Ap 2 ZL/2L.® (Z/pL)®*<X), As = (Z/pL)®e);
e If G acts non-symplectically then S has signature (2,(p — 1)ma(X) — 2)
and T has signature (1,22 — (p — 1)mg(X)).

for some non-negative integer ac(X);

Remark 3.2. One can easily show that the first result in Proposition 3.1 holds
also for the maximal possible order p = 23 for a prime order non-symplectic auto-
morphism acting on an THS — K32, We completely discuss this case in the paper
[3].

We denote by H*(X ¢, [F,,) the cohomology of the fixed locus X & with coefficients
in F, and we set m := mg(X), a := ag(X), h*(X F,) = 2 is0 h{(XY F,), where
R{(XY Fp) := dim H (XY F,).

Theorem 3.3. [10, Theorem 6.15] Assume that the order p of G satisfies 3 < p <
19, p # 5. Then:

1
(1) h*(XC,F,) = 324 — 2a(25 — a) — (p — 2)m(25 — 2a) + 3l - 2)%m — p)
with 2 < (p—1)m < 23, 0 < a <min{(p — 1)m, 23— (p—1)m} .
Remark 3.4.
e For technical reasons, see [10, proof of Theorem 5.15], the case of p =5 is
excluded in Theorem 3.3.
e It follows from [10, Proposition 5.17] that the fixed locus X is never empty
if p # 2. So one cannot produce new examples of Enriques varieties (see
[9, 35]) using finite quotients of THS —K3[? other than quotients by (special)
involutions.
e If the group G acts on the K3 surface ¥, it induces a natural action on %2

One can similarly define the integers ag(X), mg(X) and it is easy to check
that ag(X) = ag(ZP) and ma(2) = ma (B (see [10, Remark 5.16 (2)]).
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For any o € G, considered as an automorphism of ¥, we denote by 2! the
automorphism induced on X2/, These automorphisms are called natural
in [7], but we will use this term in a more general sense in Definition 4.1.
To be precise this “old” definition of natural means the following: let X be
an THS —K3[? and f an automorphism acting on it, then f is called natural
if it exists a K3 surface ¥ with an automorphism o such that the couple
(X, f) is isomorphic to (X2, o).

The topological Lefschetz fixed point formula gives a complementary information
on the fixed locus X¢. Denote by x(X¢) := > ,(~1)*dim H*(X% R) the Euler
characteristic of X, If ¢ is a generator of G, one has:

X(X9) = Z(*l)i tr(a\*Hi(X,R))'
i>0
Since X has real dimension 8 and trivial odd cohomology, using Poincaré duality
the formula rewrites:

X(X% =2+ 2t1(0 (2 x r)) + (0] (x R))-
Setting 7 := rank T one sees easily that tr(o‘*HQ(X,R)) =7r—m.

(m—r)(m—r—1) ]

Lemma 3.5. One has tr(o”|ga(x r)) = 5

Proof. Denote by £ a primitive p-th root of unity and by Vg: the one-dimensional
representation of G with character ¢?, fori = 1,...,p—1. Then, as a representation

of G:
p—1
2 ~ er om
H*(X,R) =2 R* & (P V§
=1

where R = Vo stands for the trivial representation. Since H*(X,R) = Sym® H?(X,R)
(cf. [39, Theorem 1.3]) one gets:

—
Sl 1) 2 R Ve o st (127)
p—1 p—1
dm Ddm
o@D @ (vrevem)
i=1 j=i+1
. ) @ mmt1)
Since Sym (Vé@m) = V£2i 2 and VGBm ® V@m = Vg@fj’ one gets
N (r —|— 1) i m+1
tr <U|H4(X7R)) (Z{ ) rm+ (Z £ > 7)
p—1 p—1
> 2 & m
i=1 j=i+1
_ r(r;—l) v m(m2+1) m? = (m—r)(r;—r—l)

Using the fact that r = 23 — (p — 1)m we obtain:
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Corollary 3.6. The Fuler characteristic of the fixed locus satisfies:

1 1
(2) (X)) =324 — %mp + 5m2p?.

We deduce one further relation between the parameters a and m:
Corollary 3.7. One has a < m.

Proof. By the universal coefficient theorem we have that H (X% Z) ® F, injects
in H' (X% F,). Since h'(XY R) equals the rank of the free part of H!(X%,Z) it
follows that h'(XY R) < hi(XY F,) for all i. So we get h*(X% F,) — x(X%) > 0.
Combining equations (1) and (2) we get:

h*(XE F,) — x(XE) =2(a—m)(a—25+mp—m).
By Theorem 3.3 we have a — 25 + mp —m < 0, hence a < m. (I

3.3. Computation of the invariant lattice. Let X be an IHS — K3[? with a
non-symplectic action of a group G = (o) of prime order p with 3 <p <19, p # 5.
Recall that H?(X,Z) is isometric to the lattice L = U®3 @ E$? @ (—2), T is the
invariant sublattice of H?(X,Z) and S is its orthogonal complement.

For each value of p, combining Proposition 3.1, the formulas (1), (2) and Corol-
lary 3.7 we get all the possible values of m := mg(X), a := ag(X) and we compute
the values of x = x(X%) and h* := h*(X% F,). By Proposition 3.1, the lat-
tice S has signature (2, (p — 1)m — 2) and is p-elementary with discriminant group
(Z/pZ)®* and the lattice T has signature (1,22 — (p—1)m) and discriminant group
Z)27.& (Z/pZ)®*. Considering T and S as sublattices of L we call a triple (p, m,a)
admissible if such sublattices of L with these invariants do exist. In this case, we
compute their isometry class. We prove the following result:

Theorem 3.8. For every admissible value of (p,m,a), there exists a unique even
p-elementary lattice S of signature (2, (p — 1)m — 2) with As = (Z/pZ)®*. This
lattice admits a primitive embedding in L, this embedding is unique if (p,m,a) ¢
{(3,10,2), (3,8,6), (11,2,2)}, and its orthogonal complement T in L is uniquely
determined by the signature (1,22 — (p — 1)m) and the discriminant group Ar =
(Z)27) ® (Z/pZ)®*.

Proof. The proof follows from a case-by-case analysis. We use Theorem 2.6 and
Theorem 2.1 on the existence of hyperbolic p-elementary lattices to exclude the
non-admissible values and determine the isometry class of S. The uniqueness of T’
and of the embedding of S in L are a direct consequence of Proposition 2.7. Only
a few special cases require a more specific argument. We first handle one case in
detail to explain the method, then we treat the special cases.

The case (p,m,a) = (3,9,1): here S has signature (2,16) and is 3-elementary
with @ = 1. Since rank(S) = 18 > 3 4+ ¢(As) = 4 by Theorem 2.6 we can write
S =U@W where W is an even hyperbolic 3-elementary lattice of signature (1, 15)
and a(W) = 1. We use Theorem 2.1 to compute W and to prove its uniqueness, this
gives also the uniqueness of S, so one computes directly that the only possibility
(up to isometry) is W = U @ Fg @ Fg. Finally 1 = a < 21 — rank(S) so by
Proposition 2.7, T is uniquely determined and the embedding of .S in L is unique.

We discuss now the special cases.
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The case (p,m,a) = (3,11,1): one has T = (6). It is easy to check that the
homomorphism O(T') — O(Ar) is surjective so the argument of the proof of Propo-
sition 2.7 applies and S admits a unique embedding in L.

The case (p, m,a) = (3,1,1): in this case one computes directly that S = As(—1)
then one concludes with Proposition 2.7.

The case (p, m, a) € {(3,10,2),(3,8,6),(11,2,2)}: Here we have a > rank(T") —2.
Using Theorem 2.5 one sees that 7' is unique in its genus and one deduces its
isometry class.

The case (p,m,a) = (3,9,5): We prove that this case cannot occur. We compute
as before that S is isometric to U®2? @ Eg @ EY(3), so its discriminant group is

Ag = 3% (%)@5. By Proposition 2.7, if S admits a primitive embedding in L,
zZ

then its orthogonal T has signature (1,4) and discriminant form - (%)@5 oL (2).
Assume that such a lattice does exist. Consider its 3-adic completion T3 := T'®zZs.
One has Ay, = (Ar)3soqr, = 2 (%)®5. The rank of T3 is then equal to ¢(Ar,). By
Nikulin [32, Theorem 1.9.1], there exists a unique 3-adic lattice K of rank ¢(Ar,)
and discriminant form gr,. Then necessarily the determinants of the lattices T3

and K (computed in some basis) differ by an invertible square:
detT = det T3 = det K mod (Z})%.

One has det T = (—1)*|Ar| = 2-35. Using [32, Proposition 1.8.1] one finds that

K = (30)® with 6 = 1 € 73 so det K = (2)°. The relation detT = det K
mod (Z3)? gives here 21 € (Z3)?. This is not true (it would imply that 2 is a

square modulo 3) so such a lattice T' does not exist. ]

Remark 3.9. The isometry classes of the lattices S and T for all admissible values
of (p,m, a) are summarized in Appendix A in the Tables 1, 3, 4, 5, 6, 7 corresponding
to p = 3,7,11,13,17,19. The excluded values of (p,m,a) are not written in the
tables.

Proposition 3.10. Under the same assumptions as in Theorem 3.8, the lattice T
admits a unique primitive embedding in the lattice L whose orthogonal complement
is S.

Proof. The proof is essentially the same as in Proposition 2.7. Observe that in this
case the orthogonal complement is given and it is isometric to S. So a primitive
embedding of T into L corresponds to a quadruple (Hr, Hy,v,7vs). The only
possibility is Hp = Hy, = % so the only choice is v = id. Finally observe that all the
lattices S in the tables except the case (p,m,a) = (3,1, 1) have rank(S) > ¢(S) + 2
so by [16, Proposition 1.4.7] the morphism O(S) — O(Ag) is surjective. In the case
(p,m,a) = (3,1,1) one shows the surjectivity by hand. Hence different choices of
the isomorphism g produce isomorphic embeddings of T in L. O

4. DEFORMATION OF AUTOMORPHISMS ON IHS MANIFOLDS

Let X be an THS manifold and f € Aut(X) be a biholomorphic automorphism
of X. We denote by p: X — Def(X), p~1(0) = X, the universal deformation of X.
By a theorem of Horikawa [21, Theorem 8.1], there exists an open neighbourhood A
of the origin of Def(X), a family of deformations p’: X’ — A, p’~1(0) = X, and a
holomorphic map ®: x| — X’ over A such that &y = f. By the universality of p,
there exists a unique holomorphic map v: A — Def(X) with v(0) = 0 such that
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X' = A Xpeg(x) X, so we obtain by composition a holomorphic map F': X|p — &
such that Fy = f with a commutative diagram

(3) XA _F . X

N

A —> Def(X)

Denote D := A7 = {t € A|~(t) = t}. By restricting to D one obtains a family of
holomorphic maps

D——D
with Fy = f and such that the holomorphic map F;: X; — X} is an automorphism
for all t € D (by shrinking D if necessary). The pair (pp: Xp — D, F) is thus
a deformation space of the pair (X, f) (see also [28, Definition 1.1]). From the
diagram (3) we get a commutative diagram of vector bundles over X with exact
rows

0——TX — TXply ToA 0
ldf J/dF ldov
0 TX TX|y To Def(X) ——0

that induces in cohomology an exact sequence

ToA —2 > HY(X, TX)

] B

Ty Def(X) —2> HY(X, TX)

where p is the Kodaira-Spencer map. Since the deformation is universal, p is an
isomorphism (note that ToA = Ty Def (X)) and df is an isomorphism since f is an
automorphism of X. It follows that dy~y is invertible, so the fixed locus D = A7 is
smooth and its dimension equals the dimension of the invariant space H' (X, TX)%.

If the automorphism f acts symplectically on X then the isomorphism T'X = Qx
induced by wx is f-equivariant (f induces natural actions denoted df on tangent
vectors, and denoted f* on differential forms, so dim D = dim (Hl’l(X)f*). If the
automorphism f acts non-symplectically on X, that is f*wx = wx for some & €
C*, £ # 1, then the isomorphism T'X = Qx is not f-equivariant and one computes
that H(X, TX)f* is isomorphic to the eigenspace of H*(X) corresponding to the
eigenvalue £ of f*. Assume that f is an automorphism of prime order p, G = (f),
so that ¢ is a primitive p-th root of unity. Since the action of f* on H2(X,C) comes
from an action on the lattice H?(X,Z), the eigenspaces of f* corresponding to the
eigenvalues ¢, i = 1,...,p — 1, have the same dimension which is mg(X). Since
H?%(X) is an eigenspace for the eigenvalue ¢ and H%2(X) is one for &, it follows
that dim D = mg(X) —1if p > 3 and dim D = mg(X) — 2 if p = 2.

If X is an THS manifold and f € Aut(X), G = (f), it follows from Ehresmann’s
theorem that the G-module structure of H*(X,Z) is invariant under deformation
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of the pair (X, f), so the lattices Tg(X), Sg(X) and the values h*(X%), x(X%)
(by Formulas (1),(2)) are also invariant.

Definition 4.1. Let X be an IHS — K3[. An automorphism ¢ of X is called
natural if there exists a K3 surface ¥ and an automorphism ¢ of ¥ such that (X, o) is
deformation equivalent to (X2, o), where ¢?! denotes the induced automorphism
on XL by ¢.

5. MODULI SPACES OF LATTICE POLARIZED IHS MANIFOLDS

5.1. The global Torelli theorem. We recall some well known facts from [22] and
[26]. If X is an irreducible holomorphic symplectic manifold, a marking for X is a
choice of an isometry 7 : L — H?(X,Z). Two marked pairs (X1,7;) and (Xa,72)
are isomorphic if there is an isomorphism f : X; — X5 such that n; = f* ons.
There exists a coarse moduli space M that parametrizes isomorphism classes of
marked pairs, which is a non-Hausdorff smooth complex manifold (see [22]). If X
is an THS — K3[?! this has dimension 21. Denote by

Qp:={weP(LC)|gq(w)=0,q(w+x) >0}

the period domain which is an open (in the usual topology) subset of the non-
singular quadric defined by ¢(w) = 0. The period map

P, — Qp, (X,n) = n Y (H*(X))

is a local isomorphism by the Local Torelli Theorem [3, Théoreme 5|. For w €
we put

LY (w):={\ e L|(\w) =0}
where (-, -) is the bilinear form associated to the quadratic form ¢. Then L%!(w) is
a sublattice of L. Let A € L, A # 0, and consider the hyperplane

Hy,={weQr|(w,\) =0}.

Then LY1(w) = {0} if w does not belong to the countable union of hyperplanes
User\goy 1. In particular, given a marked pair (X,n) we get n~H(NS(X)) =
LYY(P(X,n)). The set {a € HY1(X,R)|g(c) > 0} has two connected components,
we call positive cone €x the connected component containing the Kéhler cone Rx.

Following the terminology of [26] recall that two points x, y of a topological space
M are called inseparable if every pairs of open neighbourhoods x € U and y € V
have non-empty intersection, a point x € M is called a Hausdorff point if for every
y € M, y # x, then x and y are separable.

Theorem 5.1 (Global Torelli Theorem). [39],[26, Theorem 2.2]
Let MY be a connected component of My,.

(1) The period map P restricts to a surjective holomorphic map
Py: MY — Q.

) For each w € Q, the fiber Py ' (w) consists of pairwise inseparable points.
(3) Let (X1,m) and (X2,m2) be two inseparable points of MS. Then X1 and Xo
are bimeromorphic.

(4) The point (X,n) € MY is Hausdorff if and only if €x = Kx.

(5) The fiber Py '(w), w € Qp consists of a single Hausdorff point if L™ (w)
is trivial, or if LY(w) is of rank one, generated by a class a satisfying
q(a) > 0.
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Remark 5.2. In assertion (5) if LY!(w) is trivial then X is non projective. If it is of
rank one generated by a class a with g(a)) > 0 then X is projective, £« is an ample
class and the Néron—Severi group of X has signature (1,0), so its transcendental
lattice has signature (2,20) (see [22, Theorem 3.11]).

5.2. Lattice Polarizations. In this subsection and the next one, we extend some
constructions and results of [17, §6], [18, §10], [19] and [2, §9]. See also [12] for
related results.

Let M be an even non-degenerate lattice of rank p > 1 and signature (1,p — 1).
An M -polarized THS — K32 is a pair (X, ;) where X is a projective ITHS — K32
and j is a primitive embedding of lattices j : M < NS(X). Two M-polarized
THS - K32 (X1, j;) and (Xa, j2) are called equivalent if there exists an isomorphism
f: X1 — X, such that j; = f* o jy. As in [18, §10] and [19] one can construct
a moduli space of marked M-polarized THS — K3[2! as follows. We fix a primitive
embedding of M in L and we identify M with its image in L. A marking of
(X,7) is an isomorphism of lattices n : L — H?(X,Z) such that n = j. As
observed in [19, p.11], if the embedding of M in L is unique up to an isometry
of L then every M-polarization admits a compatible marking. Two M-polarized
marked THS — K3[2I (X1,J1,m) and (X2, j2,n2) are called equivalent if there exists
an isomorphism f : X; — X, such that n; = f* ony (this clearly implies that
j1 = f*oj2). Let N := M+ N L be the orthogonal complement of M in L and set

Qi ={weP(NRC)|q(w) =0, ¢(w+ &) > 0}.

Since N has signature (2,21 — p) the period domain Qj; is a disjoint union of
two connected components of dimension 21 — p. For each M-polarized marked
THS — K3 (X, 4,7), since n(M) C NS(X) we have n~'(H>°(X)) € Q. On
the other hand, by the surjectivity of the period map [22, Theorem 8.1] restricted
to any connected component 99 of M, we can associate to each point w € Qyy
an M-polarized THS — K32 as follows: there exists a marked pair (X,7n) € MY
such that n~1(H?%(X)) =w € P(N®C) so M = N+ C w! N L, hence n(M) C
H*Y(X)* N Hy'(X) = NS(X) and we take (X, 7).

By the Local Torelli Theorem for ITHS manifolds, an M-polarized THS — K3[?!
(X, j) has alocal deformation space Def 5, (X) that is contractible, smooth of dimen-
sion 21 — p, such that the period map P: Defy;(X) — Qs is a local isomorphism
(see [19]). By gluing all these local deformation spaces one obtains a moduli space
K of marked M-polarized THS — K3[2! that is a non-separated analytic space, with
a period map P: Kp;r — Qpr. The following proposition generalises [36, Lemma
2.9]:

Proposition 5.3. Ifrank M < 20, there exists a dense subset Q%, of Qus such that
if (X,n) is a marked THS — K32 whose period is in 09, then NS(X) is isomorphic
to M.

Proof. For each A € N \ {0} consider the hyperplane H) := {w € Qs | (w,\) =0}
and let H := (J, Hx. Each subset Qy/\ H is open and dense in Q5 hence by Baire’s
Theorem the subset Q(J)w := Qp \ H is dense in Q) since H is a countable union
of complex closed subspaces. If w = P(X,n) € 99, then NS(X) = n(L'(w)) =
n(M). O

This means hence that for a general point of €, the associated marked M-
polarized THS — K3!2 has Néron-Severi group isometric to M and transcendental
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lattice isometric to N. If rank M = 21 then Qj; consists of two periods that
correspond to an THS — K3[2! whose Néron-Severi group is isometric to M. We
specialize this construction of the period domain in the case of projective IHS—K3!2
with non-symplectic automorphism.

Remark 5.4. Observe that in the construction we fix an embedding of M in L.
Different embeddings give a priori different constructions of ,;.

5.3. Eigenperiods of projective IHS—K3![? with a non-symplectic automor-
phism. Let (X, ;) be an M-polarized THS — K32/ and G = (0) a cyclic group of
prime order p > 2 acting non-symplectically on X. It is easy to see that the invari-
ant sublattice T = T(X) is contained in NS(X). Assume that the action of G on
j(M) is the identity and that there exists a group homomorphism p : G — O(L)
such that

M =L :={z e L|p(g)(x) ==x,Vg € G}.

We define a (p, M)-polarization of (X, j) as a marking n: L — H?(X,Z) such that
Ny =j and o* =nop(o)on .

Two (p, M)-polarized THS — K32 (X, ;) and (Xs, jo) are isomorphic if there
are markings, n1: L — H?*(X1,Z) and ny: L — H?*(X3,Z) such that n;n = Jji,
and an isomorphism f: X; — X5 such that 9 = f* ons.

Recall that by construction Cwy is the line in L&C defined by Cwy = n~ ' (H*(X)).
Let £ € C* such that p(0)(wx) = Ewx. Observe that & # 1 since the action is non-
symplectic and it is a primitive p-th root of unity since p is prime. The period wx
belongs to the eigenspace of N ® C relative to the eigenvalue &, where N = M+N L.
We denote it by N(§) (if p = 2, we have £ = —1 and we denote N(§) = Nr(§) ® C,
where Ng(€) is the real eigenspace relative to £ = —1).

Assume that £ # —1, then the period belongs to the space

Q= {z € P(N(§)) | qla + 7) > 0}

of dimension dim N (&) — 1 which is a complex ball if dim N(§) > 2. By using the
fact that £ # —1 it is easy to check that every point x € Qf\/’f satisfies automatically
the condition ¢(z) = 0.

If £ = —1 weset Qf\’f ={z e P(N())|g(x) =0, g(z+Z) > 0}. It has dimension
dim N (€) — 2, clearly Q7F € Q.

Assume now that M =T =T & (—2) where T is an even non degenerate lattice
of signature (1,21 — (p—1)m). Assume moreover that T has a primitive embedding
in the K3 lattice A, we fix such an embedding and we call again T the image. This
induces in a natural way a primitive embedding of 7" in L. We identify then T
with its image. Let N = S = T" N L and assume that S ¢ A. For § € S with
q(0) = =2, denote Hs = 6+ NS and A := Uses,q6)=—2 Hs. Then we have (with

the same notation as above):

Theorem 5.5. Let X be a (p, T)-polarized THS — K312 such that H*>°(X) is con-
tained in the eigenspace of H*(X,C) relative to . Then wx € Q%’g and conversely,
if dim N (€) > 2 every point of Q%g \ A is the period point of some (p,T)-polarized
IHS — K30,

The proof is an application of a result of Namikawa that we recall for convenience.
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Theorem 5.6. [31, Theorem 3.10] Let X be a K3 surface and G a finite subgroup
of the group of isometries of H*(3,7Z). Denote by w the period of ¥ in H?(X,C)
and set Sg(X) := (H*(X,2)%)* N {Cw}*. Then there exists an element @ in the
Weyl group W(X) of ¥ such that wGw =t C Aut(X) if and only if
(i) Cw is G-invariant.
(ii) Sg(X) contains no element of length —2.
(iii) If w € H?(%,C)C then Sq(X) is non-degenerate and negative definite if
Sa(5) 0.
(iii") If w ¢ H%(X,C)¢ then H*(X,C)¢ contains an element o with (o, ) > 0.

Proof of Theorem 5.5. We have already proven that wx € Q’}’f. Conversely, if
dim N (&) > 2 the locus Q%ﬁ \ A is non empty (see the proof of Proposition 5.3).
By our assumptions on the lattice T, for any w € Q?’E \ A the map p(o) acts as the
identity on the (—2) class of the decomposition A & (—2) = L (where A is the K3
lattice with a fixed embedding to L) so it leaves invariant the lattice A. We have
thus a corestriction map to A = L/({—2):

p: G— O(A).

This has the property that T = A”(?) and by our assumption on S the orthogonal
complement of T in A is S. Now as in [18, §11] we consider the period domain of

(p, T)-polarized K3 surfaces. For £ # —1 this is
T =
DZs = {z € P(S(¢)) | (z, ) > 0}
and for £ = —1 this is
DS = {w € P(S(€))| (w,2) = 0, (2,7) > 0}.

Observe that D%g \ A is not empty because it coincides with leg \ A (which is not
empty by assumption). The point w € Q%g \ A is then also a point in D%E \ A,
hence there exists a T-polarized K3 surface X (see [2, §9] and [18, §11]). It has a
T-polarization 1 : A — H?(%,Z) with an(T) C NS(X) and n(w) = H*%(X). The
isometry nop(c) on~! acts on H%(X,Z), it is the identity on j(T) (where j := )
and it preserves H29(X). Let us check that the conditions of Theorem 5.6 are
satisfied. Since the line generated by w is preserved by p(c) we have condition 7).
By assumption S N {w}* N A does not contain classes of length —2, this gives
condition 7). By construction T is the p(c)-invariant sublattice of A and it is
hyperbolic, so it contains a class a with (o, ) > 0, this gives condition #ii)’. So
there exists a € Aut(X) with a* = no p(o) on~! (up to conjugation with an
element of the Weyl group). Take Y := X[ with the marking L — H?(Y,Z) =
H?(3,Z) @ (—2) in such a way that its restriction to A is equal to 7. We still
denote this marking by 7. By construction Y admits an automorphism a[? such
that (al?)* =750 p(c)on~', so Y is (p,T)-polarized with period wy = w. O

Corollary 5.7. Let X, resp. X', be two IHS — K3[ admitting non-symplectic
automorphisms o, resp. o', of the same prime order p. Assume as above that
T,(X) =T @ (-2) = Ty/(X') and S,(X) = So/(X') have rank at least p. Then
there exists h € O(L) such that hop(c)oh™! = p'(0’) (that is: once fived the order,
the action of o on L is uniquely determined by T, and Sy ).
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Proof. We use the same notation as above. As in the proof of Theorem 5.5 we can
associate to X and X’ two K3 surfaces ¥ and ¥’ with respective automorphisms &
and &’ such that T5(X) = T5/(¥') and S5(X) = S5/(¥'). Then by [2, Proposition
9.3] * and & are conjugated via an element of O(A). More precisely if p: (o) —
O(A) and p': (¢') — O(A) are the corestrictions of the analogous morphisms with
image in O(L), then there exists h € O(A) such that ho p(o) o h=! = p/(0’). We
define an isometry h of L = A ® (—2) by: hjy = h and hj(_s) = id. Recall that:

p(o)—2y =id,  p'(0"))(—gy = id.
This implies that h o p(o) o k™' = p/(0”’), hence the statement. O

6. EXAMPLES OF AUTOMORPHISMS

6.1. Natural automorphisms on Hilbert schemes of points. Let ¥ be a K3
surface and ¢ be a non-symplectic automorphism of prime order p > 3 acting on .
By [2, Theorem 0.1] the fixed locus X¥ is a disjoint union of curves and points of
the form

Zw:CgURlu...URkU{pl,...,pN}

where Cj is a smooth curve of genus g > 0, R;, i = 1,..., k, are smooth rational
curves, and pj, 7 = 1,..., N, are isolated fixed points. The isolated fixed points are
of different types depending on the local action of ¢ at them. The possible local

actions are
( gt 1 ; )
= P _ t=0,...,p—2;
)t t ) ) ) )
P 0 5;1;

here we use the same notation as in [2] and we denote by n; the number of isolated
fixed points corresponding to the local action A, ;.

By using the results of [7, §4.2] one computes the fixed locus of ¢ on X2 Tt
consists of:

e N(N—-1)/242(N — in—l) isolated fixed points. For this contribution, one
has x = h* :N(N—l)/2+2(N—npz;1).

. (an;l + Nk + k) smooth rational curves: Nyt for each fixed point at
which the local action has two equal eigenvalues, Nk for each couple of a
fixed point and a rational curve, and k for each rational curve. This last
case comes from the fact that taking the schemes of length 2 of X[ over
a point of a rational curve, we get a curve isomorphic to P! contained in
the exceptional set (we also get a surface isomorphic to P? = (P')[?, this
contribution is taken into account below). For this contribution, one has
x =h* :2(11;%1 + NE+ k).

e N + 1 curves isomorphic to Cj, one for each couple consisting of a fixed
point p; and the curve Cy, and one for the curve Cy. The explanation for
this last contribution is the same as above in the case of the rational curves.
Here x = (N +1)(2 — 2g), h* = (N + 1)(2 + 2g).

o k(k —1)/2 surfaces isomorphic to P! x P!, one for each couple of distinct
rational curves. Here x = h* = 4(k(k — 1)/2).

e k surfaces isomorphic to P! x Cy, one for each rational curve. Here x =
(4 —49)k, h* = (4 + 4g)k.

e k surfaces isomorphic to P2 = (P1)[?), one for each rational curve. Here
x = h* = 3k.
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e one surface (C,)!?, which is the Hilbert scheme of two points on C,. Here
x =3+ 2¢% — 59, h* =3 +2¢° + 3g.

As a consequence, the fixed locus of 2 on %12

has invariants:
X:2(in—1 +Nk+k)+N(N —-1)/2
+2(N = s ) + 4k(k — 1)/2 4 3k + (N +1)(2 - 29)
+ k(4 — 4g) + 3 — 5g + 2¢°
=(1/2)(2g —2— N — 2k)(2g — 5 — N — 2k),
h* = N?/2 4+ 7N/2+ 2Nk + Tk + 2Ng + 5 + 5g + 2k + 4kg + 2¢>.

Observe that ¢!2 acts non-symplectically on 2. In fact there is an injective
morphism ¢ : H2(%,C) — H?(X?, C) such that

H*(2P,C) = (H*(2,C)) @ CIE]

where E denotes the exceptional set and ¢ respects the Hodge decomposition (see
3, Proposition 6]). If a € H*?(X) then «(a) € H*°(X?!) and by the definition of ¢
one has pl?(1(a)) = t(p(a)) (see [11]). This implies that S,(¥) = Sw[z](Z[Q]) and
(=2) ® Ty(Z) = T, (S?). In the Tables 1, 3, 4, 5, 6, 7 we mark with a & the
cases that are realised with natural automorphisms.

Remark 6.1. Theorem 3.3 for the order 5 automorphisms holds only for natural
automorphisms, so in Table 2 the list of admissible triples (5,m,a) is only in this
special case. For the moment, there are no other known examples of non-symplectic
automorphisms of order five (see also Remark 6.3).

6.2. The Fano variety of lines on a cubic fourfold. Let V' be a smooth cubic
hypersurface in P, the Fano variety of lines on V is defined as

F(V):={lc Gr(1,5)l C V}.

By [6] the variety F(V) is an THS — K3[2. One can construct examples of non-
symplectic automorphisms of prime order by starting with an automorphism of a
cubic hypersurface in P> and then looking at the induced automorphism on F (V).
By a classical result of Matsumura and Monsky [27] the automorphism group of a
cubic hypersurface in P° is finite, the automorphisms are induced by linear auto-
morphisms of P° and a generic cubic hypersurface in P? has no automorphism. All
automorphisms of prime order of smooth cubic fourfolds are classified in [20, The-
orem 3.8]. We are interested in those that induce a non-symplectic automorphism
on F(V).

Denote by Z C F(V) x V the universal family and by p, resp. ¢, the projection
to F(V), resp. V. By [6, Proposition 4] the Abel-Jacobi map

A= p.q': HNV.Z) — H2(F(V),Z)

is an isomorphism of Hodge structures with A(H31(V)) = H?0(F(V)). If o is an
automorphism of V', by equivariance of A one has o* (wp(vy) = A(U*(A_l(wp(v)))).
Let f := f(xo,...,s5) be the cubic polynomial whose zero set in P® is V. By Grif-
fith’s residue theorem (see [40, Proposition 18.2]) the cohomology group H>1(V)
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is one-dimensional and generated by the residue Res (‘%"), where

wps = Z(fl)led:ro VANIRAWAN d/IE\l VANIRAWAN dl‘5.

g

Assume that o is an automorphism of P> such that ¢(V) = V. The form U}P; is
a closed meromorphic 5-form on P°, holomorphic on P° \ V, with poles of order
two along V, that we consider as a differential form on U := P5 \ V. Taking its
cohomology class we get an element in H°(U,C). There is a natural o-equivariant
isomorphism H°(U,C) = H®(P®,Q;(logV)). For a form with logarithmic pole

a A % € s (logV), with a € QD'};l, one has by definition Res (a A ﬂ) = 2ira)y

f
(see [40, §18.1.1]). Since o has finite order we can assume that it acts diagonally,
that is o(xo, ..., 25) = (aoZo, ..., asx5) and denote det(c) =[], ;. Then o*wps =

det(o)wps. Assume furthermore that f is a projective invariant for o, that is o* f =
Ao f with A, € C*. Then o* (%) = % so the map Res: H5(U,C) — H*(V,C) is
o-equivariant. It follows that:

o* Res (?T) = de;uéo) Res (c;]f) .

This proves the following result:

Lemma 6.2. Let o be a diagonal automorphism of V. If the homogeneous polyno-

mial of degree three f € Clxy,...,xs] which defines V is a projective invariant for

the action of o, with o* f = A\, f then the action of o on F(V) is non-symplectic if
. det(o)

and only if =z~ # 1.

Looking inside the classification of [20, Theorem 3.8] we see that examples of
non-symplectic automorphisms occur only for p = 2,3. In this section we consider
only the case p = 3 and we find four families of examples, for which we compute
now the fixed locus and the lattices 7" and S. Put £ := exp(27i/3).

Remark 6.3. There is a small mistake in the classification of [20]: the cubics of
the family denoted F2, that would have a non-symplectic automorphism of order
5, are in fact all singular (as confirmed to us by the authors of [20]). So this family
should not be in the list.

Example 6.4. (Case T = (6)). Consider the automorphism of order 3 of P® given
by:
0'1(%02%12CE22$32$42$5):($02(£1Z$22$33$41£$5).
The family of invariant cubics is
Vi Ly(2o,...,24) + 25 =0

where L3 is a homogeneous polynomial of degree 3. The fixed locus of o7 on V'
is the cubic 3-fold C := {z5 = 0, Ls(zo,...,24) = 0}. The fixed points on F(V})
correspond to oj-invariant lines on V. If a line L C V is invariant then either it
is pointwise fixed or it contains two fixed points. If L is pointwise fixed then it is
contained in C, if it is only invariant but not pointwise fixed, then L intersects C
in two points. Hence it intersects also the hyperplane {x5 = 0} in two points so
it is contained in it. Hence L C V N {z5 = 0}, this means that L is contained in
C. We call again o7 the induced automorphism on F'(V7), this is non-symplectic
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by Lemma 6.2. We have shown that its fixed locus is the Fano surface F(C) of C.
This is a well known surface of general type with Hodge numbers: h':0 = p01 =5,
h%% = h%0 =10, K1 = 25 (these are computed e.g. in [14]). Hence one computes
X(F(V1)7t) = 27 and h*(F(V1)?',F3) = 67. By using the formulas (1) and (2) we
get m = 11, a = 1 so looking in the table we have S,, (F(V})) = U2 @ E$? @ A,
and T,, (F(V1)) = (6). Finally observe that the dimension of the family F(V;) is
10, which is also rank(Sy, (F/(V1)))/2 -1 .

Example 6.5. (Case T = U @ AT @ (—2)). Consider the automorphism of order
3 of P5 given by:

oo(o: X1 :@o 1 @3 1 xg : T5) = (T : X1 : X2t w3 : Exg : ET5).
The family of invariant cubics is
Va: Ls(zo, 21, 22) + M3(24,25) =0

where L3 and M3 are homogeneous polynomials of degree 3. The fixed locus of o5
on Va is {xg = 21 = 2 = x3 = 0, M3(x4,25) = 0} which are three distinct points
p1, P2, p3 and the cubic surface K of P? given by {24 = x5 = 0, L3(z0, 21, 72) = 0}.
An invariant line through 2 points must contain also the third point and in fact it
is the line {z¢p = 21 = 23 = x5 = 0}, which is not contained in V5. An invariant
line through p; and a point of K is contained in V5. So on F(V3) we have three
fixed surfaces isomorphic to the rational cubic K, this has h?(K,Z) = h*1(K) = 7.
Moreover each fixed line on K determine a fixed point on F(V3) so we have 27
isolated fixed points. By Lemma 6.2 the induced automorphism on F'(V3), that we
call again oy, is non-symplectic. Using the fact that the odd cohomology of the
fixed locus is zero we have:

x(X72) = h*(X72 F3) = 3(2 + 7) + 27 = 54.

Then one computes that m = a = 5 by using the formulas (2) and (1). Looking in
the table we have Sy, (F(Va)) = U U(3)® A? and T,,(F(Va)) = UD AP @ (—2).
Finally the dimension of the family is 4 which is equal to rank(S,,(F(12)))/2 — 1.
Observe that this automorphism does not have the same fixed locus as the natural
automorphism on a Hilbert scheme with the same lattices S and T

Example 6.6. (Case T = (6) ® E (3)). Consider the automorphism of order 3 of
P5 given by:

o3(zo 21 o 3wy x5) = (g 1 Ty 2 Tz €z : g E25).
The family of invariant cubics is
Vs Ls(zo, 21, 22) + Ms(23, 24) + 23 + 25(x3L1 (20, 21, T2) + 24 M1 (20, 21, 22)) = 0

where L3 and M3 are homogeneous polynomials of degree 3 and L; and M; are
linear forms. The fixed locus of o3 on V3 is the union of the elliptic curve E : {z3 =
x4 = x5 = 0, L3(x0, x1,22) = 0} and of the 3 isolated fixed points q1, ¢2, g3 given by
{zo = 21 = 22 = x5 = 0, M5(z3,24) = 0}. Any invariant line containing two fixed
points on E is contained in the plane {x3 = 24 = x5 = 0} so it cannot be contained
on V3. On the other hand a line through two of the points g; must contain also
the third point and it is the line {x3 = 24 = x5 = 0} which is not contained in
V3. Finally all invariant lines through a point ¢;, 7 = 1,2,3 and a point of E are
contained in V3 so F(V3)?% contains 3 elliptic curves isomorphic to E. By Lemma
6.2 the induced automorphism on F(V3) is non-symplectic. One computes then
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x(X?) = 0 and h*(X93,F3) = 12 so by using the formulas (1) and (2) we get
m = 8,a = 6. By looking in the Table 1 one finds that S,,(F(V3)) = U®? @ AY®,
T, (F(V3)) = (6) ® EY(3). Finally the family of varieties F(V3) is 7-dimensional
which is equal to rank(S,, (F'(V3)))/2 — 1.

Example 6.7. (Case T = U(3) ® EY(3) @ (—2)). Consider the automorphism of
order 3 of P° given by:

o4(mg w1 1Ty 1wy gt xs) = (w0 1 1 1 €y : Exg : E2my 2 E25).
The family of (projective) invariant cubics is
Vi : waLo(xg, 21) + x3Mo(20, 1) + 23 L1 (20, 1) + T425 M1 (20, 71)
+ 22Ny (20, 1) + 24 No(2, 23) + 25 P2 (22, 23) =0

where Ly, My, No and P, are homogeneous polynomial of degree 2 and Ly, M,
and N; are linear factors. The fixed locus of o4 on Vj is the union of the three
projective lines Ly, Lo, L3 of equations {zxg = 21 = 2 = 23 = 0}, {xg = z1 =
x4 = x5 = 0}, {2 = z3 = 4 = x5 = 0}. Each line determines a fixed point on
F(Vy). On the other hand an invariant line L intersects two of the lines L; in one
point each. Take a line L intersecting for example the lines L; and Ly in the point
(0:0:0:0: pg: ps) respectively (0:0: g2 : g3 : 0:0), then this points satisfy
the equation pyNa(q2, q3) + psP2(ge, g3) = 0. This is a rational curve on the surface
L1 x Ly =2 P! x P!, hence we have a fixed rational curve on F(Vy). In the same
way taking the lines L1, Ls and Lo, L3 we get 2 rational fixed curves on F'(V}). By
Lemma 6.2 o4 acts non-symplectically on F(Vy). One computes x(F(V3)7*) = 9
and h*(F(Vy)?4,F3) = 9, checking in the Table 1 one finds that S,,(F(Vy)) =
UaUB)®AYS, T,,(F(V4)) = U(3)® EY(3) @ (—2). Finally the family of varieties
F(Vy) is 6-dimensional which is equal to rank(S,, (F(V4)))/2—1. Observe that this
automorphism has the same fixed locus as the natural automorphism on a Hilbert
scheme with the same lattices S and T

In the Tables 1, 3, 4, 5, 6, 7 we mark with a < the cases that are realised with
automorphisms on the Fano variety of lines of a cubic fourfold.

Remark 6.8. Let V be a 6-dimensional vector space. The wedge product A :
AV x A3V — ASV induces a sympletic form w on A3V by choosing an iso-
morphism A%V = C. Consider a Lagrangian subspace A C A3V and define
Yu:={veP(V)/(v ANV)NA+#O0}; for general A, Yy is a hypersurface of degree
6 of the type described by Eisenbud—Popescu—Walter. Such a hypersurface is not
smooth, but for a general A it has a smooth double cover X 4 which is an THS — K32
(see [34]). These are called double EPW-sextics. One can construct automorphisms
of X4 induced by automorphisms of prime order of V' as done in [13] and in [29].
A direct computation shows that using double EPW-sextics one can only construct
non—-symplectic automorphisms of prime order two and these examples are already
explained in [13] and in [29].

7. EXISTENCE OF AUTOMORPHISMS

Starting from our list of all admissible values of (p, m, a) we want to realize each
case by an automorphism, using Theorem 5.5 and the examples of Section 6. The
following result shows that it is always possible, except in one case:
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Theorem 7.1. For every admissible value of (p,m,a) # (13,1,0) there exists an
THS — K32 with a non-symplectic automorphism o of order p whose invariant
lattice T, and orthogonal lattice S, are those characterized in Theorem 3.8. The
fized locus is a disjoint union of isolated fixed points, smooth curves and smooth
surfaces whose invariants h* and x are given in formulas (1) and (2).

Proof. We refer to Tables 1, 3, 4, 5, 6, 7 in Appendix A for the isometry class of
the lattices and the values of x and h*, that depend only on (p, m,a).

Ezistence. Observe that by Proposition 3.10 the lattice 7" has a unique primitive
embedding in L. So except for (p,m,a) = (3,11,1) and (p,m,a) = (3,8,6) it
is not a restriction to assume that 7 = T @ (—2) with T primitively embedded
in A. Moreover by Theorem 2.2 the lattice S is uniquely determined (the case
S = As(—1) is a direct computation) and it is in fact the orthogonal complement
of T in A. Assume that T =T @ (—2). If rank S > p — 1 the existence follows from
Theorem 5.5, the moduli space is a complex ball of dimension dim S(£)—1 and these
cases are realized by natural automorphisms on the Hilbert scheme of points of a
K3 surface (see § 6.1 for explicit examples). If rank S = p—1 then dim Q%’g =0and
the existence follows again from the existence of a K3 surface with a non-symplectic
automorphism of order p with lattice T and S. The remaining cases (3,11, 1) and
(3,8,6) are realized by automorphisms on Fano varieties of lines on cubic fourfolds
in Example 6.4 and Example 6.6..

Fized locus. We prove that the fixed locus is smooth and that the maximal
dimension of a fixed component is two. By the Local Inversion Theorem, since o
has finite order its action at the neighbourhood of a fixed point = can be linearized
as an action of a 4x4-matrix M. The dimension of the fixed locus at z is the
multiplicity of 1 as an eigenvalue of M. It follows that the fixed locus is the
disjoint union of smooth connected subvarieties. Since o is non-symplectic, one
has MTJM = ¢,J where J = (_01.2 1;]2
&p is some primitive p-th root of unity. Since M~ = E;IJ’lMTJ one observes
that if A is an eigenvalue of M, then ,/\ is also an eigenvalue of M with the
same multiplicity. It follows that there are two possible sequences of eigenvalues
for M: (1,¢&,, ,()erl)/Q) with multiplicities (a,a,b) or (1,¢&,, ;,fp_“'l) with 27 £ 1
mod (p) with multiplicities (a, a,b,b). Since the sum of the multiplicities equals 4,
we conclude that a < 2 so the maximal dimension of a fixed component is two. [

) is the standard symplectic form and

Remark 7.2. One can get some extra information on the local action of an auto-
morphism o at the neighbourhood of a fixed point by using the Pfaffian. With the
same notation as in the proof above, one has:

& =Pf(&J) = PH(MTJM) = Pf(J) det(M) = det(M).

In the first case mentioned in the proof, the eigenvalues are (1,&,, ,(,p +/ 2) with

multiplicities (a, a, b) such that 2a+b = 4 and the equation above gives a+ %b =2
mod (p). In the second case, the eigenvalues are (1,§,, ;,f;”l) with 2i # 1
mod (p) with multiplicities (a, a,b,b) such that a + b = 2.

Remark 7.3. The case (13,1,0) can not be realized by a natural automorphism
for the following reason. Suppose that there exists an irreducible holomorphic
symplectic manifold X with a natural automorphism ¢ with invariants (p, m,a) =
(13,1,0), S = U & U & FEg and invariant lattice T = U & FEg & (—2). If this
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automorphism is natural then there exists a K3 surface with a non-symplectic
automorphism of order 13 and T = U @ Fg, S = U @ U @ Eg, but by [25, Theorem
4.3] such a K3 surface does not exist. This situation is similar to the case p = 23
(the maximum prime order for a non-symplectic automorphism on such varieties,
see [10, § 5.4]) that cannot be realized by a natural automorphism. It is an open
problem to construct (or exclude) such non-natural automorphisms of order 13 or
23 on IHS — K32

Remark 7.4. In the case p = 2 one can do a similar construction as above, but the
situation is more complicated. E.g. we can have several non equivalent embeddings
of T with different orthogonal complements S, which give then different moduli
spaces (see Proposition 8.2 below and [24] for a description of the moduli spaces).

Corollary 7.5. Let X be an THS — K3 with a non-symplectic automorphism o
of prime order 3 <p <19, p # 5. If (p,m,a) ¢ {(3,8,6),(3,11,1),(13,1,0)} then
the action is unique in the sense of Corollary 5.7.

Proof. By assumption, using Theorem 3.8 in each case the lattice T" is of the form
T ®(—2) so the assertion follows from Theorem 5.7 and from the fact that the cases
where the moduli space is zero-dimensional are realized by natural automorphisms
on K3 surfaces. O

Corollary 7.6. There exist IHS — K312 with non-natural non-symplectic automor-
phisms of prime order p = 3.

Proof. We provide two examples of THS — K32/ admitting a non-symplectic auto-
morphism that can not be the deformation of an automorphism on a Hilbert scheme
of points induced by an automorphism of the underlying K3 surface.

(p,m,a) = (3,11,1). This is Example 6.4, here rank T = 2. For every automor-
phism on some X2 induced by an automorphism of the K3 surface ¥, the rank of
the invariant lattice is at least two, since it contains the class of an ample divisor
on the K3 surface and the class of the exceptional divisor is also invariant. Since T’
is invariant under equivariant deformation this automorphism is non-natural.

(p,m,a) = (3,8,6). This is Example 6.6, here S = U%2 @ A§e6. This lattice is
invariant under equivariant deformation. Checking all automorphisms obtained by
using K3 surfaces one sees that this lattice can not be obtained in this way (see [1]
or [38]), so this automorphism is non-natural. O

Remark 7.7. (Different fixed loci) We have shown that in many cases the
action of the automorphism on the lattice L is uniquely determined (see Corol-
lary 5.7), but in general the fixed locus is not uniquely determined, for instance in
the case (p,m,a) = (3,5,5). As explained in § 6.1, starting with a K3 surface ¥
with a non-symplectic automorphism of order three with fixed locus consisting of 5
isolated fixed points and two rational curves (see [2, Table 2]) we obtain a natural
automorphism on the Hilbert scheme X2/ with fixed locus consisting in 10 isolated
fixed points, 17 rational curves, one surface isomorphic to P! x P! and two surfaces
isomorphic to P2. As explained in Example 6.5, using the Fano variety of lines
on a cubic fourfold we construct a non-symplectic automorphism with a different
fixed locus consisting this time of 27 isolated fixed points and three rational cubic
surfaces. In contrary, Example 6.7 shows a similar situation where the fixed loci
are identical.
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Remark 7.8. (Open questions) The study of the Examples 6.7 and 6.5 leads us
to the following questions, that for the moment are open:

e Are (some of ) the Fano varieties with automorphism (X, oc4) as in Example
6.7 natural in the ”old” sense?

e Are (some of) the Fano varieties X in Example 6.5 isomorphic to xR for
some K3 surface %72 If the second question is answered in the affirma-
tive, then the example shows the existence of a non-natural non-symplectic
automorphism of order three on a Hilbert scheme 21

8. NON-SYMPLECTIC INVOLUTIONS

Beauville in [5, Proposition 2.2] shows that the fixed locus of a non-symplectic
involution ¢ on an THS — K3 is a smooth Lagrangian surface F (possibly not
connected) such that x(Op) = (2 +7) and e(F) = £(t* +23), where ¢ is the trace
of o* on H1(X), and he proves that ¢ can take all odd integer values —19 < t < 21.
Moreover, he provides examples for all such cases: these are all natural examples
except one: Beauville’s non-natural example from [3] for ¢ = —19. Nevertheless,
the paper contains no information about the invariant lattice and its orthogonal.

Ohashi and Wandel in [36] study the case ¢ = —17 in detail by classifying all
possible conjugacy classes of non-symplectic involutions. In fact, such conjugacy
classes are in bijection with the orbits of primitive embeddings of the invariant
sublattice T' in L. Moreover, in their paper they show that all conjugacy classes
are indeed realized, at least abstractly, and give a new explicit example for one of
the families using moduli spaces of sheaves on K3 surfaces.

The proof of [10, Lemma 5.5], with little modification, gives the following result
for the case p = 2:

Lemma 8.1. Let X be an THS — K3B and G a finite group of order 2 acting
non-symplectically on X. Then:

st(gjiz) = (%)GBaG(X) for some integer 0 < ag(X) =: a.

e S has signature (2,7 —2) and T has signature (1,22 —r) where r = rank S;
o cither Ap = (Z/272)%"! and Ag =2 (Z/27)%% or vice versa.

Hence both T and S are indefinite 2-elementary lattices and T is hyperbolic.
Recall that the isomorphism class of an indefinite 2-elementary lattice is classified
by the triple (r,a,d), where r is its rank, a is the length of the discriminant group
and § = 0 if the discriminant form takes values in Z/27Z C Q/27Z and 1 otherwise.
We are interested in counting how many non-isomorphic primitive embeddings of
T in L there are. Proposition 8.2 below is the analogous of the Proposition 2.7 in
the case of involutions. We formulate it this time for the lattice T" instead of S for
compatibility with Nikulin’s classification [33] of non-symplectic involutions on K3
surfaces in terms of hyperbolic 2-elementary lattices.

Proposition 8.2. Let T be an even hyperbolic 2-elementary lattice of signature

(1,t) and length ((Ar) = a > 0, and L = U®3 @ E$? @ (=2). Assume that T
admits a primitive embedding in L. Then:

(i) If there is no © € Ar such that gr(z) = 3/2 mod 2Z, then T admits

a unique primitive embedding into L whose orthogonal complement is a
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2-elementary lattice S of signature (2,20 — t) length ¢(As) = a + 1 and
s = 1.

(ii) Otherwise, mon-isomorphic primitive embeddings of T into L are in 1-1
correspondence with mon-isometric choices of a 2-elementary lattice S of
signature (2,20 — t) with either (Ag) = (A7) — 1, or l(As) = (A7) + 1
and 6g = 1.

Proof. We proceed as in the proof of Proposition 2.7. By [32, Proposition 1.15.1] a
primitive embedding of T into L is equivalent to the data of a quintuple (Hr, Hr,, v, S, vs)
satisfying the following conditions:

e Hyp is a subgroup of Ar = (Z/27)%*, Hp, is a subgroup of A; = Z/27Z
and v: Hp — Hp is an isomorphism of groups such that for any x € Hrp,
qr(v(z)) = qr ().

e S is a lattice of invariants (2,20 — ¢,¢qs) with g5 = ((—qr) @qL”Fi/F’
where T is the graph of v in A7 @ Ay, I'* is the orthogonal complement of
T'in A7 & A, with respect to the bilinear form induced on Ar @ A, and
with values in Q/Z and 7g is an automorphism of Ag that preserves g¢g.
Moreover S is the orthogonal complement of T" in L.

In our case there are only two possibilities:

(1) Hr = Hy, = {0} and v = id. In this case I' = {(0,0)}, so the discriminant
group of the orthogonal complement is Ap & Ay and ¢s = —qr D qr-
Recall that A, = Z (2) so let y € Ay be such that ¢,(y) = 3/2; then
45((0,9)) = a(y) & Z/Z and hence 5 — 1.

(2) Hr = H, = Z/27Z and «y = id. This case can happen only if there is z € Ap
such that gr(z) = 3/2. In this case I' = Z/27, so the discriminant group
of Sis Ag =T+ /T = (2/27)%*! and qs = (—qr @ qL)|As -

In each case the lattice S is 2-elementary so the natural map O(S) — O(gs) is
surjective by [32, Theorem 3.6.3]. This implies that different choices of the isome-
try s produce isomorphic embeddings of 7" in L. As a consequence, if there is no
x € Ap such that ¢gr(x) = 3/2 mod 2Z only the first case occurs and the lattice S
has signature (2,20 —t), ¢(As) = a+ 1 and dg = 1. As noted in Remark 2.3, the
lattice S is uniquely determined by these invariants so 7" admits a unique embed-
ding in L. Otherwise, both cases can occur and the primitive embeddings of T" in
L are classified by S: the signature of S is (2,20 —t), in the first case S has length
a+ 1 and dg = 1, in the second case its length is a — 1. O

Remark 8.3. As a consequence, the lattice T' admits at most three non isometric
embeddings in L. In particular:

(1) If 67 = 0, then case (i) occurs and T" admits a unique primitive embedding
in L. By [33, Theorem 4.3.2] this implies that 1 —¢ = 0 mod (4) so
rankT =2 mod (4).

(2) By [16, Theorem 1.5.2] if g = 0, then ¢ — 18 = 0 mod (4) so rank.S =0
mod (4) and rankT = 3 mod (4). Hence if rankT # 3 mod (4) one has
necessarily ds = 1, hence 7" admits at most two embeddings in L.

In Figures 1,2 we give all possible values of (r,a,d) such that a 2-elementary
lattice 1" with these invariants admits a primitive embedding in L. In order to
show all possible embeddings, in Figure 1 we give the cases where the orthogonal S
has the property ¢(Ag) = ¢(Ar) + 1 and in Figure 2 we give the cases where
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l(As) = ¢(Ar) — 1. These figures are obtained by using the results of Nikulin on
primitive embeddings (see Remark 2.3).

Remark 8.4. Let ¥ be a K3 surface with a non-symplectic involution ¢ such that
the invariant lattice 7,(X) has invariants (r,a,d). Then the natural involution ¢/
induced by ¢ on X[ gives an example of the case where the invariant sublattice T
has invariants (r +1,a + 1, 1), its orthogonal complement S satisfies £(Ag) = a =
(Ar)—1 and §g = 0. This gives a realization of all the cases illustrated in Figure 2.

Proposition 8.5. Under the same assumptions as in Proposition 8.2, for each
embedding j : T — L there exists an THS — K3[! with a non-symplectic involution
o: X — X such that the invariant lattice T,(X) C H?(X,Z) is isomorphic to the
embedding j(T) C L.

Proof. The proof follows the same lines as those of [36, Lemma 2.6] with one excep-
tion. The isometry i = idy ®(—idg) of T'® S induces the identity on Aggr, so it
leaves stable the subgroup %GS C Args. Thisimplies that ¢ extends to an isometry
of L such that L* = T (see [32, Corollary 1.5.2]). Assume first that rank 7" < 20.
By the surjectivity of the period map P, and Proposition 5.3, for any w € 7. there
exists an THS — K3[? with a marking n: L — H?(X,Z) such that n(T") = NS(X)
and n(w) = H?%(X). Then NS(X) is hyperbolic, so X is projective by [22, Theo-
rem 3.11]. The action of i on H?(X,Z) induced by 7, that we still denote by i, is
a Hodge isometry since i(w) = —w implies i(H*%(X)) = H?%(X). We apply the
Strong Torelli Theorem as stated in [26, Theorem 1.3]. We verify the conditions
of [26, Theorem 9.8] to prove that the involution ¢ is a parallel transport operator.
The positive vectors of T" and S generate a positive three dimensional subspace
of Lg whose orientation is preserved by i. Moreover since the lattice L admits
a unique primitive embedding in the Mukai lattice U®* @ E§e2, we conclude that
the involution ¢ is a parallel transport operator. Since X is projective and i acts
trivially on NS(X), it leaves invariant an ample class, so ¢ maps the Kéahler cone of
X to itself. By the Strong Torelli Theorem it follows that there exists an automor-
phism ¢ of X such that (* = i. Since the natural map Aut(X) — O(H?*(X,Z)) is
injective, ¢ is an involution.

Assume now that rank 7T = 21: the previous argument does not work since the
period domain is zero-dimensional but we observe that by [33] there exists a K3
surface ¥ with an involution ¢ such that the invariant lattice T,(X) has invariants
(20,2,1). Then by Remark 8.4 the involution /2 on X is such that (¢/2)* =
and realizes the case where the invariant sublattice T has invariants (21,3,1). O

Example 8.6.

(1) Take T' = (2), of invariants (1,1,1). The unique embedding in L (see Fig-
ure 1) corresponds to Beauville’s non-natural involution [3] on the Hilbert
scheme of two points of a quartic in P* containing no line, here S =
U®2 g E$? @ (—2)®2.

(2) Take T' = (2) @ (—2) of invariants (2,2,1). The embedding in Figure 1
has orthogonal S = U®2 @ Ex @ E; @ (—2)®2 it corresponds to Ohashi—
Wandel’s involution [36]. The embedding in Figure 2 has orthogonal S =
U®? @ E$? @ (—2) and is realized by a natural involution on the Hilbert
scheme of two points on a K3 surface (see Remark 8.4).
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APPENDIX A. TABLES FOR THE INVARIANT LATTICE AND ITS ORTHOGONAL

The isometry classes of the lattices S and T for all admissible values of (p,m, a)

are summarized in the Tables 1, 3, 4, 5, 6, 7 corresponding to p = 3,7,11,13,17,19.
The excluded values of (p, m,a) are not written in the tables.
Theorem 3.3 for the order 5 automorphisms holds only for natural automorphisms,
so in Table 2 the list of admissible triples (5, m, a) is given only in this special case.
Recall that in the Tables 1, 3, 4, 5, 6, 7 we mark with a & the cases that are
realised with natural automorphisms and with a <> the cases that are realised with
automorphisms on the Fano variety of lines of a cubic fourfold.

plml|al x | A S T
G311 27|67 | URGEPT @ A, (6)
&3[10[0] 9 [109 U®Z g EY? U®(-2)
&3[(10(2] 9 | 57 UaU®3)e ES? U@3) @ (—2)
&®3[9]1] 0 | 96 U2 @ Es @ Eg Ud Ay @ (—2)
&3(9 (3| 0 |48 |UdUB)DEs® Es U(3)® Ay & (—2)
&3/ 82 0 | &4 U2 @ Eg @ Eg U AS? & (—2)
&3/ 84| 0 |40 | UpUB)®ES? U3) @ AS? @ (—2)
&30 86 0 | 12 U®? ¢ A§ (6) @ By (3)

&3 71 9 [129 U2 g Ay, @ Ex U® Egd (-2)
®3| 73] 9 | 7B |UaUQB)®A @ Es U AP @ (—2)
&3 7|5 9 | 33 U®2 @ A3 U@3)® A3 & (-2)
O, 3| 7|71 9|9 UaU(3)d A U3) @ EY(3) @ (—2)
&3 6]0] 27 183 U®? @ By U® Eg®(-2)
&3 6 (2] 27 |115 UaU(3)® Fs Ud Eg® Ay @ (—2)
&3 6 [4] 27| 63 U2 A} U As & (-2)
&®3[6|6] 27| 27 UaU3) e A} UB)@ A5 (-2)
&35 1] 54 166 U®? @ B UdEs® Ay (—2)
&35 (3| 54 |102 UaU(3) D FEg Ud A2 Esg® (—2)
O, &35 | 5| 54 | 54 UaU(3)® A3 Ug A5 @ (-2)
&3] 4[2]90 [150 U%2 g A3 UdE:Zd(-2)
&3] 4 4]90 | 9 U U(3) o A3 U®dEs® A3 ® (—2)
&3| 3 [1]135]207 U2 @ A, UG Es®Es®(—2)
&3[3|3]135]135 UaU3)® Ay USES Ay @ (—2)
&3 20189273 U®2 U ES? o (-2)
&3] 2 [2]189 189 UaU(3) USE;®Es® A& (—2)
&3 1 [1]252]252 Ay(—1) USES? D Ay @ (—2)

TABLE 1. Order 3
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TABLE 7. Order 19

m | a| x(X%) | (XY Fy) Sa(X) Te(X)
501 -1 31 UdES? @ Hs Hs & (—2)
412 14 42 UG Hs® FEs® Ay Hsd Ay (—2)
4|4 14 14 UB)DHs® Es DAy | Hs® AL(5) & (—2)
31 54 102 U® Hs® Es Hs & Eg @ (—2)
33| 54 54 Uo Hs ® A} Hs & A ® (-2)
2|2 119 119 U® Hs D Ay H5€BA4@E8@<—2>
11| 202 202 U® H; Hs ® E3 ® (—2)
TABLE 2. Order 5
p |mijal x | A S T
7(3[1] 9 ]33 U2 @ By @ Ag U® K;®(-2)
713113 9 9 |UpU(M@EsDAs | U(T)® K7 ®(—2)
&7 2065|117 U%? @ Fg UdEs® (-2)
&7 22|65 65 UaU(T)® Es U(7) ® Eg @ (—2)
&7 1|1]170] 170 U®? g K UDFEs® A @ (-2)
TABLE 3. Order 7
plmlal x | b S T
&l11( 20| 5 [ 25 U®? g EF? U (-2)
11 22| 5 | 5 |UUI)@ES| U1 (-2)
& 11| 1 1104|104 | Ku(-1)@Es |U®AQ®(-2)
TABLE 4. Order 11
P ‘ m | a ‘ X ‘ h* ‘ S ‘ T
13[1]0]|77]103] U®?>@ Eqg U Es® (-2)
13| 1|1 |77 77 |US Es® Hiz | BEs® Hiz & (—2)
TABLE 5. Order 13
plmilal| x | A" S ‘ T
&17[1[1]35]35 U@ Es® L7 | U Lir & (—2)
TABLE 6. Order 17
plmial| x | A" S ‘ T
S19[ 1 [1[20]20]Kio(-1)®ES” [UD Ky ®(-2)
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FIGURE 1. Order 2 - The lattice T' admits an embedding in L with
orthogonal S such that ¢(Ag) = ((Ar) + 1.
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FI1GURE 2. Order 2 - The lattice T" admits an embedding in L with
orthogonal S such that I(Ag) = [(Ar) — 1 (all realized by natural
automorphisms)
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