
RATIONAL APPROXIMATION IN THE SENSE OF KATO FORTRANSPORT SEMIGROUPSMOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIFAbstra
t. In this paper we mix the rational approximation pro-
edure, whi
h is a time approximation with approximation in thesense of Kato, whi
h is a spa
e approximation for linear transportequation. In 1970, H. J. Hejtmanek [Hej℄ gave su
h a pro
edure forapproximation of the linear transport equation and he proved the
onvergen
e only for expli
it Euler s
heme. We extend this pro
e-dure to expli
it and impli
it Euler, Crank-Ni
olson and Predi
tor-Corre
tor s
hemes whi
h have the rate 1,2 and 3 in the sense ofrational approximation. Finally, we 
onstru
t the numeri
al illus-tration for justifying the above rate of 
onvergen
e.
1. Introdu
tion.Let A be a 
losed densely de�ned linear operator in a Bana
h spa
e X whi
h gen-erates a strongly 
ontinuous semigroup etA. By a rational approximation we mean theexisten
e of a rational fun
tion R(z), z ∈ C su
h that [R( t

nA)]n tends in some sense to
etA. It is 
lair that any rational fun
tion 
annot have a su
h property, so we de�neDe�nition 1.1. A rational 
omplex fun
tion R, is acceptable, if(i) |R(z)| ≤ 1, for all Re(z) ≤ 0;(ii) R(ix) 6= 0 for all x ∈ R;(iii) There exists a real 
onstant p ≥ 1 su
h that R(z) = ez + O(|z|p+1) as |z| → 0.In this de�nition the 
ondition (iii) implies that R(0) = R′(0) = 1 and p is 
alledthe 
onvergen
e rate of this approximation. If we want to emphasis on the rate of
onvergen
e we say that R, is p-acceptable.Con
erning the approximation in time (semi-dis
rete approximation), there is wealthof literature 
on
erning the 
onvergen
e and stability of the rational approximationsof an abstra
t Cau
hy problem (see [Bak, B-T1, B-T2, CLPT, H-K, LeR, Pal1, Pal2,Sai, Yan℄) In [H-K℄, Hersh and Kato have shown that if R is p-a

eptable, then for anyDate: September 7, 2010.1991 Mathemati
s Subje
t Classi�
ation. 65M12, 65J10.Key words and phrases. A

eptable rational fun
tion. Euler's expli
it and impli
it algorithm.Crank-Ni
olson s
heme. Predi
tor-Corre
tor algorithm. Rate of 
onvergen
e. Free, absorption, pro-du
tion transport semigroups. 1



2 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIF
f ∈ D(Ap+2),

lim
n→∞

‖R(
t

n
A)nf − etAf‖ = 0 (1.1)and the rate of the 
onvergen
e is O(( 1

n)p).In [B-T1℄ the assertion (1.1) is improved by Brenner and Thomée in the followingmanner:Theorem 1.2. Let R be a p-a

eptable rational fun
tion, then for any f ∈ D(Ap+1),

‖R(
t

n
A)nf − etAf‖ = O((

1

n
)p+1). (1.2)In other words, the rate of 
onvergen
e is p.In [CLPT℄ and [Pal1℄ a large improvement is given in the 
ase of the generator ofan analyti
 strongly 
ontinuous semigroup, by proving that in this 
ase one has (1.1)for any f ∈ X. In [Pal2℄ and more re
ently in [Sai℄ and [Yan℄, the same problem isinvestigated, when A is the generator of an analyti
 semigroup and the time step sizeis not uniform. In [E-R℄ this problem is generalized in the 
ase where the time stepsize is not uniform and A generates a C0-semigroup whi
h is not analyti
 and we haveproved that for any α > 1/2 and for every s ∈ (0, α − 1/2) , there exists some 
onstant

C∗ depending on α and s su
h that in the 
ase of uniform time partition we have
||(R(

t

n
A)n − etA)(1 − A)−α|| ≤ C∗(t + 1)

3

2 (
t

n
)β, (1.3)where β = ps

p+s+1 .In the next se
tion we will give the di�erent expressions of the rational approximationfun
tion in an abstra
t setting and we de�ne few well known algorithm su
h as Eulerexpli
it and impli
it methods, Crank-Ni
olson method and predi
tor 
orre
tor withtheir 
orresponding rate of 
onvergen
e in time whi
h is dedu
e from Theorem 1.2.Con
erning the approximation in spa
e, when A is the generator of a C0- semigroup,we de�ne the 
onvergen
e in the sense of Kato (see [Kat℄).De�nition 1.3. We say that a sequen
e of Bana
h spa
es {(Xn, ‖.‖n) : n = 1, 2, · · · }
onverges to a Bana
h spa
e (X, ‖.‖) in the sense of Kato and we write
Xn

K
−→ Xif for any n there is a linear operator Pn ∈ L(X,Xn) (
alled an approximating operator)satisfying the following two 
onditions:(K1) limn→∞ ‖Pnf‖n = ‖f‖ for any f ∈ X;(K2) for any fn ∈ Xn, there exists f (n) ∈ X su
h that fn = Pnf (n) with ‖f (n)‖ ≤

C‖fn‖n (C is independent of n).Let Xn
K
−→ X, Bn ∈ L(Xn) and B ∈ L(X). We say that Bn 
onverges to B in thesense of Kato and we write Bn

K
−→ B if

lim
n→∞

‖BnPnf − PnBf‖n = 0 (1.4)for any f ∈ X.



RATIONAL APPROXIMATION 3This notion is investigated by T. Ushijima [Ush℄, in whi
h he re
overed the Lax equiv-alen
e Theorem in this 
ontext. Another investigation in this dire
tion is a

omplishedin [CE℄ by the two �rst authors of this paper in whi
h it is 
onstru
ted an approximationfamily for the transport semigroup whi
h 
onverges in the sense of Kato to transportsemigroup.We assume that R is is a p-admissible rational fun
tion, with
R(z) :=

P (z)

Q(z)
=

∑k
j=0 αjz

j

∑ℓ
j=0 βjzj

(1.5)De�nition 1.4. We say that R, is p-acceptable in the sense of Kato, if for any n ∈

N there exists a �nite sequen
e of operators A
(j)
n , j = 1, 2, · · · ,m = (k(k+1)ℓ(ℓ+1))/2,su
h that ea
h of them is some �nite di�eren
e approximation of A the generator of the

C0-semigroup U(t) and
‖Un(t)Pnf − PnU(t)f‖n = O((

1

n
)p+1), (1.6)where

Un(t) =
α0I +

∑k
j=1 αj

∏j
p=1 A

(p)
n

β0I +
∑ℓ

j=1 βj
∏j

p=1 A
(p+k)
n

. (1.7)We think that is di�
ult to establishes the existen
e of the sequen
e A
(j)
n , j =

1, 2, · · · ,m in a systemati
 manner, but we do believe that is possible to 
onstru
t thissequen
e in 
ase by 
ase. For an illustration we look to the linear transport equation. Inother word, we 
onsider a matter of parti
les, 
onstituted of neutrons, ele
trons, ions andphotons. Ea
h parti
le moves on a straight line with 
onstant velo
ity until it 
ollideswith another parti
le of the supporting medium resulting in absorption, s
attering ormultipli
ation. The unknown of the transport equation is the parti
le density fun
tion
u(x,v, t). This is a fun
tion in the phase spa
e (x,v) ∈ Ω × V ⊂ R

2n at the time
t ≥ 0, whi
h belongs to its natural spa
e X = L1(Ω, V ). A
tually, ∫

Ω×V u(x,v, t) dx dvdesignates the total number of parti
les in the whole spa
e Ω × V at the time t. Thegeneral form of the transport problem is the following
(TP)





∂u
∂t = −v · ∇u − σ(x,′ v) +

∫
V p(x, v

′
, v)u(x, v

′
, t)dv

′ in Ω × V,

u(x,v, t) = 0 if x · v < 0, for all x ∈ ∂Ω

u(x,v, 0) = f(x,v) ∈ X,In this equation whi
h is known as linear Boltzmann equation the �rst term of theright hand side −v · ∇u(x,v, t) illustrates the movement of the 
lassi
al group of theparti
les in the absen
e of the absorption and produ
tion intera
tions. The se
ondterm represents the lost of the parti
les 
aused by the di�usion or absorption at thepoint (x,v) in the phase spa
e. Finally the integral of the last term represents theprodu
tion of the parti
les at the point (x,v) in the phase spa
e. The kernel p(x,v′,v)in this integral generates the transition of the states of parti
les at the position x and



4 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIFhaving the velo
ity v
′ to the parti
les at the same position having the velo
ity v. Thevelo
ity spa
e V is in general a spheri
al shell in R

n, namely
V = {v ∈ R

n : 0 ≤ vmin ≤ |v| ≤ vmax ≤ +∞}.In this arti
le, we study the parti
ular feature of the transport equation in whi
h werepla
e Ω with (−a, a) and we take V := [−1, 1]. We assume that σ is a stri
tly positive
ontinuous fun
tion with
0 < sm ≤ σ(x) ≤ sM for almost any x ∈ (−a, a) (1.8)and we repla
e the kernel p(x, v, v′) by 1

2p(x) whi
h is a positive 
ontinuous fun
tionindependent of (v, v′), su
h that
0 < sup

x∈[−a,a]
p(x) = kM . (1.9)With these assumptions the transport problem (TP) 
an be repla
ed by the followingparti
ular problem

∂u

∂t
= −v · ∇u − σ(x)u +

1

2

∫ 1

−1
p(x)u(x, v, t)dv in (−a, a) × [−1, 1];

u(−a, v ≥ 0, t) = 0, u(a, v ≤ 0, t) = 0 for all t > 0;

u(x, v, 0) = f(x, v) ∈ L1((−a, a) × [−1, 1]).

(1.10)Remark 1.5. (a) We denote the produ
tion term Af = 1
2

∫ 1
−1 p(x)f(x, v)dv = p(x)Pf ,with

Pf =
1

2

∫ 1

−1
f(x, v)dv, (1.11)whi
h is a rank one proje
tion on L1((−a, a)× [−1, 1]). This spa
e being generatingwe get ‖P‖ = 1, and ‖A‖ = kM , sin
e ‖A‖ ≤ kM and for the 
onstant fun
tion

p(x) = kM we get the equality.(b) It is well-known that the problem (TP) generates a C0-semigroup U(t)For de�ning the approximating spa
es Xn we pro
eed as in [CE℄. We divide thephase spa
e (−a, a) × [−1, 1] into a �nite number of 
ells by 
hopping the x interval
(−a, a) into 2mn equal parts and the v interval [−1, 1] into 2µn equal parts; hn and knare the lengths of these parts, that is,

hn =
a

mn
, kn =

1

µn
.Then ea
h 
ell 
an be labeled by a pair of integers (i, j) ∈ N , where

N := {(i, j) : i = −mn, . . . ,−1, 0, 1, . . . ,mn. j = −µn, . . . ,−1, 0, 1, . . . , µn}.The number of the parti
les in 
ell γ(i, j) = [ihn, (i + 1)hn]× [jkn, (j + 1)kn] is written
ξi,j.We de�ne the set of all real ve
tors ξi,j as the Bana
h spa
e Xn with the norm

‖ξ‖n =
∑

i,j

|ξi,j|, ξ ∈ Xn .



RATIONAL APPROXIMATION 5In [CE℄ for proving that the approximating spa
e Xn 
onverges in the sense of Kato to
X, we have proved the following Lemma.Lemma 1.6. (See [CE℄) For Pnf = {ξi,j : (i, j) ∈ N} where

ξi,j =

∫ (i+1)hn

ihn

∫ (j+1)kn

jkn

f(x, v) dx dv,we have(i) ‖Pnf‖n = ‖f‖ for all 0 ≤ f ∈ X;(ii) ‖Pn‖L(X,Xn) = 1;(iii) limn→∞ ‖Pnf‖n = ‖f‖ for any f ∈ X.The three last se
tions are 
on
erned with di�erent 
ases of transport equation.The �rst one (se
tion 3) we 
onsider the 
ollision free transport equation when theabsorption σ and produ
tion p rates of transport problem (TP) are zero. We showthat the approximating problem 
onverges in the sense of Kato and by 
hoosing anappropriate approximating operator for di�erent s
hemes all the s
hemes (Expli
it andimpli
it Euler, Crank-Ni
olson and Predi
tor-Corre
tor) give a unique algorithm whi
his a dis
rete form of the exa
t solution. We have to point out that this is one the rarepartial di�erential equations su
h that by taking an adequate approximating operatorfor any s
heme, one 
an retrieve a dis
rete version of the exa
t solution.In the se
tion 4 we take σ 6= 0 and p ≡ 0, the 
orrespondent equation is 
alledtomography or absorbing transport equation. Sin
e here we 
annot retrieve numeri
allythe exa
t solution we prove that the rate of the expli
it and impli
it Euler, Crank-Ni
olson and Predi
tor-Corre
tor s
hemes are respe
tively 1,2 and 3.The se
tion 5 is devoted to transport equation in his whole generality. In this 
asewe 
annot represent the expli
it solution of the equation. So, we will use the Theorems1.2 and 3.4 of [CE℄ for proving the 
onvergen
e of the approximate solution in the senseof Kato.In the last se
tion we 
onstru
t the numeri
al illustration for justifying the aboverate of 
onvergen
e.2. Finite-differen
e approximation in abstra
t setting.Let us 
onsider the abstra
t Cau
hy problem:
(CP)

{
du
dt = Au for t > 0,

u(0) = f ∈ Xin a Bana
h spa
e X and assume that A is the generator of a bounded strongly 
ontin-uous semigroup etA in X.There are various methods for resolving this problem by time �nite-di�eren
e ap-proximation and the most well-known of them are(a) Euler’s implicit and explicit schemes:

xn+1 − xn

τ
= Axn+1 and xn+1 − xn

τ
= Axn,
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h are equivalent to
xn+1 = (I − τA)−1xn and xn+1 = (I + τA)xn.Repla
ing τA by z the rational approximation fun
tion of Euler's impli
it s
hemebe
omes R(z) = (1 − z)−1 and for expli
it Euler's s
heme R(z) = 1 + z.(b) Crank-Nicolson scheme:The Crank-Ni
olson s
heme 
an be obtained by mixing the expli
it and impli
itEuler's s
hemes as follows. Take the xn+1/2 the value of u at the point tn+1/2 inthe middle of [tn, tn+1] su
h that

xn+1 − xn+1/2

τ/2
= Axn+1/2 and xn+1/2 − xn

τ/2
= Axn+1/2,whi
h gives

xn+1 = (I + (
τ

2
)A)(I − (

τ

2
)A)−1xn.Here the rational approximation fun
tion will be R(z) = (2 + z)(2 − z)−1.(
) Predictor-Corrector scheme:Here we add the equation

xn+1 − xn

τ
= A

(
xn+1 + xn

2

)with a predi
ted equation
xn+1 − xn

τ
= A(xn+1/2),where the predi
ted value of xn+1/2 
an be 
orre
ted by the equation

xn+1 − xn+1/2

τ/2
= A(xn+1).This manipulation gives

xn+1 = xn +
τ

3

[
Axn + A

(
2xn+1 −

τ

2
Axn+1

)]and by separating xn+1 from xn we get
xn+1 = (I +

τ

3
A)(I −

2τ

3
A +

τ2

6
A2)−1xn.The 
orresponding rational fun
tion would be R(z) = (1 + z

3)(1 − 2z
3 + z2

6 )−1.We will see that the above representations of rational approximation fun
tions of dif-ferent s
hemes 
an be mat
hed into the following de�nition for di�erent values of theinteger p.Remark 2.1. For impli
it Euler's method
R(z) = (1 − z)−1 = 1 + z + O(z2). (2.1)



RATIONAL APPROXIMATION 7Sin
e |R(z)| = 1/[(1 − Re(z))2 + Im(z)2] and Re(z) ≤ 0, we obtain the assertion (i) ofDe�nition 1.1. For z = ix,R(z) = 1/(1 − ix) 6= 0 and the assertion (ii) follows. Finally
ez =

∑
k≥0 zk/k! and (2.1) imply that

R(z) − ez = O(|z|2), (2.2)the same estimation holds for Euler's expli
it s
heme and 
onsequently we get theassertion (iii) of De�nition 1.1, and by using Theorem 1.2 the rate of 
onvergen
e is
p = 1 for both impli
it and expli
it Euler methods.Remark 2.2. For Crank-Ni
olson method

R(z) = (2 + z)(2 − z)−1 = 1 + z +
z2

2
+ O(z2). (2.3)Sin
e for a ≤ 0, √

(2 − a)2 + b2 ≥
√

(2 + a)2 + b2, we obtain the assertion (i) of De�-nition 1.1. For z = ix, |R(z)| = |(2+ ix)/(2− ix)| = 1 6= 0 and the assertion (ii) follows.Finally, ez =
∑

k≥0 zk/k! and (2.3) imply that
R(z) − ez = O(|z|3), (2.4)
onsequently we get the assertion (iii) of De�nition 1.1 for p = 2, and by using Theorem1.2 the rate of 
onvergen
e is p = 2.Remark 2.3. For predi
tor-
orre
tor s
heme

R(z) =
1 + z

3

1 − 2z
3 + z2

6

= 1 + z +
z2

2
+

z3

6
+ O(|z|4). (2.5)We remark that for z = ix, 0 6= |R(z)| ≤ 1, sin
e 1+ x2

9 ≤ 1+ x2

9 + x4

36 . Furthermore the
onformal transformation z 7→ 2i(z−1)
|z−1|2 + i, maps the left hand-side plane [Rez ≤ 0] intothe unit dis
 D(0, 1), so a

ording to maximum prin
iple |R(z)| ≤ 1 for all Re(z) ≤ 0and the assertions (i) and (ii) of De�nition 1.1 follow. Finally, (2.5) implies that
R(z) − ez = O(|z|4), (2.6)
onsequently we get the assertion (iii) of De�nition 1.1 for p = 3, and by using Theorem1.2 the rate of 
onvergen
e is p = 3.3. Approximation of 
ollision-free transport equation.The �rst step in this model is when the parti
les move without obsta
le, that is themedium is so rare�ed su
h that there is no other parti
le 
an 
hange the dire
tions ofea
h parti
le. In this 
ase if at the time t = 0 and at the point x there are f(x,v)parti
les with velo
ity v, then at the time t, these parti
les �nd themselves at the point

x− tv. So that the solution of the 
ollision-free transport problem
(CFTP)





∂u
∂t = T0u := −v · ∇u in Ω × V,

u(x,v, t) = 0 if x · v < 0, for all x ∈ ∂Ω

u(x,v, 0) = f(x,v) ∈ X,



8 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIFis given by the family of operators {U0(t)}t∈R de�ned by
u(x,v, t) = [U0(t)f ](x,v) :=

{
f(x− tv,v), if x − tv ∈ Ω

0 elsewhere (3.1)whi
h is 
alled the 
ollision free transport semigroup.With this 
onsideration the dis
rete version of the 
ollision free semigroup de�ned in(3.1) will be
[U0,n(kτn)ξ]i,j = ξi−kj,j if (i, j) ∈ N and k = 1; · · · , n. (3.2)In fa
t, given t, n and µn, we take τn = t/n and mn = [na(2µn + 1)− t]/(2t) su
h that

τnkn/hn = 1, sin
e ihn − τnkjkn = hn(i − τnkn

hn
kj), so we get (3.2).Remark 3.1. Here we adopt the 
onvention that ξi,j = 0, whenever i < −(mn + 1) or

i > mn. This takes 
are of the boundary 
ondition that no parti
les enter Ω through
∂Ω.Theorem 3.2. For U0(t)f(x, v) = f(x − tv, v), we have(a)

U0,n(t)Pnf = PnU0(t)f. (3.3)(b) ‖PnU0(t)f‖∞ = sup{|ξi−nj,j| : over all partitions N} ≤ M , where the 
onstant
M is independent of n.From (3.3) we get the 
onvergen
e in the sense of Kato, with zero at the right handside of (1.6).Proof. The assertion (a) follows from

U0,n(t)Pnf = U0,n(t){ξi,j} = {ξi−nj,j}

=

{∫

γ(i−nj,j)
f(x, v)dxdv

}

=

{∫

γ(i,j)
f(x − tv, v)dxdv

}

= PnU0(t)f.and the assertion (b) from
|ξi−nj,j| =

∫∫

γ(i−nj,j)
f(x, v)dxdv ≤ ‖f‖.

�By 
omputation of this expression we follow the exa
t value of approximating solu-tion. As we will see the 
ollision-free transport equation is one of the seldom equationsin whi
h by the judi
ious 
hoi
e of dis
retization operators, the �nal value of thesemethods 
oin
ide with the exa
t value of solution at the point of dis
retization.For the sake of importan
e of this result, we will announ
e it as a Theorem



RATIONAL APPROXIMATION 9Theorem 3.3. Let us de�ne for Euler's expli
it, Euler's impli
it, Crank-Ni
olson andpredi
tor-
orre
tor s
hemes the following approximated semigroup:
• [U

Euler−exp

0,n (τn)ξ]i,j = [ξ + T
Euler−exp

0,n ξ](i,j), where
T
Euler−exp

0,n := −jknτn
ξi,j − ξi−j,j

jhn
= τn

kn

hn
(ξi−j,j − ξi,j) if (i, j) ∈ N , (3.4)

• [U
Euler−imp

0,n (τn)ξ]i,j =
[
(I − T

Euler−imp

0,n )−1ξ
]

i,j
, where

T
Euler−imp

0,n := −jknτn
ξi+j,j − ξi,j

jhn
= (ξi,j − ξi+j,j) if (i, j) ∈ N , (3.5)

• [UCr−Ni
0,n (τn)ξ]i,j = [(I + 1

2T
(1)
0,n)(I − 1

2T
(2)
0,n)−1ξ]i,j , where

T
(1)
0,n := − jknτn

u (ihn, jkn) − u
((

i − j
2

)
hn, jkn

)

jhn/2

= 2

(
u

(
(i −

j

2
)hn, jkn

)
− u(ihn, jkn)

)
.and

T
(2)
0,n := − jknτn

u
((

i + j
2

)
hn, jkn

)
− u (ihn, jkn)

jhn/2

= 2

(
u (ihn, jkn) − u

(
(i +

j

2
)hn, jkn

))and �nally
• [U

pre−cor

0,n (τn)ξ]i,j = [(I + 1
3 T̃

(1)
0,n)(I − 2

3 T̃
(2)
0,n + 1

6 T̃
(3)
0,n T̃

(4)
0,n)−1ξ]i,j , where

T̃
(1)
0,n := 3

[
T
Euler−exp

0,n ξ
]

i,j
+

[
T
Euler−exp

0,n ξ
]

i−j,j
− 3

[
T
Euler−exp

0,n ξ
]

i− j

2
,j

=
[
ξi−2j,j − 3ξi− 3j

2
,j + 2ξi−j,j + 3ξi− j

2
,j − 3ξi,j

]
,

T̃
(2)
0,n = T̃

(3)
0,n :=

1

2

[
T

(1)
0,nξ + T

(2)
0,nξ

]
i,j

=
[
ξi− j

2
,j − ξi+ j

2
,j

]and̃
T

(4)
0,n := T

(1)
0,n .Then we have

[U
Euler−exp

0,n (τn)ξ]i,j = [U
Euler−imp

0,n (τn)ξ]i,j = [UCr−Ni
0,n (τn)ξ]i,j = [U

pre−cor

0,n (τn)ξ]i,j = ξi−j,j.Proof. For impli
it Euler's s
heme, by 
hoosing mn and µn su
h that τn
kn

hn
= 1 forany n, a simple 
al
ulation gives the expression of (3.2) for k = 1.For impli
it Euler's s
heme, sin
e



10 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIF
ξi,j = [(I − T

(1)
0,n)η]i,j

= ηi,j − τn
kn

hn
(ηi,j − ηi+j,j) = ηi+j,jand on
e more we obtain ηi,j = ξi−j,j, as we have expe
ted.For the Crank-Ni
olson s
heme, sin
e

[UCr−Ni
0,n (τn)ξ]i,j = [(I +

1

2
T

(1)
0,n)(I −

1

2
T

(2)
0,n)−1ξ]i,j

= (I +
1

2
T (1)

n )ξi− j

2
,j = ξi−j,j.Finally, for the predi
tor-
orre
tor s
heme we remark that

[
(I −

2

3
T̃

(2)
0,n +

1

6
T̃

(3)
0,n T̃

(4)
0,n)η

]

i,j

= ηi,j −
2

3
(ηi− j

2
,j − ηi+ j

2
,j)

+
1

3
T̃

(3)
0,n(ηi− j

2
,j − ηi,j)

=
2

3
ηi,j +

1

3
ηi−j,j + ηi+ j

2
,j − ηi− j

2
,jand from other hand

[
(I +

1

3
T̃

(1)
0,n)η

]

i,j

= ηi,j +
1

3

[
− 3(ηi,j − ηi−j,j) − (ηi−j,j − ηi−2j,j)

+ 3(ηi− j

2
,j − ηi− 3j

2
,j)

]

=
2

3
ηi−j,j +

1

3
ηi−2j,j + ηi− j

2
,j − ηi− 3j

2
,j

=

[
(I −

2

3
T̃

(2)
0,n +

1

6
T̃

(3)
0,n T̃

(4)
0,n)η

]

i−j,j

.This proves that we obtain on
e more (3.2) for k = 1. �In the se
tion 6 we illustrate numeri
ally the evolution of the pure translation of aninitial solution with non entran
e boundary 
ondition. Remark that all the di�erents
hemes end with an unique s
heme (3.2).4. One dimensional pure absorbing linear transport equationIn this se
tion we will 
hoose the same approximating spa
e Xn of the se
tion 3 withthe same 
ondition τn
kn

hn
= 1 on the grid. The exa
t solution of the pure absorbingtransport problem

(PATP)





∂u
∂t = −v · ∇u − σ(x)u in (−a, a) × [−1, 1];

u(−a, v ≥ 0, t) = 0 and u(a, v ≤ 0, t) = 0 for all t > 0;

u(x, v, 0) = f(x, v) ∈ L1((−a, a) × [−1, 1]).
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u(x, v, t) = [U1(t)f ](x, v) :=

{
e−

R t

0
σ(x−sv)dsf(x − tv, v), if |x − tv| < a

0 elsewhere (4.1)where U1(t) is a C0-semigroup on X.The one dimensional approximation of this solution would be
u(ihn, jkn, kτn) = exp

(
−

∫ t

0
σ(ihn − sjkn)ds

)
f(ihn − jkτnkn, jkn)if (i, j) ∈ N and k = 1; · · · , n.After repla
ing the integral ∫ t

0 σ(ihn − sjkn)ds by σ
(n)
i,j , where

σ
(l)
i,j := τn

l∑

k=1

σ(ihn − jkτnkn). (4.2)Then we get
U1,n(t) = u(ihn, jkn, t) = exp

(
−σ

(n)
i,j

)
f(ihn − njτnkn, jkn).Repla
ing f(ihn − jnτnkn, jkn) by ξi−nj,j as before we get

[U1,n(nτn)ξ]i,j = exp
(
−σ

(n)
i,j

)
ξi−nj,j. (4.3)Theorem 4.1. We assume that σ is a stri
tly positive 
ontinuous fun
tion satisfying(1.8) and U1(t) de�ned in (4.1), we have the 
onvergen
e of U1,n(t) to U1(t) in the senseof Kato.Proof. It is well known that if

sn(σ) = τn

n∑

k=1

mk(σ), Sn(σ) = τn

n∑

k=1

Mk(σ),where
mk(σ) = inf

s∈[(k−1)τn,kτn]
σ(x − sv) and Mk(σ) = sup

s∈[(k−1)τn,kτn]
σ(x − sv),were the upper and lower Darboux's sum of the fun
tion [0, t] ∋ s 7→ σ(x − sv) ∈

C([−a, a] × [−1, 1]), then sn(σ) ≤ σ
(n)
i,j ≤ Sn(σ) and sn(σ) and Sn(σ) 
onverge both to∫ t

0 σ(x − sv)ds in C([−a, a] × [−1, 1]). So
‖ exp

(
−σ

(n)
)
− Pn

(
e−

R t

0
σ(x−sv)ds

)
‖n → 0,
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(n) ∈ Xn with [

σ
(n)

]
i,j

= σ
(n)
i,j . And, due to this property,

‖U1,n(t)Pnf − PnU1(t)f‖n ≤ ‖U1,n(t)Pnf − exp
(
−σ

(n)
)

PnU0(t)f‖n

+‖ exp
(
−σ

(n)
)
PnU0(t)f − PnU1(t)f‖n︸ ︷︷ ︸

=0

≤ ‖PnU0(t)f‖∞‖Pn

(
e−

R t

0
σ(x−sv)ds

)
− exp

(
−τnσ

(n)
)
‖n,whi
h goes to zero as n → ∞. In fa
t, a

ording to Theorem 3.2 (b) 
an be estimatedindependently of n. �Now let us des
ribe the di�erent s
hemes for the problem (PATP).4.1. Euler's expli
it and impli
it s
heme for pure absorbing linear transportequation. For expli
it Euler's s
heme we de�ne the �nite di�eren
e operator

T
Euler−exp

1,n := (ξi−j,j − ξi,j) − τnσi−jξi−j,j if (i, j) ∈ N (4.4)the approximated semigroup U
Euler−exp

1,n (τn) would be
[η]i,j := [U

Euler−exp

1,n (τn)ξ]i,j = [ξ+T
Euler−exp

1,n ξ]i,j = ξi,j +((ξi−j,j − ξi,j) − τnσi−jξi−j,j) .and so,
[η]i,j = (1 − τnσi−j)ξi−j,j.A 
omparison with respe
t to the pure absorption approximate group (4.3) leads thefollowing estimation:

|[(UEuler−exp

1,n (τn)−U1,n(τn))ξ]i,j | = |1− τnσi−j − exp (−τnσi−j) ||ξi−j,j| = O(τ2
n)|ξi−j,j|,whi
h implies that there exists a 
onstant C depending only on σ, su
h that

‖(I + T
Euler−exp

1,n − U1,n(τn))ξ‖n ≤ Cτ2
n‖ξ‖n.whi
h leads to the estimation (2.2) and 
onsequently the order of the s
heme would be

p = 1.For impli
it Euler's s
heme the �nite di�eren
e operator would be
T
Euler−imp

1,n := (ξi,j − ξi+j,j) − τnσiξi+j,j if (i, j) ∈ N (4.5)and U
Euler−imp

1,n (τn) by
[η]i,j = [U

Euler−imp

1,n (τn)ξ]i,j := [
(
I − T

Euler−imp

1,n

)−1
ξ]i,j.So,

ξi,j = [η − T
Euler−imp

1,n η]i,j

= ηi,j − ((ηi,j − ηi+j,j) − τnσiηi+j,j)

= ηi+j,j + τnσiηi+j,j,whi
h gives,
[η]i,j = (1 + τnσi−j)

−1ξi−j,j.



RATIONAL APPROXIMATION 13and 
onsequently
|

[(
I − T

Euler−imp

1,n

)−1
ξ − U1,n(τn)ξ

]

i,j

| = |(1 + τnσi−j)
−1 − exp (−τnσi−j) ||ξi−j,j|whi
h implies on
e more

‖UEuler−imp

1,n (τn)ξ − U1,n(τn))ξ‖n ≤ Cτ2
n‖ξ‖n.and 
onsequently the order of the s
heme would be p = 1.4.2. Crank-Ni
olson s
heme for pure absorbing linear transport equation.For this s
heme we de�ne two �nite di�eren
e operators T
(1)
1,n and T

(2)
1,n ∈ L(Xn) as

[T
(1)
1,nξ]i,j := 2(ξi− j

2
,j − ξi,j) − τnσi− j

2

ξi− j

2
,jand

[T
(2)
1,nξ]i,j := 2(ξi,j − ξi+ j

2
,j) − τnσi+ j

2

ξi+ j

2
,jWe de�ne also the following operator

[Mξ]i,j = R(−τnσi)ξi,j where R(z) = (2 + z)(2 − z)−1We remark that
[(1 +

1

2
T

(1)
1,n)ξ]i,j = ξi,j + (ξi− j

2
,j − ξi,j) −

τn

2 σi− j

2

ξi− j

2
,j

= (1 − τn

2 σi− j

2

)ξi− j

2
,jand

[(1 −
1

2
T

(2)
1,n)Mξ]i−j,j = [Mξ]i−j,j −

(
[Mξ]i−j,j − [Mξ]i− j

2
,j

)
+

τn

2
σi− j

2

[Mξ]i− j

2
,j

= (1 +
τn

2
σi− j

2

)[Mξ]i− j

2
,j = (1 −

τn

2
σi− j

2

)ξi− j

2
,j

= [(1 +
1

2
T

(1)
1,n)ξ]i,j.This proves that

[η]i,j = [(1 +
1

2
T

(1)
1,n)(1 −

1

2
T

(2)
1,n)−1ξ]i,j

= [Mξ]i−j,j = (2 − τnσi−j)(2 + τnσi−j)
−1ξi−j,j.Now, if we de�ne UCr−Ni

1,n (τn) by
[UCr−Ni

1,n (τn)ξ]i,j := [(1 +
1

2
T

(1)
1,n)(1 −

1

2
T

(2)
1,n)−1ξ]i,ja 
omparison with the pure absorption approximate semigroup U1,n(t) leads the follow-ing estimation :

|[η − U1,n(τn)ξ]i,j | = |(2 − τnσi−j)(2 + τnσi−j)
−1 − exp(−τnσi−j)||ξi−j,j|whi
h implies

‖UCr−Ni
1,n (τn)ξ − U1,n(τn)ξ‖n ≤ Cτ3

n||ξ||n.
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onstant C depends only on σ, and independent of τn and we retrieve theestimation (2.4) and 
onsequently the order of the s
heme would be p = 2.4.3. Predi
tor-
orre
tor s
heme for pure absorbing linear transport equation.Here we de�ne four �nite di�eren
e operators,
• [T̃

(1)
1,nξ]i,j := 3[T

Euler−exp

0,n ξ]i,j + [T
Euler−exp

0,n ξ]i−j,j − 3[T
Euler−exp

0,n ξ]i− j

2
,j

− 2
3τnσi−jξi−j,j −

1
3τnσi−2jξi−2j,j − τnσi− j

2

ξi− j

2
,j + τnσi− 3

2
jξi− 3

2
j,j

• [T̃
(2)
1,nξ]i,j := (ξi− j

2
,j−ξi+ j

2
,j)+

1
2τnσi+ j

2

ξi+j,j−
3
4τnσi−jξi−j,j−τn(3

4σi+
1
2σi− j

2

)ξi,j

+ τn(1
3σi −

3
2σi+ j

2

)ξi+ j

2
,j − τn(1

6σi−j + 3
2σi− j

2

)ξi− j

2
,j

• [T̃
(3)
1,nξ]i,j := (ξi− j

2
,j − ξi+ j

2
,j) −

2
3τnσiξi+ j

2
,j − 1

3τnσi−jξi− j

2
,j − τnσi+ j

2

ξi+j,j +

τnσi− j

2

ξi,j

• [T̃
(4)
1,nξ]i,j = [T

(1)
1,nξ]i,j.We de�ne also the following operator

[M1ξ]i,j = R1(−τnσi)ξi,j where R1(z) = (1 +
z

3
)(1 −

2

3
z +

z2

6
)−1.By a simple 
al
ulation, we obtain

[(1 +
1

3
T̃

(1)
1,n)ξ]i,j =

2

3
ξi−j,j +

1

3
ξi−2j,j + ξi− j

2
,j − ξi− 3

2
j,j −

2

9
τnσi−jξi−j,j

−
τn

9
σi−2jξi−2j,j −

τn

3
σi− j

2

ξi− j

2
,j +

τn

3
σi− 3

2
jξi− 3

2
j,j

=
2

3
(1 −

τn

3
σi−j) ξi−j,j +

1

3
(1 −

τn

3
σi−2j)ξi−2j,j

+ (1 −
τn

3
σi− j

2

)ξi− j

2
,j − (1 −

τn

3
σi− 3

2
j)ξi− 3

2
j,jand

[(1 −
2

3
T̃

(2)
1,n +

1

6
T̃

(3)
1,n T̃

(4)
1,n)M1ξ]i−j,j = Ai,j +

1

6
Bi,jwhere

Ai,j = [M1ξ]i−j,j −
2

3
([M1ξ]i− 3

2
j,j − [M1ξ]i− j

2
,j) −

τn

3
σi− j

2

[M1ξ]i,j

+
τn

2
σi−2j [M1ξ]i−2j,j +

τn

2
σi−j[M1ξ]i−j,j +

τn

3
σi− 3

2
j[M1ξ]i−j,j

−
2τn

9
σi−j[M1ξ]i− j

2
,j + τnσi− j

2

[M1ξ]i− j

2
,j −

τn

9
σi−2j [M1ξ]i− 3

2
j,j

− τnσi− 3

2
j[M1ξ]i− 3

2
j,j
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Bi,j =

(
[T̃

(4)
1,nM1ξ]i− 3

2
j,j − [T̃

(4)
1,nM1ξ]i− j

2
,j

)
−

2

3
τnσi−j[T̃

(4)
1,nM1ξ]i− j

2
,j

−
1

3
τnσi−2j[T̃

(4)
1,nM1ξ]i− 3

2
j,j − τnσi− j

2

[T̃
(4)
1,nM1ξ]i,j + τnσi− 3

2
j[T̃

(4)
1,nM1ξ]i−j,j

=
{

2
(
[M1ξ]i−2j,j − [M1ξ]i− 3

2
j,j − [M1ξ]i−j,j + [M1ξ]i− j

2
,j

)

− τnσi−2j [M1ξ]i−2j,j + τnσi−j[M1ξ]i−j,j

}
−

2

3
τnσi−j

{
2
(
[M1ξ]i−j,j

− [M1ξ]i− j

2
,j

)
− τnσi−j [M1ξ]i−j,j

}
−

1

3
τnσi−2j

{
2
(
[M1ξ]i−2j,j − [M1ξ]i− 3

2
j,j

)

− τnσi−2j [M1ξ]i−2j,j

}
− τnσi− j

2

{
2
(
[M1ξ]i− j

2
,j − [M1ξ]i,j

)
− τnσi− j

2

[M1ξ]i− j

2
,j

}

+ τnσi− 3

2
j

{
2
(
[M1ξ]i− 3

2
j,j − [M1ξ]i−j,j

)
− τnσi− 3

2
j[M1ξ]i− 3

2
j,j

}So we get
Ai,j +

1

6
Bi,j =

2

3

(
1 +

2

3
τnσi−j +

τ2
n

6
σ2

i−j

)
[M1ξ]i−j,j +

1

3

(
1 +

2

3
τnσi−2j

+
τ2
n

6
σ2

i−2j

)
[M1ξ]i−2j,j +

(
1 +

2

3
τnσi− j

2

+
τ2
n

6
σ2

i− j

2

)

[M1ξ]i− j

2
,j −

(
1 +

2

3
τnσi− 3

2
j +

τ2
n

6
σ2

i− 3

2
j

)
[M1ξ]i− 3

2
j,jand �nally,

[(1−
2

3
T̃

(2)
1,n +

1

6
T̃

(3)
1,n T̃

(4)
1,n)M1ξ]i−j,j =

2

3
(1 −

τn

3
σi−j)ξi−j,j

+
1

3
(1 −

τn

3
σi−2j)ξi−2j,j + (1 −

τn

3
σi− j

2

)ξi− j

2
,j − (1 −

τn

3
σi− 3

2
j)ξi− 3

2
j,j

= [(1 +
1

3
T̃

(1)
1,n)ξ]i,jwhi
h implies

[η]i,j = [(1 −
2

3
T̃

(2)
1,n +

1

6
T̃

(3)
1,n T̃

(4)
1,n))−1(1 +

1

3
T̃

(1)
1,n)ξ]i,j = [M1ξ]i−j,j

= (1 −
τn

3
σi−j)(1 +

2

3
τnσi−j +

τ2
n

6
σ2

i−j)
−1ξi−j,jand we get

|[η − U1,n(τn)ξ]i,j | = |(1−
τn

3
σi−j)(1 +

2

3
τnσi−j +

τ2
n

6
σ2

i−j)
−1

− exp(−τnσi−j)||ξi−j,j|.So, if we de�ne
U

pre−cor

1,n (τn) = (1 +
1

3
T̃

(1)
1,n)(1 −

2

3
T̃

(2)
1,n +

1

6
T̃

(3)
1,n T̃

(4)
1,n)−1



16 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIFthen we obtain
‖Upre−cor

1,n (τn)ξ − U1,n(τn)ξ‖n ≤ Cτ4
n||ξ||nwhi
h implies that the order of the s
heme is p = 3.5. One dimensional linear transport equation with produ
tionIn this se
tion we 
onsider the system (TP), when σ 6= 0 and p(x) 6= 0.Here, we do not have at our disposition an expli
it expression of the semigroup U(t)as U0(t) or U1(t). Hen
e for representing U(t) we will use the Dyson-Phillips formula:

V0(t) = U1(t), U(t) :=

∞∑

n=0

Vn(t),where
Vn+1(t) =

∫ t

0
V0(t − s)Vn(s)Ads,

[U1(t)f ](x, v) = e−
R t

0
σ(x−sv)dsf(x− tv,v) and [Af ](x, v) =

1

2

∫ 1

−1
p(x)f(x,v′)dv′.Let us de�ne an approximation of U(t) by UN (t), where

UN (t)f = [

N+1∑

k=0

Vk(t)]f

= U1(t)f +

∫ t

0
U1(t − s)B(s)fds,with

B(s) =U1(s)A +

∫ s

0
U1(s − s1)U1(s1)A

2ds1 + · · · (5.1)
+

∫ s

0
· · ·

∫ sN

0
U1(s − s1)U1(s1 − s2) · · ·U1(sN )AN+1dsN · · · ds1.Remark 5.1. The operator UN (t) is not himself a semigroup as U0(t) or U1(t), but it
an a
t as the fun
tion V (t) in the Cherno�'s theorem. This will be shown in Appendix1. In the dis
rete version we denote by WN,n(nτn) the operator whi
h approximates

UN (t) and is given by
[WN,n(nτn)ξ]i,j =

N+1∑

k=0

[Vk,n(nτn)ξ]i,jwhere [V0,n(nτn)ξ]i,j = [U1,n(nτn)ξ]i,j is given in (4.3) and Vk,n by the indu
tion relation
[Vk+1,n(nτn)ξ]i,j = τn

n∑

k=1

[V0,n(nτn − kτn)Vk,n(kτn)Anξ]i,j (5.2)
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[Anξ]i,j =

1

2
pikn

µn−1∑

l=−µn

ξi,l.whi
h is independent of j. Sin
e U1,n(nτn) is a bounded operator in Xn, by a simpleindu
tion argument it follows from (5.2) that
‖Vk,n(nτn)ξ‖n = O(τk

n) (5.3)Theorem 5.2. Under the assumption 2kM < sm, we have the 
onvergen
e of WN,n(t)to U(t) in the sense of Kato.Proof. We have to prove that
‖WN,n(t)Pnf − PnU(t)f‖n → 0, (5.4)as n → ∞.First we prove that
WN,n(kτn)Pnf = PnUN (τn)kf. (5.5)The fa
t that Pn

∫ τn

0 U1(τn − s)Vk−1(s)Af(x, v)ds = τk
n [U1,n(τn)Ak

n)ξ]i,j , shows
PnUN (τn)f = Pn[

N+1∑

k=0

Vk(τn)f(x, v)]

= [U1,n(τn)
N+1∑

k=0

τk
nAk

nξ]i,j

= [U1,n(τn)
N+1∑

k=0

τk
nAk

nPnf = WN,n(τn)Pnf.Hen
e, by taking g = UN (τn)f , we obtain
PnUN (τn)2f = PnUN (τn)g = WN,n(τn)Png = WN,n(τn)2Pnf,and by indu
tion we retrieve (5.5). On
e the identity (5.5) is proven, we repla
e

WN,n(t)Pnf by PnUN (τn)nf in (5.4) and we use the isometri
 
hara
ter of Pn (seeLemma 1.6), then we get
‖WN,n(t)Pnf − PnU(t)f‖n = ‖UN (t/n)nf − U(t)f‖.Now, if ω = sm − kM , thanks to Theorem 7.3, U(t) satis�es ‖U(t)‖ ≤ e−ωt, and sin
e

2kM < sm, we get kM < ω. So we 
an repla
e in Theorem 7.2, S0(t) by U1(t) and B(s)by our operator de�ned in (5.1), and the Cherno�'s Theorem (Theorem 7.1) provesthat (5.4) holds. �Remark 5.3. Sin
e the numeri
al 
omputation of [WN (τn)ξ]i,j is too 
ompli
ated werestri
ted ourself to the standard s
hemes and thank to the above Theorem we make our
omparison with WN (τn).



18 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIF5.1. Euler's expli
it and impli
it s
hemes for linear transport equation withprodu
tion. In the sequel we will use also the following operators Σn de�ned by
[Σnξ]i,j,k = τnσiξj,k (5.6)and

[Anξ]i,j =
1

2
pikn

µn−1∑

l=−µn

ξj,l, (5.7)for (i, j) ∈ N and −µn ≤ k ≤ µn. We remark that a

ording to 
onvention of Remark3.1, in (5.7) j 
an take any values out of rang of x.For these s
heme we de�ne two matrix operators T
Euler−exp

2,n and T
Euler−imp

2,n in B(Xn)by
[T

Euler−exp

2,n ξ]i,j = (ξi−j,j − ξi,j) − [Σnξ]i−j,i−j,j + [Anξ]i−j,i−j ,if (i, j) ∈ N and
[T

Euler−imp

2,n ξ]i,j = (ξi,j − ξi+j,j) − τnσiξi+j,j +
1

2
piτnkn

µn−1∑

l=−µn

ξi+l,l,if (i, j) ∈ N . For expli
it Euler's s
heme the approximated solution would be
[U

Euler−exp

2,n ξ]i,j := [ξ + T
(1)
2,nξ]i,j = (1 − τnσi−j)ξi−j,j +

1

2
pi−jhn

pn∑

l=−pn

ξi−j,l.Our aim for expli
it and impli
it Euler's s
hemes is to get the order p = 1. Soa

ording to (5.3) for this s
heme all the terms Vk,n, k ≥ 2 
an be negle
ted and it isenough to take into a

ount V0,n and V1,n, in other words, make a 
omparison only with
W0,n whi
h leads the following estimation:

|[W0,n(τn)ξ − U
Euler−exp

2,n ξ]i,j| = |(exp (−τnσi−j) − 1 + τnσi−j)ξi−j,j

+
1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l(exp (−τnσi−j) − 1)|.Consequently
‖W0,n(τn)ξ − η‖n ≤ Aτ2

n‖ξ‖nwhere the 
onstant A depends only on σ, but independent of τn.For impli
it Euler's s
heme the approximated solution would be
[U

Euler−imp

2,n ξ]i,j = [
(
I − T

Euler−imp

2,n

)−1
ξ]i,j
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ξi,j = [η − T

(2)
2,nη]i,j

= ηi,j − (ηi,j − ηi+j,j) − τnσiηi+j,j +
1

2
piτnkn

µn−1∑

l=−µn

ηi+l,l

= ηi+j,j + τnσiηi+j,j −
1

2
piτnkn

µn−1∑

l=−µn

ηi+l,l

= [(I + S)η]i+j,jwhere [Sη]i,j = τnσi−jηi,j −
1
2pi−jτnkn

∑µn−1
l=−µn

ηi−j+l,l. So, we get ξi−j,j = [(I + S)η]i,jwhi
h gives,
[η]i,j = [(I + S)−1Nξ]i,j where [Nξ]i,j = ξi−j,j.Therefore

[η]i,j = [(I − S)Nξ]i,j + O(τ2
n)[Nξ]i,j

= ξi−j,j − τnσi−jξi−j,j −
1

2
pi−jτnkn

µn−1∑

l=−µn

[Nξ]i−j+l,l + O(τ2
n)ξi−j,j

= (1 − τnσi−j)ξi−j,j +
1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l + O(τ2
n)ξi−j,jOn
e more a 
omparison with respe
t to the our approximate solution W0,n(t) leadsthe following estimation:

|[W0,n(τn)ξ − U
Euler−imp

2,n ξ]i,j| = |(exp (−τnσi−j) − 1 + τnσi−j)ξi−j,j

+
1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l(exp (−τnσi−j) − 1)

+O(τ2
n)ξi−j,j|and

‖W0,n(τn)ξ − η‖n = O(τ2
n)whi
h gives the desired result.5.2. Crank-Ni
holson s
heme for linear transport equation with produ
tion.For this s
heme, we de�ne two matrix operators T

(1)
2,n and T

(2)
2,n in L(Xn) as

[T
(1)
2,nξ]i,j := 2(ξi− j

2
,j − ξi,j) − τnσi− j

2

ξi− j

2
,j + [Anξ]i− j

2
,i− j

2and
[T

(2)
2,nξ]i,j := 2(ξi,j − ξi+ j

2
,j) − τnσi+ j

2

ξi+ j

2
,j + [Anξ]i+ j

2
,i+ j

2We de�ne also the following operator
[M1ξ]i,j = [(I −

1

2
T1)(I +

1

2
T1)

−1ξ]i,j where [T1ξ]i,j = τnσiξi,j − [Anξ]i,i



20 MOHAMED AMINE CHERIF, HASSAN EMAMIRAD AND MAHER MNIFWe remark that
[(I +

1

2
T

(1)
2,n)ξ]i,j = ξi,j + (ξi− j

2
,j − ξi,j) −

τnσi− j

2

2
ξi− j

2
,j +

1

2
[Anξ]i− j

2
,i− j

2

= [(I −
1

2
T1)ξ]i− j

2
,jand

[(I −
1

2
T

(2)
2,n)M1ξ]i−j,j = [M1ξ]i−j,j − ([M1ξ]i−j,j − [M1ξ]i− j

2
,j)

+
σi− j

2

τn

2
[M1ξ]i− j

2
,j −

pi− j

2

τn

4
kn

µn−1∑

l=−µn

[M1ξ]i− j

2
,l

= [(I +
1

2
T1)M1ξ]i− j

2
,j

= [(I +
1

2
T1)(I −

1

2
T1)(I +

1

2
T1)

−1ξ]i− j

2
,j

= [(I −
1

2
T1)ξ]i− j

2
,j

= [(I +
1

2
T

(1)
2,n)ξ]i,jBy de�ning the approximate solution as

[η]i,j = [UCr−Ni
2,n ξ]i,j := [(1 +

1

2
T

(1)
2,n)(1 −

1

2
T

(2)
2,n)−1ξ]i,j = [M1ξ]i−j,j

= [(I −
1

2
T1)(I +

1

2
T1)

−1ξ]i−j,j

= [(I −
1

2
T1)(I −

1

2
T1 +

1

4
T 2

1 + O(τ3
n))ξ]i−j,j

= [(I − T1 +
1

2
T 2

1 + O(τ3
n))ξ]i−j,jand we get therefore

[η]i,j = ξi−j,j − σi−jτnξi−j,j +
σ2

i−jτ
2
n

2
ξi−j,j + [Anξ]i−j,i−j − σi−jτn[Anξ]i−j,i−j

+
[pi−jτn

2
Anξ

]

i−j,i−j
+ O(τ3

n)[ξ]i−j,j

= (1 − σi−jτn +
σ2

i−jτ
2
n

2
)ξi−j,j +

1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l(1 − σi−jτn)

+
p2

i−jτ
2
n

4
kn

µn−1∑

l=−µn

ξi−j,l + O(τ3
n)[ξ]i−j,jIn this s
heme any Vk,n, when k ≥ 3 
annot a�e
t on the order of rational approxima-tion, so we shall make the 
omparison only with W1,n(t) whi
h leads following estimation
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|[W1,n(τn)ξ − UCr−Ni

2,n ξ]i,j | = |(exp(τnσi−j) − 1 + τnσi−j +
σ2

i−jτ
2
n

2
)ξi−j,j

+
1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l(exp(−τnσi−j) − 1 + τnσi−j)

+
p2

i−jτ
2
n

4
kn

µn−1∑

l=−µn

ξi−j,l(2 exp(−τnσi−j) − 1)

−O(τ3
n))ξi−j,j|.and

‖[W1,n(τn)ξ − UCr−Ni
2,n ξ‖n = O(τ3

n),
onsequently the order of the s
heme would be p = 2.5.3. Predi
tor-
orre
tor s
heme for linear transport equation with produ
-tion. Here we de�ne four matrix operators
• [T̃

(1)
2,nξ]i,j := 3[T

Euler−exp

0,n ξ]i,j+[T
Euler−exp

0,n ξ]i−j,j−3[T
Euler−exp

0,n ξ]i− j

2
,j−

2
3 [Σnξ]i−j,i−j,j

−1
3 [Σnξ]i−2j,i−2j,j−[Σnξ]i− j

2
,i− j

2
,j+[Σnξ]i− 3j

2
,i− 3j

2
,j+

2
3 [Anξ]i−j,i−j+

1
3 [Anξ]i−2j,i−2j

+ [Anξ]i− j

2
,i− j

2

− [Anξ]i− 3j

2
,i− 3j

2

;

• [T̃
(2)
2,nξ]i,j := [T̃0,nξ]i,j+

1
2 [Σnξ]i+ j

2
,i+j,j−

3
4 [Σnξ]i−j,i−j,j−

3
4 [Σnξ]i,i,j−

1
2 [Σnξ]i− j

2
,i,j

+ 1
3 [Σnξ]i,i+ j

2
,j −

3
2 [Σnξ]i+ j

2
,i+ j

2
,j + 1

6 [Σnξ]i−j,i− j

2
,j + 3

2 [Σnξ]i− j

2
,i− j

2
,j + 3

4 [Anξ]i,i

+ 1
2 [Anξ]i− j

2
,i + 3

4 [Anξ]i−j,i−j + 3
2 [Anξ]i+ j

2
,i+ j

2

− 1
3 [Anξ]i,i+ j

2

− 3
2 [Anξ]i− j

2
,i− j

2

− 1
6 [Anξ]i−j,i− j

2

− 1
2 [Anξ]i+ j

2
,i+j;

• [T̃
(3)
2,nξ]i,j := [T̃0,nξ]i,j−

2
3 [Σnξ]i,i+ j

2
,j−

1
3 [Σnξ]i−j,i− j

2
,j−[Σnξ]i+ j

2
,i+j,j+[Σnξ]i− j

2
,i,j

+ 2
3 [Anξ]i,i+ j

2

+ 1
3 [Anξ]i−j,i− j

2

+ [Anξ]i+ j

2
,i+j − [Anξ]i− j

2
,i;

• [T̃
(4)
2,nξ]i,j = 2(ξi− j

2
,j − ξi,j) − [Σnξ]i− j

2
,i− j

2
,j + [Anξ]i− j

2
,i− j

2

.And we de�ne also the following operator
[M2ξ]i,j = [(I −

1

3
T1)(I +

2

3
T1 +

1

6
T 2

1 )−1ξ]i,j where [T1ξ]i,j = [Σnξ]i,i,j − [Anξ]i,i.By a long 
al
ulation whi
h will be detailed in the Appendix 2, we prove that
[(I +

1

3
T̃

(1)
2,n)ξ]i,j =

2

3
(I −

1

3
T1)ξi−j,j +

1

3
(I −

1

3
T1)ξi−2j,j + (I −

1

3
T1)ξi− j

2
,j

− (I −
1

3
T1)ξi− 3

2
j,j (5.8)
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[(I −

2

3
T̃

(2)
2,n +

1

6
T̃

(3)
2,n T̃

(4)
2,n)M2ξ]i−j,j =

2

3
[(I −

1

3
T1) ξ]i−j,j +

1

3
[(I −

1

3
T1)ξ]i−2j,j

+ [(I −
1

3
T1)ξ]i− j

2
,j − [(I −

1

3
T1)ξ]i− 3

2
j,j. (5.9)Therefore, we have

[(I +
1

3
T̃

(1)
2,n)ξ]i,j = [(I −

2

3
T̃

(2)
2,n +

1

6
T̃

(3)
2,nT

(4)
2,n)M2ξ]i−j,jand 
onsequently, by de�ning

[η]i,j = [U
pre−cor

2,n ξ]i,j := [(1 −
2

3
T

(2)
2,n +

1

6
T

(3)
2,nT

(4)
2,n)−1(1 +

1

3
T

(1)
2,n)ξ]i,j = [M2ξ]i−j,j

= [(I −
1

3
T1)(I +

2

3
T1 +

1

6
T 2

1 )−1ξ]i−j,j

= [(I − T1 +
1

2
T 2

1 −
1

6
T 3

1 + O(τ4
n))ξ]i−j,j

= (1 − σi−jτn +
σ2

i−jτ
2
n

2
−

σ3
i−jτ

3
n

6
)ξi−j,j +

(
1 − σi−jτn +

σ2
i−jτ

2
n

2

+
1

2
pi−j(1 − σi−jτn +

1

3
pi−jτ

2
n)

)
[Anξ]i−j,i−j + O(τ4

n))ξi−j,jIn this s
heme any Vk,n, when k ≥ 4 
annot a�e
t on the order of rational approx-imation, so we shall take W2,n(t) as the approximate solution and a 
omparison withrespe
t to this approximate solution leads to following estimation :
|[W2,n(τn)ξ − η]i,j | = |(exp(−τnσi−j) − 1 + τnσi−j −

σ2
i−jτ

2
n

2
+

σ3
i−jτ

3
n

6
)ξi−j,j

+
1

2
pi−jτnkn

µn−1∑

l=−µn

ξi−j,l(exp(−τnσi−j) − 1 + τnσi−j −
σ2

i−jτ
2
n

2
)

+
1

4
p2

i−jτ
2
nkn

µn−1∑

l=−µn

ξi−j,l(2 exp(−τnσi−j) − 1 + τnσi−j)

+
1

12
p3

i−jτ
3
nkn

µn−1∑

l=−µn

ξi−j,l(6 exp(−τnσi−j) − 1) − θ(τ4
n))ξi−j,j|and

‖[W2,n(τn)ξ − U
pre−cor

2,n ξ‖n = O(τ4
n),
onsequently the order of the s
heme would be p = 3.6. The numeri
al illustrationsThis se
tion is devoted to give the numeri
al approximation given by the di�erentalgorithm su
h as Euler expli
it and impli
it methods, Crank-Ni
olson method and
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tor-Corre
tor. So, we use the Fortran 77 
ompiler to give the numeri
al approx-imation in the di�erent 
ases of our transport equation. The numeri
al simulationswhi
h realized for a positive fun
tion and with non entran
e boundary 
ondition givean idea on the distribution of parti
les in the phases spa
e and verify also our theoreti
alresults in this work.In the sequel, we will give some numeri
al examples for our di�erent numeri
als
hemes. In those examples, we look to the evolution of the transport equation in�ve times. For a = 1,mn = 200 and µn = 100n or, in order to get τnkn/hn = 1 wehave to take τn = 0.5 whi
h �x the 
hoi
e of n. The �ve times whi
h will be illustratedthere are: t = kτn for k = 1, 2, 3, 10 and k = 400. Also, for those examples we will takethe following initial data
f(x, v) = exp

(
−1

1 − x2

) (6.1)whi
h is independent of the velo
ity v.6.1. The numeri
al approa
h in the 
ase of 
ollision-free transport. To havean idea on the evolution of parti
les in the 
ase of 
ollision-free transport problem wehave 
ompiled the approximation of the exa
t solution given by (3.2), sin
e as we haveproved in Theorem 3.3 all the di�erent s
hemes ends to this dis
rete form of the exa
tsolution. In the following �gures we illustrate numeri
ally the evolution of the puretranslation of an initial solution with non entran
e boundary 
ondition. We remarkthat the large time, whi
h 
orresponds here to k = 400, it remains always a residualthat 
orresponds to f(x, 0) of the initial data, sin
e we have not ex
luded zero from thevelo
ity interval [−1, 1].6.2. Error estimates. In the 
ase of transport with pure absorption, we �nd the samefeature of numeri
al illustration. Sin
e in this 
ase we have an expli
it representation ofthe solution given in (4.1) it is more interesting to give the error made by the s
hemesof Euler, Crank-Ni
olson and Predi
tor-Corre
tor.In fa
t, if ǫn = ‖U1,n(kτn)Pnf −PnU1(kτn)f‖n, then for the fun
tion f given in (6.1)and k = 1 we haveEuler's impli
it Euler's expli
it Crank-Ni
olson Predi
tor-Corre
tor
ǫn < 4.5 × 10−4 ǫn < 4.5 × 10−4 ǫn < 4 × 10−6 ǫn < 3 × 10−8In the 
ase of transport problem with produ
tion term, we do not have an expli
itsolution at our disposal, so we 
ompute εn = ‖WN,n(kτn)ξ − η‖n, then for N = k = 1and we get the following table for 
orrespondent η.Euler's impli
it Euler's expli
it Crank-Ni
olson Predi
tor-Corre
tor
εn < 4.5 × 10−4 εn < 4.5 × 10−4 εn < 7 × 10−6 εn < 3 × 10−77. Appendix 1.The well-known Cherno�'s Theorem asserts that
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h spa
e and {V (t)}t≥0 is a family of 
ontra
tions on Xwith V (0) = I. Suppose that the derivative V ′(0)f exists for all f in a set D and the
losure Λ of V ′(0) |D generates a C0�semigroup S(t) of 
ontra
tions. Then, for ea
h
f ∈ X,

lim
n→∞

‖V (
t

n
)nf − S(t)f‖ = 0, (7.1)uniformly for t in 
ompa
t subsets of R+.In this se
tion we will use the Cherno�'s theorem to prove the following result.Theorem 7.2. Let A be the generator of a C0-semigroup S0(t) su
h that ‖S0(t)‖ ≤

e−ωt (ω ≥ 0), and B(t) be a family of bounded operators su
h that ‖B(t)‖ < ω for all
t ≥ 0, and A+B(0) de�ned in the D(A) generates a C0-semigroup S(t) of 
ontra
tions.Then, the 
on
lusion of (7.1) holds for V (t) := S0(t) +

∫ t
0 S0(t − s)B(s)ds.Proof. We remark that V (0) = I, V ′(0)f = (A + B(0))f for all f ∈ D(A) and�nally V (t) is of 
ontra
tion. In fa
t,

‖V (t)‖ ≤ ‖S0(t)‖ + ‖

∫ t

0
S0(t − s)B(s)ds‖

≤ e−ωt + b

∫ t

0
e−ω(t−s)ds =

(
1 −

b

ω

)
e−ωt +

b

ω
≤ 1,where b = supt≥0 ‖B(t)‖. Sin
e all the assumptions of Theorem 7.1 are ful�lled, the
on
lusion infers from this Theorem. �In [CE℄, we have proved a similar version of this theorem where V (t) := S0(t) +∫ t

0 S0(s)B(0)ds and we have proved also the following theorem:Theorem 7.3. In the Bana
h spa
e X = L1((−a, a)×[−1, 1]) let us de�ne the operators
T0f := −v∂f/∂x, T1f := T0f − σ(x)f , T̃ f := T0f + Af and Tf := T1f + Af (Abeing de�ned in Remark 1.5). Any of these operators de�ned on D(T0) := {f ∈ X :
v∂f/∂x ∈ X, f(−a, v ≥ 0) = 0 and f(a, v ≤ 0) = 0} generates a C0-semigroup whi
his given respe
tively by:(0) U0(t) whi
h are 
ontra
tions;(1) U1(t) with ‖U1(t)‖ ≤ e−smt;(2) V (t) with ‖V (t)‖ ≤ ekM t;(3) U(t) with ‖U(t)‖ ≤ e(kM−sm)t.This Theorem is already used in the proof of Theorem 5.2.8. Appendix 2.In this se
tion, we will detail the 
al
ulation to prove the formulas (5.8) and (5.9).

[(I + 1
3 T̃

(1)
2,n)ξ]i,j = 2

3 ξi−j,j + 1
3ξi−2j,j + ξi− j

2
,j − ξi− 3

2
j,j − 2

9σi−jτnξi−j,j − 1
9σi−2jτnξi−2j,j

− 1
3σi−

j

2

τnξi−
j

2
,j + 1

3σi−
3j

2

τnξi− 3

2
j,j + 1

9pi−jτnkn

∑µn−1
l=−µn

ξi−j,l + 1
18pi−2jτnkn

∑µn−1
l=−µn

ξi−2j,l

+ 1
6pi−

j

2

τnkn

∑µn−1
l=−µn

ξi−
j

2
,l − 1

6pi−
3j

2

τnkn

∑µn−1
l=−µn

ξi− 3

2
j,l = 2

3 (ξi−j,j − 1
3τnσi−jξi−j,j

+ 1
6pi−jτnkn

∑µn−1
l=−µn

ξi−j,l) + 1
3 (ξi−2j,j − 1

3σi−2jτnξi−2j,j + 1
6pi−2jτnkn

∑µn−1
l=−µn

ξi−2j,l)
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+ (ξi−

j

2
,j − 1

3σi−
j

2

τnξi−
j

2
,j + 1

6pi−
j

2

τnkn

∑µn−1
l=−µn

ξi−
j

2
,l) − (ξi− 3

2
j,j − 1

3σi−
3j

2

τnξi− 3

2
j,j

+ 1
6pi−

3j

2

τnkn

∑µn−1
l=−µn

ξi−
3j

2
,l) = 2

3 (I − 1
3T1)ξi−j,j + 1

3 (I − 1
3T1)ξi−2j,j + (I − 1

3T1)ξi−
j

2
,j

− (I − 1
3T1)ξi− 3

2
j,j , whi
h give (5.8).To have the formula (5.9), we write [(I − 2

3 T̃
(2)
2,n + 1

6 T̃
(3)
2,nT̃

(4)
2,n)M2ξ]i−j,j = Ci,j + 1

6Di,j ,where Ci,j = [M2ξ]i−j,j −
2
3

(
[M2ξ]i− 3

2
j,j − [M2ξ]i− j

2
,j

)
− τn

3 σi−
j

2

[M2ξ]i,j + τn

2 σi−2j [M2ξ]i−2j,j

+ τn

2 σi−j [M2ξ]i−j,j+
τn

3 σi−
3j

2

[M2ξ]i−j,j−
2τn

9 σi−j [M2ξ]i− j

2
,j+τnσi−

j

2

[M2ξ]i− j

2
,j−

τn

9 σi−2j [M2ξ]i− 3j

2
,j

− τnσi−
3j

2

[M2ξ]i− 3j

2
,j − 1

4pi−jτnkn

∑µn−1
l=−µn

[M2ξ]i−j,l − 1
6pi−

3j

2

τnkn

∑µn−1
l=−µn

[M2ξ]i−j,l

− 1
4pi−2jτnkn

∑µn−1
l=−µn

[M2ξ]i−2j,l−
1
2pi−

j

2

τnkn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l+

1
9pi−jτnkn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l

+ 1
2pi−

3j

2

τnkn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l+

1
18pi−2jτnkn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l+

1
6pi−

j

2

τnkn

∑µn−1
l=−µn

[M2ξ]i,land
Di,j =

(
[T̃

(4)
2,nM2ξ]i− 3

2
j,j − [T̃

(4)
2,nM2ξ]i− j

2
,j

)
− 2

3τnσi−j [T̃
(4)
2,nM2ξ]i− j

2
,j −

1
3τnσi−2j [T̃

(4)
2,nM2ξ]i− 3

2
j,j

−τnσi−
j

2

[T̃
(4)
2,nM2ξ]i,j+τnσi−

3j

2

[T̃
(4)
2,nM2ξ]i−j,j+

1
3pi−jτnkn

∑µn−1
l=−µn

[T̃
(4)
2,nM2ξ]i− j

2
,l+

1
6pi−2jτnkn×

∑µn−1
l=−µn

[T
(4)
2,nM2ξ]i− 3j

2
,l + 1

2pi−
j

2

τnkn

∑µn−1
l=−µn

[T
(4)
2,nM2ξ]i,l −

1
2pi−

3j

2

τnkn

∑µn−1
l=−µn

[T
(4)
2,nM2ξ]i−j,l

=
{
2([M2ξ]i−2j,j − [M2ξ]i− 3

2
j,j) − τnσi−2j [M2ξ]i−2j,j +

pi−2j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−2j,l

}

−
{
2([M2ξ]i−j,j − [M2ξ]i− j

2
,j) − τnσi−j [M2ξ]i−j,j +

pi−j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−j,l

}

− 2
3τnσi−j

{
2([M2ξ]i−j,j − [M2ξ]i− j

2
,j) − τnσi−j [M1ξ]i−j,j +

pi−j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−j,l

}

− 1
3τnσi−2j

{
2([M2ξ]i−2j,j − [M2ξ]i− 3

2
j,j)− τnσi−2j [M2ξ]i−2j,j +

pi−2j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−2j,l

}

− τnσi−
j

2

{
2([M2ξ]i− j

2
,j − [M2ξ]i,j) − τnσi−

j

2

[M2ξ]i− j

2
,j +

p
i−

j
2

2 τnkn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l

}

+ τnσi−
3j

2

{
2([M2ξ]i− 3

2
j,j − [M2ξ]i−j,j)− τnσi−

3j

2

[M2ξ]i− 3

2
j,j +

p
i−

3j
2

2 τnkn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l

}

+
pi−j

3 τnkn

∑µn−1
l=−µn

{
2([M2ξ]i−j,l−[M2ξ]i− j

2
,l)−τnσi−j [M2ξ]i−j,l+

pi−j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−j,l
′

}

+
pi−2j

6 τnkn

∑µn−1
l=−µn

{
2([M2ξ]i−2j,l−[M2ξ]i− 3

2
j,l)−τnσi−2j [M2ξ]i−2j,l+

pi−2j

2 τnkn

∑µn−1
l=−µn

[M2ξ]i−2j,l
′

}

+
p

i−
j
2

2 τnkn

∑µn−1
l=−µn

{
2([M2ξ]i− j

2
,l−[M2ξ]i,l)−τnσi−

j

2

[M2ξ]i− j

2
,l+

p
i−

j
2

2 τnkn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l
′

}

−
p

i−
3j
2

2 τnkn

∑µn−1
l=−µn

{
2([M2ξ]i− 3

2
j,l−[M2ξ]i−j,l)−τnσi− 3j

2

[M2ξ]i− 3

2
j,l+

p
i−

3j
2

2 τnkn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l
′

}
.So, we get Ci,j + 1

6Di,j = 2
3 [M2ξ]i−j,j + 4

9τnσi−j [M2ξ]i−j,j +
τ2

n

9 σ2
i−j [M2ξ]i−j,j + 1

3 [M2ξ]i−2j,j

+ 2
9τnσi−2j [M2ξ]i−2j,j+

τ2

n

18σ2
i−2j [M2ξ]i−2j,j+[M2ξ]i− j

2
,j+

2
3τnσi−

j

2

[M2ξ]i− j

2
,j+

1
6τ2

nσ2
i−

j

2

[M2ξ]i− j

2
,j

− [M2ξ]i− 3j

2
,j − 2

3τnσi− 3j

2

[M2ξ]i− 3j

2
,j − 1

6τ2
nσ2

i−
3j

2

[M2ξ]i− 3j

2
,j + 1

18p2
i−jτ

2
nkn

∑µn−1
l=−µn

[M2ξ]i−j,l

− 1
9σi−jτ

2
npi−jkn

∑µn−1
l=−µn

[M2ξ]i−j,l−
1
92pi−jτnkn

∑µn−1
l=−µn

[M2ξ]i−j,l+
1
36p2

i−2jτ
2
nkn

∑µn−1
l=−µn

[M2ξ]i−2j,l

− 1
18σi−2jτ

2
npi−jkn

∑µn−1
l=−µn

[M2ξ]i−2j,l − 1
9pi−jτnkn

∑µn−1
l=−µn

[M2ξ]i−2j,l + 1
12p2

i−
j

2

τ2
nkn ×

∑µn−1
l=−µn

[M2ξ]i− j

2
,l − 1

6σi− j

2

τ2
npi− j

2

kn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l − 1

3pi− j

2

τnkn

∑µn−1
l=−µn

[M2ξ]i− j

2
,l

− 1
12p2

i−
3j

2

τ2
nkn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l + 1

6σi−
3j

2

τ2
npi−

3j

2

kn

∑µn−1
l=−µn

[M2ξ]i− 3j

2
,l + 1

3pi−
j

2

τnkn ×
∑µn−1

l=−µn
[M2ξ]i− 3j

2
,l. Consequently we get [(I − 2

3 T̃
(2)
2,n + 1

6 T̃
(3)
2,nT̃

(4)
2,n)M2ξ]i−j,j = 2

3 [(I + 2
3T1 +

1
6T 2

1 )M2ξ]i−j,j + 1
3 [(I + 2

3T1 + 1
6T 2

1 )M2ξ]i−2j,j + [(I + 2
3T1 + 1

6T 2
1 )M2ξ]i− j

2
,j − [(I + 2

3T1 +
1
6T 2

1 )M2ξ]i− 3

2
j,j = 2

3 [(I− 1
3T1) ξ]i−j,j + 1

3 [(I− 1
3T1)ξ]i−2j,j +[(I− 1

3T1)ξ]i− j

2
,j−[(I− 1

3T1)ξ]i− 3

2
j,j .
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