A FUNCTIONAL CALCULUS APPROACH FOR THE RATIONAL
APPROXIMATION WITH NONUNIFORM PARTITIONS

HASSAN EMAMIRAD & ARNAUD ROUGIREL

ABSTRACT. By introducing M-functional calculus we generalize some results of Bren-
ner and Thomée on the stability and convergence of rational approximation schemes
of bounded semigroups for nonuniform time steps. We give also the rate of conver-
gence for the approximation of the time derivative of these semigroups.

1. INTRODUCTION.

Let A be a closed densely defined linear operator in a Banach space X which gener-
ates a strongly continuous semigroup et4. The purpose of this paper is to approximate
e!4 by suitable linear operators P, (A) by using nonuniform partitions of the time-
interval [0, t].

If 7,...,7, are n positive time steps whose sum equals to ¢ then we will consider
approximations of the form

P,(A) = R(11A)...R(1,A) (1.1)

where R is a rational function. Such a choice is motivated by the fact that rational
functions of A appear in time discretizations of the initial-value problem

d
Fr Au  t>0, u(0)=upe X. (1.2)
Indeed, backward Euler and Crank-Nicholson schemes leads respectively to rational
functions of the form R(z) = (1 —2)"! and R(z) = (1 + 2/2)(1 — z/2)~ .

In the case where R is p-acceptable and the semigroup €' is bounded, the following
results can be found in the literature (see Section 2 for notation and definitions).

o If ' is analytic and the partition is uniform then Brenner and Thomée prove that

I(R(EA = A7) < C ()",
Moreover, if |[R(c0)| < 1 then

1
t n tA
IR(EA) — 4| < O—.
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o If ¢4 is analytic and the partition is nonuniform then it is proved in [Yan] that
I(Pa(4) — ) AP < O,
where 7, = maxy 7. Moreover, if |[R(c0)| < 1 then Saito proves in [Sai] that
|Pa(4) = e < C(22)"mh,
«

where 7, = miny, 7.
o If ' is not necessarily analytic and the partition is uniform then Brenner and
Thomée prove in [BT2] that

2
[(Pa(A) — &) A™P|| < CtPn 771,

tA\n :
- may diverges.

For example, if A = d/dzx and X = L*°(R) then by [BT1] Theorem 4.2, for every € > 0
there exists some p-acceptable function R, with R.(0co) = 0 such that

(see also Remark 5.3 below). Irrespective to the analytic case, R(:A)

IR-(LA)"(| > Cnz=.

Without the condition R.(c0) = 0, the value ¢ = 0 is allowed in the above estimate.
This paper focuses on the case where e*4 is not analytic and the partition is nonuni-
form.
We will now introduce our main results. In Theorem 5.1, we will prove that for
a € (1/2,p], the following holds

(Pa() = €)1 = )70 < Clt)my 7

Thus we obtain convergence on a continuum of intermediate spaces between X and
the domain of AP (see also [Kov]). If A = d/dz, X = Cy(R), |R| = 1 on iR and the
partition is quasiuniform in the sense of Section 2 then

[Po(A)(1—A) | —— 00 Va<1/2.

The reader is refered to Theorem 6.1 and Corollary 6.2 for precise statements. Besides,
following [Yan], we study approximations of the time derivative. We prove in Theorem
7.1 that for o > 3/2,

1 d tA . «
— (Po(A) = Poo1(A)) — —e in L(D(A%), X).
Tn dt
It is worthwhile to mention that a similar estimation is obtained in [Yan] only when A
generates an analytic Cy-semigroup.

This paper is organized as follows. In Section 2, we fix some notations and state
our main assumptions. In Section 3, we introduce the so-called M-functional calculus
which allows to define operators-valued functionals. This calculus is the main tool for
proving, in Section 5 and 7, convergence results toward e*4 and %em. In Section 6,
we give examples where the Crank-Nicholson scheme diverges.
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2. NOTATION AND MAIN ASSUMPTIONS

Though out this paper, ¢, p, I' and H will denote respectively a nonnegative time,
a positive integer, the Euler function and the Heaviside step function. The notation
[Rez < 0] and [Imz > 0] stand for the left and upper half-complex plane. For every
function f defined on a subset of C, fr denotes the restriction of f to R.

In the sequel, A: D(A) C X — X is a closed densely defined linear operator on the
Banach space X. The norm on X and on the space of bounded linear operators acting
on X will be both denoting by ||+ ||. We will further assume that A generates a strongly
continuous semigroup of bounded linear operator {et4 | ¢ > 0}. Moreover we suppose
that this semigroup is bounded i.e.

M :=sup "] < oo. (2.1)
>0

For any positive integer n, a sequence of positive numbers (71,72, -+ ,7,) whose sum
equals t is called a n-grid. We denote

n n :
Tm ‘= Ty := Mmax Tk Ty ‘= T, = NN 7.
Mo 1<k<n * 1<k<n

As a simple consequence, T, > t/n and 7. < t/n. Moreover, without loss of generality,
we may assume 7, < 1. The case 7, = 7 corresponds to uniform partition of [0, ¢].
According to [Yan], for any positive number u, a grid (7,72, ,7,) is said to be
p—quasiuniform if 7 /7 < p.

Definition 2.1. We say that a rational complex function R is p-acceptable if

(a) |R(z)| <1 for all Re(z) <0;

(b) R(ir) = € + O(aP™!) as 2 — 0, z € R.

In this definition, since p > 1 the condition (b) implies that R(0) = R’(0) = 1 and the

condition (a) implies that |R(ico)| < 1, consequently the degree of R is nonpositive,
that is

P
R:= 0 and degree R := degree P — degree () < 0. (2.2)

In the sequel, (71,72, -+ ,7,) is a n-grid, R a p-acceptable rational function and P,
will denote the function defined for all z in [Rez < 0] by

P,(z) = R(112) ... R(Ty,2).

For simplicity we put P,_1(2) = R(712) ... R(7,—12) and looking out that in this case
Z;% T # t. Moreover, we define P,(A) by (1.1). It may be observed that our

results extend to the case where P,(A) = R1(11A)... R,(1,A) provided Ry,..., R, are

p-acceptable functions satisfying Definition 2.1 (b) uniformly with respect to n i.e.

|Rp(iz) — 7| < Clz[P™ Ve [-1,1,k=1,...,n,

where C' is independent of n.
The space of all continuous linear operators defined on a normed vector space Y
with values in X will be denoted by L(Y, X). Regarding functions spaces, the Lebesgue
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spaces of complex-valued functions defined on R are denoted by L¢(R) (1 < ¢ < c0),
with norm || - ||;. Besides
WLI(R) = {f:R—C| f and f' € LI(R)},
CR)={f:R— C| f is continuous on R}.
Let
My ={feCR) | Ff e LY(R) and Ff is supported in [0, 00)} (2.3)
where F f is the Fourier transform of f, i.e.
[e.e]
Ff(s)= / e f(r)de VseR.
—0o0
In the sequel we will use the following inequality, known as Carlson’s inequality (see
[Car]):
1 1
IFfIh < 2v2rlfIFIF3 V€ WHR). (2.4)
Let also H4 be the set of all f: [Imz > 0] — C holomorphic in [Im z > 0] (i.e. f has
an holomorphic extension in a neighborhood of [Imz > 0]) and converging to zero as
|z| — o0.
Finally, various constants independent of ¢, n and the grid (ry, 72, -+ ,7,) will be
generically denoted by the letters C or K. In order to emphasize the dependence of

C on some parameters asq,. .., 0y, we will use the notation Cy, .. ,, and we keep the
same notation even if the values of Cy, . a,, are not the same in different formulae.

m

3. M-FUNCTIONAL CALCULUS

Under notation and assumptions of Section 2, for any f in M, we define a M-
functional calculus by

f(=iA)u = /000 e AuFf(s)ds for all u € X. (3.1)

This defines a bounded linear operator f(—iA) satisfying
If (1A < M| F £ (3.2)
Let a > 0 and A € [Rez > 0]. By choosing the principal determination of the complex
logarithm, the function
farx:R—=C, z— (A—iz)®
is well defined and belongs to M since it is well known that
1

Ffa(s) = mH(S)Sa*le*SA Vs € R, (3.3)
where H denotes the Heaviside step function. Consequently,
fia(—iA4) = / esAe5 s = (A— A)*l. (3.4)
0

Here we want to generalize this formula to any entire power of (A — A)~!,
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Lemma 3.1. Under the above assumptions and notation, if &« = m is a positive integer
then

fma(—1A) = (A= A)™™,
1.e. for any m € N,

1 o0
S Sl A qg = (A — A)7™. 3.5
(m —1)!

— J

Proof. We proceed by induction. The case m = 1 is given in (3.4), suppose m > 1.
Then, from the identity F(fg) = Ff x Fg, we deduce

/ SAF fn(s)ds = / e / FFr(0)F (s — y) dy ds.
R

0 0

By using the fact that these Fourier transforms are supported in [0, c0), we obtain (3.5)
as desired. O

This formula can also be generalized for any fractional power of (A — A)~!. If a > 0
is not an integer then, in accordance with Lemma 3.1, the bounded linear operator

fax(—1A) will be denoted by (A — A)™ i.e.
(A=A) .= ﬁ/o e 50l s, (3.6)

Since we can prove in a standard way that (1 — A)~¢ is one-to-one, we put D(A®) :=
(I — A)~*X and define the unbounded operator (1 — A)* with domain D(A%) by
(1 —A)* :=[(1 — A)~%~L, which is valid in the intermediate space D(A%) equipped
with the norm

[ullae = (1 = A)%u]. (3.7)

The following lemmas give criteria for functions to belong to M. First we have
Lemma 3.2. Let f € H, be such that Ffr belongs to L*(R). Then fr lies in M.

Proof. Tt is enough to show that F fg is supported in [0, 00). For every positive r, let
v = {rel? |0 < 0 < w}. Due to the residue formula,

Ffr(s) = /Reismf(x) dz = — lim e 5% f(2) dz.

r—00

Yr
Since f € H., this limit is zero for any negative s. O

Lemma 3.3. Let g,h: [Imz > 0] — C be continuous functions in [Im z > 0] such that
(a) the product gh belongs to H;
(b) gr and hg belong to WH(R) and WH2(R) respectively.
Then ghgr belongs to My and
17 (ks < Cllg sz s

Proof. The above estimate follows from Carlson’s inequality (2.4). Thus Lemma 3.2
yields ghr € M. O

The following statement will be used later.
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Theorem 3.4. Let a > 0 and R be a rational function bounded on [Rez < 0] with non
positive degree. Then the following functions of the real variable x,

z (1 —iz)™Y, 2z R(z)(1 —iz)™®
belong to M and
emu—Ara:AméAfwmu—mr%@ym (3.8)
= ﬁ /O T eltaA gl s g (3.9)
fm@u_Ara:AM&AHRmM1—mr%@m& (3.10)

Proof. Since F(e™(1 —ix)~%)(s) = F((1 — iz)~%)(s — t), we deduce with (3.3) that
x e (1 —izr)~® belongs to M. Hence

/0 e F(e®(1 —ix)™)(s)ds = —T(a) /0 e(tto)Aga—lo=s qq
etA o0 N )
— S o— —S8 d
(o) /0 e’ s e ds
=1 —A),
in view of (3.6). We prove (3.10) by using partial fractions decomposition for R: we

first show with Lemma 3.3 that z — R(iz)(1 — iz)~® is in M, secondly, by using
Lemma 3.1, we arrive at (3.10). O

4. SOME ESTIMATES ON P,

The M-functional calculus allows to reduce our problem to one dimensional analysis.
In this section, we will give some technical results regarding the rational function P,.
With the notation of Section 2, we have

Lemma 4.1. Suppose that R is a p—acceptable rational function. Then there exists a
constant C such that for all x in R,

| P, (iz) — €| < Crht|x|PH! (4.1)
d
‘a(Pn(ix) )| < C(t+1)*min (1, 72 (|z|? + |z[PT1)) (4.2)
sp
sup |(Py, (iz) — ™) (1 — iz) %] < C(t + 1)ri™ . (4.3)
r€R
Proof. For every x € R, P,(iz) — e is equal to
n n
R(imx) H (itpx) eime H iz
k=2 =
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Since R is p-acceptable, |R(imyz) — e™%| < C|rx|[P*L. Using also the boundedness of
R on iR, we get
n n
| P, (iz) — eim‘ < OlmzfPt™ + H R(itpx) — H ek
k=2 k=2

n
<O Imalt (4.4)
k=1
by induction. Recalling that 7, < 7, and ) 7, = ¢, we obtain (4.1).

To prove (4.2), we write % (P, (iz) — €'*) in the form

n

iz TkR/(iTkm') H R(iTg.%’) — TkeiTkx H eiT‘x

k=1 £k £k

n

Y| (R () — €™7) ] Rlimex) + me™ (] Rimex) — [ ™) | - (4.5)

k=1 l#£k L#£k l#£k

Since R’ and R are bounded on iR, we deduce that

d : itx
T (Pa(iz) — )

Furthermore by Definition 2.1 (b) and (4.4), we have |R/(iz) — €| < C|x|P and

< Ct. (4.6)

[ Rlrex) = [[ €| < CtlafP 72,
04k 4k
thus going back to (4.5), we deduce

4 (Pn(ix) - eim)

n
dz < Oyl + ity

k=1
< C(t+1)°rh (P + [z,

Then using also (4.6), (4.2) follows.

In order to show (4.3), for any r € R there are two alternatives:
(i) If |z| < 7, then according to (4.1)
|(Pa(iz) — €*)(1 — iz)7*| < |Paliz) — €|
< CrPt|z|P!
< CtT,;(p’Ll)er.

(ii) If |z| > 7, then by Definition 2.1 (a),
(P, (iz) — ) (1 — iz) %] < 2lz|~* < 21,7
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Next by choosing r = we get (4.3) which completes the proof of the lemma. [

Y

pts+17
Lemma 4.2. Let R be a p-acceptable rational function. Then for any positive s and
T, we have

sup |(R/(irz) — eim)(l —iz)7°| < Cr4. (4.7)
zeR

Proof. Let v < 0. (i) If || < 7" then since R'(itz) — €™ = O((rz)P),
|(R'(irz) — ei”)(l —iz) 7| < Clraf? < cr(+np,
(ii) If |z| > 7" then since R’ is bounded on iR, we have

|(R'(i7'ﬂ:) - eim)(l —iz)7| < Clz|* < CT 7"

Now, by choosing r = —#, we get (4.7). O

Lemma 4.3. Under the assumptions of Lemma 4.2, we have

d . sp
sup [{ = (P (iz) — )} (1 —iz) ™| < C(* + )™ (4.8)
zeR ' dT
Proof. By differentiation,
d 3 itx : —8 - .
{4 (Palio) — ")} (1 — i)™ = kzlwk(Al + Aa),
with
Ay = (R (impx) — €™7) H R(impz)(1 —iz)™*
O£k
Ay = ™ ([] Rlimez) — [ ™) (1 — ix) .
04k 04k

By (4.7), |A;| < CT,fqp/(pH) < CT,fqp/(p—FSH), while 7, < 1. For estimating As, let
r < 0. (i) If |[z] < 7" then by (4.4), |Aa| < Cirl D), (i) If || > 7" then since

R is bounded, |A2| < Clz|™® < C7,"*. Now by choosing r = —Iﬁ, we obtain
|A2| < C(t + 1)7_§1p/(p+s+1). Then (4.8) follows. O

5. ON THE RATE OF CONVERGENCE

We would like to estimate the rate of convergence of the approximation scheme. For
this, we will use the notation and assumptions of Section 2. In particular, 7, < 1.

Theorem 5.1. If R is a p-acceptable rational function and o € (1/2,p] is given, then
a—1/2)-L2-
I(Pa(A) = €)1~ ) < MCpalt+ 1) 2rm 7T, (5.1)

Proof. We adapt the method developed by Brenner and Thomée in [BT2] to nonuni-
form partitions. We use the M-functional calculus introduced in Section 3 which gives
simpler computations. For every positive integer n and « > 0, we define

fn:R—=C, z— (1—iz) %(P,(iz) — ™)
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and g,(-) == fno(77!) where 7 := 72/ According to Theorem 3.4, f, is in My and
(Po(A) — ) (1 — A)™@ is equal to f,(—iA). By (3.2) and Carlson’s inequality (2.4),
we have

1 fn(—iA)| < M{|F folli = M||Fgnlh
< MCllgnlly” 194115 (5.2)

Moreover by Lemma 4.1,
|Pa(i2) — e'77] < Ctfa ™!

T

with our choice for 7. Therefore
t

P, (i%) — €77 < Cmin(t[z[PT, 1). (5.3)
We deduce that |g,(z)| < C7%|z|~® min(t|z|P*!, 1) and since a € (1/2, p),
lgnllz < Cpalt +1)7% (5-4)

Let us now estimate ||g,||2. We have

go(x) = 12(1 —i2) 707 (P, (i) — €177) + (1 —i2) 7O (Po(i2) — €77

T

=A =B
By (5.3),
|A| < ar®|z|~* 1O min(tz|PT, 1)
< aC(t + 1)7%min(|z|P~*, |z~ 1). (5.5)
In order to bound |B| from above, we first consider its second factor. According to
(42),
| & (Pa(i2) — ei+2)| < 771C(t + 1)? min(1, [zf? + z[P+),

since T = Tﬁ/(pﬂ) and 7 < 1. Thus

|B| < C(t +1)*7  min(|z| ™%, [z~ + 2P T 7). (5.6)
From (5.5) and (5.6), we obtain since « € (1/2,p] and 7 < 1,
lgnlle < Cp.alt +1)°77" (57)

Going back to (5.2), we finally get in view of (5.4) and (5.7),
| fn(—1A)|| < MOy ot + 1)3/27971/2)
which proves (5.1). -

Remark 5.2. Inequality (5.1) may be restated as

a—1/2)-L—
1(Pa(A) — eYul) < MCyalt + 120 27T lul 4 Vu € D(A%).

Consequently, for every sequence (77')1<x<n, n > 1 of grids satisfying 7, — 0 asn — oo,
we have

Py(A) —— e in £L(D(A%), X).

n—0o0
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Remark 5.3. In the case of constant time steps, the best convergence exponent for
a=0,.,.p+1,a#(p+1)/2is

P . « 1
] :a——i—mm(o,— >
bls) p+1 p+1 2

See [BT2] Theorem 4.

In general, we have the following upper bound for the best convergence exponent.

Theorem 5.4. Let C,Cy,pn > 1 be given. Let also (1} )1<k<n, 7 > 1 be a sequence of
grids satisfying

T, Ct
L <uCt, Tm<— Vn>1.
Tu n

Moreover assume that

n—oo

limsup ||(P,(A) — e!)(1 — A)~%|| > 0,

for every positive « strictly less than a certain threshold a.. If for some real a > .
there exists B(a) > 0 such that

I(Pa(4) = e)(1 = 4)7°|| < Carprim ™
then a. < 1/2 and

(5.8)

Bla) < 2L if O > 1,
Tl a=1

If the grid (7,...,7,) is g-quasiuniform (i.e. C; = 1) and o, = 1/2 then the above
theorem expresses that the optimal rate of convergence on D(A®) is less or equal to a.
Section 6 presents situations where . is indeed equal to 1/2.

The proof of Theorem 5.4 relies on the following Lemma.

Lemma 5.5. Let v € (0,1] and u be in D(AY)

. Then
e — ul| < Kppqllullart? Yt > 0. (5.9)
Moreover if v :=v; o = (1 = TA)"%u with 7,ac > 0 then

Ia+7)
lu—v]| < WKMMWHAWX (5.10)

Remark 5.6. Inequality (5.9) yields the continuous injection of the interpolation space
D(A®) into the so-called Favard space of order 7,

F, = {u € X| suth%(etAu —u)|| < oo}
t>0
endowed with the norm

A
lullp, = sup [l (e"u — u)].
t>0

We refer the reader to [EN] for more details on Favard spaces.
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Proof of Lemma 5.5. According to (3.9) and the boundedness of ¢4, we have
e —ul| < 2M|ullav.
As a consequence, (5.9) holds true for t > 1. If ¢ < 1 then Theorem 3.4 yields
1 e ¢}
tA - sA —1_—s+t
e (1—A)7:—/ eHs—t)" e ds.
L'(v) Ji

Hence

L) (1 -A)77 = (1-4)7)
00 t
= / eSA{(s — )1 et 8771678} ds — / e A1 e ds
t 0

N (5.11)

We bound I3 as follows:
t
M
15| < M/ sle=rds < My (5.12)
0 Y

Regarding I, the identity
(s—t) et =T = {(s =)t =T el + (e — 1)s77 T,

leads to the decomposition of I; into the sum J; + Jo where
o
Jp = / eSAesz{(s —t) - 5771} ds,
! o
Jo = (eh - 1)/ e A1 e ds.
t
Furthermore, M ~1||J;|| is bounded by

/OO et {(s - t)“’*l—svfl} ds

t
0 e’} t
:/ e %57 1ds —/ e STtgr—1 ds—l—/ e STt 1 ds
0 0 0
0 t
=(1-¢Y / e *s7  ds + ¢t / e 571 ds
0 0

e
S _t’\/’

2

since t < 1and 1 — e’ < 0. Thus ||J;|| < K, mt7. Since ||J3|| is easily estimated by
MelI'(y)t and ¢,y < 1, we deduce that ||| < K, pt?. With (5.11) and (5.12), it
results that
[e4(1—A)™ —(1—-A)7|| < K,ut? Vte[0,1)
and (5.9) follows.
We now prove (5.10). For u,v as in the statement of the lemma, we have
1

> sTA a—1_-—s
U—v=—=-— (u—e"™u)s* e *ds.
I(a) /0
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Hence with (5.9),

K’%M > Yo—1,—s
lu—v| < o) (s7)7s e dsllu|| av
0

! (a '7)
— K 7
= P( ) 'y,M”uHA“f )

which completes the proofs of the lemma. O

Proof of Theorem 5.4. Let T € (0,1], v € (0, o) and o > .. By Theorem 5.1, we know
that a. < 1/2. Besides, according to [BO, Corollary 2.1] ||P,(A4)| < C'ln(1 + ;—’:)nl/z.
Thus using also (5.10), we obtain for v and v as in Lemma 5.5,

120 (A) (w = )| < [[P(A)]| [Ju = ]|

< Caray In(1+ )0t/ Juf| 4o 7.
T
By (2.1) and (5.10), [|e*(u — v)|| < Chranq||u]lavT7, thus

1(Pa(A) — ) (u = v)|| < Crta (1 + TT—m)nl/QTVHUIIAw- (5.13)

*

Let a = m + (3 where m is the integral part of a and § € [0,1). Since D((1 — A)%) =
(1 —-7A)"*X, the operator (1 — A)*(1 — 7A)~“ is well defined and satisfies

(1-A)*A-TA) =71 - A" = A) ™1 - A (7' - 4)7°.
Since
(=A== (1+ (r =D -74)71) ",

we have [|(1 — A)™(r=! — A)~™|| < (14 M)™. Moreover by [Hen, Theorem 1.4.6] , for
every € € (0,1] there holds

11 =A™ = A)F < 1+ Caprer (771 = A7
<1+ Came)T ™5,
since ||(t7! — A)71*¢|| < M7'7¢ and 7 < 1. Finally we obtain
(1 = AY(1 = 74) 2 < Canger®".
Then, using (5.8), we arrive at the following estimate
(P (A) = Dol < [[(Pa(A) = ) (L = A7 (1 = (L = 74) ] |lul|
< Craparemm T ul. (5.14)

Combining (5.13) and (5.14), we deduce by the triangle inequality,

1(Pa(4) = eyul] < € (In(L 4+ )n!/207 + 707707 ) Julao,

*
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where the positive constant C' depends on t, o, v, p, M, . For n large enough (depending
only on « and «), the optimal choice

(a4 s)rﬁ(o‘)
~vIn(1 4+ ;—T)nlﬂ

] 1/(ate+y)

stays in (0, 1] and gives

- 3 1/(a+e+7)
||(Pn(A) _ etA)(l _ A)fﬂ/H <C [lna+€(1 + _m)n(a+€)/27_m(a)7:|

Tx
From our assumptions on (7j)1<k<n, we deduce in the case C; > 1,

1/(a+e+
[(P.(A) — M1 —A)7| <C [Tn—13(a+e)/z+5(a)7} (ke

Since
limsup ||(P,(A) — e)(1 — A)77| >0,

n—oo

we must have —3(a+¢)/2+ F(a)y < 0 which yields f(a) < 3a/(2a.). The case C; =1
is similar and even simpler. This achieves the proof. O

6. SHARPNESS OF THE CONVERGENCE THEOREM
As a consequence of Theorem 5.1, if o > % and 7m — 0 then

[(Pa(4) = D1 = )7 ——0.

In this section we show that P,(A)(1 — A)~® may diverges in the particular case
where A = % if @ < 1/2. This is a consequence of the following result which gives a
lower bound for ||P,(A)(1 — A)~%|.

Theorem 6.1. Let A be the generator of the translation group on X = Cy(R), the
space of continuous functions converging to zero at infinity,
eu(z) == u(z +1t), ue Cy(R),z,t € R.
Let R be a p-acceptable function satisfying |R| = 1 on iR. Then, if Ty < 1, there exist
smooth positive functions K, L : (0,00) — (0,00) independent of n and t such that
(i) L is non increasing on (1,00), L(co) = 0;
(ii) for every nonnegative exponent o, there holds
IPa(A)(1 = A) = K (@)n2re L(Z2).
In particular,
1o
[1Pn(A)]| = K(0)nzL(Z2).
As a consequence, the following statement holds.

Corollary 6.2. Under the assumptions of Theorem 6.1, assume in addition that the
grid (Tg)1<k<n @5 p-quasiuniform and 0 < a < 1/2. Then

lim ||P,(A)(1 — A)~|| > Caypun2 ® —— 0.

n—oo
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Proof. By definition of a pu—quasiuniform grid,

-1 1t
Te 2 [ Tm = b o

So thanks to Theorem 6.1,
—a t\a —a
[Pn(A)(1 = A)~ = K(Oé)(;) L{p)n'?~.
O

Remark 6.3. By the convergence results of Section 5, if the conclusion of the above
corollary holds then o must be less or equal to 1/2. To our knowledge, the convergence
of P,(A) on D(A'/?) remains to be determinated even for uniform grids.

This result gives rise to the following conjecture: let (Tg)lgkgn, n > 1 be a sequence
of grids such that 77 — 0 as n — oco. Let A be any operator satisfying the assumptions
of Section 2. Then there exists a threshold a. € [0,1/2) such that
(i) [Pa(A) (1 —A) 9| moccasn — oo if a < o
(ii) P,(A) — e in L(D(A), X) for a > a..

As quoted in the introduction, a. = 0 for analytic semigroups. If A = % then
o, = 1/2 under the assumptions of Corollary 6.2; so is it possible to find a sequence of
grids with a, < 1/2 ? Do they exist operators A such that a. € (0,1/2) for (quasi)-
uniform grid ?

The proof of Theorem 6.1 is a slight modification of Section 2 in [CLPT]. First we
will need the following lemmas.

Lemma 6.4. Let A be the generator of the translation group on X = Cy(R) and f be
a function in My. Then

[F (1A = IF -
Proof. For every (u,z) in Co(R) x R, we have esc%cu(x) = u(x + s) and
f(=iA)u(z) = /0 u(z + ) Ff(s)ds = /Ru(s)}"f(s —x)ds. (6.1)

Moreover

[f (1) = sup [[f(=id)ullec = sup sup|f(=id)u(z)]

llulloc<1 l[ulloc <1 zER

=sup sup |f(—i4)u(x)|. (6.2)
2€R Jufloo <1

Now for every = in R, we define the bounded linear functional ¢, on Cy(R) by (see

(6.1)),
a() = F=i)ule) = [ u(s) (s~ ) ds.
According to the Riesz representation theorem,

sup_ |02 (u)| = | FF(- = o)l = [|F -

Thus by (6.2), |[f(—1A)|| = [|F - O
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Lemma 6.5 (Van der Corput’s Lemma, see [BT1, Lemma 2.4] ). Suppose g € CL(R),
and v a real-valued function in C%(R) such that [¢"(z)| > § > 0 for all z in the support
of g. Then

17 (e g)lloo < ng -

We are now in position to give the
Proof of Theorem 6.1. Let us first assume that « is positive. According to Lemma 6.4
[Pn(A)(1 = A) 7| = || F (Paliz)( — ix) ™) 1. (6.3)
Since |R| =1 on iR, there exists a smooth function ¢ : R — R such that
R(iz) = ¥ for all x € R.

Therefore, ¢/'(x) = [R'/R](iz) and, as a consequence, ¢” is a real rational function
whose degree does not exceed —2. Since " has a finite number of zeros and converges
to zero as x — oo, we deduce that there exists a enough large (a > 2) such that ¢” has
constant sign on [a — 1,00) and [¢)”| is non increasing on [a — 1, 00).

Choose ¢ € C°(a — 1,a) and set

g(x) = ¢x)(1 —12)™  Pulz) = ) ()
k=1

Then by the Plancherel theorem,
lgll3 = [le""®g(2)[3 = | F (" g(x))II3
< IF (@) 17 (e “”"“” (2)) lloe
< [IF (1 = 12) ) [ 1 F (6(2)) 11 F (g (@) floo- (6.4)

Now, recalling that 7. <1, we have
a
ol = [ lota)Pl0 - i2) "o
.

> (1+%) el > (1+a®)™or2g]3. (6.5)

By differentiating g and using a > 2, one finds a positive constant Cy depending only
on ¢ such that

lg'llx < Co(1 + )72 (6.6)
Moreover, for every z in (a — 1,a), there holds

n
2
(@)l = ()" ()]
k=1
- 2
= [ (2)1 3 ()7 = mlu" (42
k=1
since, as stated above, 9" does not change its sign on [a —1,00), [¢”| is non increasing
on this interval and Zz belongs to (a — 1, ™) for all z in (a — 1,a) and k in [1,n].
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Lemma 6.5 and the above estimates tell us that there exists a new positive constant
Cy such that

17 (€9) lloo < Co(1 + 0) ————. (6.7)
n|y” (=)
Now, using (6.3) and P, (iz) = e¥»(™%) it follows that

|P.(A)(1— A~ =|F (eiwn(ux)(l B ix)_o‘) I

= |17 (@ -i2)7) |l (6.5)
Going back to (6.4) and using (6.8), (6.7), (6.5), we derive
[Pa(A)(1 = A) 7 > Ch1 +a®) (1 + ) "nEr2 | (2m)[1/2, (6.9)

There remains to consider the case @ = 0. According to the functional calculus of
Section 2, for every « in (0, 00), we have
'/ sA §O~ 1 e 5ds

1P (A) (1 = A)~[| < [P (A (1 = A)~] < M| P, (A)]
and with (6.9),

(1 =A)~| =

Hence

Cl - -1 1 o
|Pa(A)]| = 5 7(1+a*) (1 + @)~ nerl i (=) V2.

Q

We conclude by letting @ — 0 in the above inequality and setting K(a) = 57(1 +

a®)~(1+a)~ Y, L(-) = [¢"(a-)|*/? which achieves the proof of the theorem. O

7. APPROXIMATION OF THE TIME DERIVATIVE

We consider the Cauchy problem

dtu—Au t>0
u(0) = v.

We would like to approach U at time ¢ by

1
— (Po(A) = Ppq(A))v

for any v € X smooth enough. Indeed, for large n, P,(A)v and P,,_1(A)v are closed to
u(t) and u(t —7,) respectively. Thus it may be expected that the above finite difference

approaches %u.

Theorem 7.1. Suppose R is a 1-acceptable rational function. Let o > 3/2 be given.
Then for every s € (1, — 1/2), there exists some constant C' depending on o and s
such that

s—1

d <CE+Dm?. (1)

(Lo
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We start with a simple lemma.

17

Lemma 7.2. For any 1-acceptable rational function R, we have for all x in R

|(1 —iz)R(ix) — 1| < C min(|z|, 2?).

(7.2)

Proof. Since R(ix) = 1 + iz + O(x?), (7.2) holds for z in [~1,1]. Besides for |z| > 1,

we have
(1 —iz)R(iz) — 1] < (2[|R[lec + 1)]].
Hence (7.2) follows.

0

Proof of Theorem 7.1. Once more, without loss of generality we assume 7, < 1. Ac-
cording to Lemma 3.3, by taking ¢ := g, and h := (1 —iz)~(®=%), for obtaining (7.1) it

is enough to estimate the W1°°(R) norm of the function g, defined by

gn(x) = %(Pn(lx) — Py (iz) — impwe™) (1 — iz) 5.

n

Let us first estimate the L norm of g,. Remark that
gn(x) =71 (1 = imp@)R(impz) — 1) Py (i) (1 — iz) ~°

=A

+ iz (P (iz) — eim)(l —iz)™*.

/

~~

For the term A, let r < 0.
(i) If |z| < 7, then by Lemma 7.2

|A| < Crpa®1 — iz~ < Or2r L
(ii) If |z| > 7, then by Lemma 7.2
|A| < Cla| T < O 7Y,

Next by choosing 7 = —1/(s + 1) in any case we obtain

s—1

|A] < CrT.
For estimating B, we use (4.3) which yields
. (s=Dp
|B| < |(Py(iz) — e™)(1 —iz) D[ < Ot + 1) .
Since, for s > 1, % > :’_T_—%, we get

s—1
sup |gn ()] < C(t + )it
reR

Let us now estimate the derivative of g,. We write
g, () :T;l(Pn(iCE) — P,_1(ix) — iTnCUGitI),(l —iz)™*

=A

+is7, 1 (Po(iz) — Ppoi(iz) — imp2e™) (1 —

(7.3)

iz)~ s+

~
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Arguing as in the proof of (7.4), we find

|B'| < C(t+1)stm™>. (7.5)

Thus, there remains to estimate A’ which is equal to
. /
7 (1 = im0 Rimuw) = 1) P (i) + ima(P(i) = €4)) (1 = i)

=7t (((1 — imx)R(iTw) — 1)Pn—1(i$)),(1 —iz)™*

=4/

+ i(x(Pn(im) - eim)>,(1 —ix)77.

/

~~

=Al

By Lemma 4.3 and (4.3),

s—1
Ay < C(# + ', (7.6)

sp (s=1p  s-1
pt+s+1 z p+s 2 s+1°

since Tm < 1 and Regarding A}, it is equal to

Tn_l ((1 —imz)R(ithx) — 1)1Pn_1(ix)(1 —iz)"*
+ 7, 1((1 = i) R(imx) — 1) Py (iz) (1 — iz) 5.

n

Remark that

(1 — imyx)R(imaz) — 1) = O(72x) (7.7)
and for estimating P (iz), we write
n—1 n—1
P _(ix) = Z it R (itpx) H R(iryx).
k=1 =1
(+k

The rational functions R and R’ being bounded on iR, we get
|P!_(iz)| < Ct. (7.8)
Now, let » < 0. (i) If || < 77, then (7.7), (7.2) and (7.8) imply
|AL| < Crolz| + Crplz*t < C(t 4 1)72 T,
(ii) If || > 7. First we remark that by derivating

d
a((

since R is bounded on iR and the degree of R’ is negative. Using also Lemma 7.2, we
deduce

1 —ir2)R(irpz) — 1)| < Cry

AL < Claf ™ + CPtla] ™ < 07" + CPr 7Y < P70,

Next by choosing r = —1/(s + 1), we get |A}| < C(t + 1) (tm) ™Y/ E+Y uniformly for
z in R.
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Now using also (7.6), it results that
s—1
A" < C(t* + D)t (7.9)
Compiling (7.5) and (7.9) we deduce

s—1

sup g, (z)] < C’(t2 + Dt

z€R
Finally by (7_4)
s—1
gnllwree <O+ D)mm'",
which completes the proof of the theorem. .
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