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Optimizations of the Subresultant Algorithm

Abstract

The subresultant algorithm is the most universal and used tool to
compute the resultant or the greatest common divisor of two polynomials
with coefficients in an integral ring (see [1], [3], [4]). Nevertheless, there
exists several notable ameliorations of this algorithm (see [5], [10]).

I propose in this article two improvements in the parts of the subre-
sultant algorithm where the calculations are most costly. The computing-

time decreases in a spectacular way (see page 10).

Contents

1 Introduction

2 Lazard’s optimization

3 A second optimization

4 Computing-time analysis
5 Examples

6 Proof of theorem 2

1

Introduction

10

In theory, computing the resultant of two polynomials in an integral ring R with
a chain of pseudo-divisions is quite possible. Unfortunately, in practice if the
multiplication computing-time in R increases with the size of the elements, then
obtaining a result becomes hopeless because the growth of pseudo-remainder
coefficients is exponential.

smaller than the size of the resultant (see [7] or [11]).

The subresultant algorithm solves this problem because the size of the coef-
ficients of the subresultant polynomials is small. In particular, it is in general

nience, I recall briefly this algorithm:

For the reader’s conve-
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Convention if p = deg(P) > deg(Q) = ¢, then S, = 1c(Q)P~77'Q where lc
is the leading coefficient. Of course, if p = ¢, the coefficients of S, belong
to Frac(R), but the leading coefficient s, = lc(Q)?~? always belongs to R.

Subresultant algorithm. (see [2], [3], [8] or [12])
Inputs : P,Q € R[X] deg(P) > deg(Q) > 1
Output : List of non-zero subresultants of P and @)

S «— empty list
5« le(Q)des(P)~des(@)
A—Q;: B—prem(P,—Q)
loop
d «— deg(A) ; e« deg(B)
— here, A~ Sy if d=deg(Q) —
— here, A=5; ifd<deg(Q) —
— here, B=S4_1, s =1c(Sq) for d < deg(Q) —
if B =0 then return S

S «— [BJUS
— here, S =[S4-1,54,...] —
d—d—e

le(B)*1B
if(5>1thenC<—C(s%; S—[Clus
else C +— B

— here, C = S., S =[Se,...] —
if e = 0 then return S
B prem(A, —B)
s91c(A)
— here, B=S._1 —
A—C
s < lc(A)
end loop

where prem denotes the pseudo-remainder, U the concatenation of two lists and
~ means proportional.

In this version of the algorithm, all non-zero subresultant polynomials of P
and @) are computed. Observe that a loop mainly constitutes this program and
two main calculations are carried out in this loop. They are derived from these
following relations:

Theorem 1 Let R be an integral ring, Sy be a reqular (i.e. of degree d) subre-
sultant polynomial of P,Q € R[X] with d < min(deg(P), deg(Q)), and Sg—1 # 0
of degree e € [0,d — 1|. Then
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1C(Sd_1)d_e_15d_1 9 Se,1 _ prem(Sd, _Sd—l)

1. =
% T esg e e(S4)F1

2 Lazard’s optimization

The subresultant algorithm seems to be ideal to make small coefficient calcula-
tions. But let us look into the first equality of theorem 1. Can the computa-
tion S, be optimized? Daniel Lazard has proved in [9] that it is possible to avoid
the exponentiations lc(S;_1)4 ¢! and le(S;)? ¢! and their division, which can

be expensive. The following calculation can be made: sq = 1c(Sy),
le(Sa-1)?
le(Sa1)” % 1e(Sa_1)
Sd >
Sd
X IC(Sdfl)
X Sq_
s 50 d-1
Sd

where every division is exact (see also [5]):

IC(Sd_l)(Hl

k5 <

for all § € [0,d — ¢, we have

Furthermore a dichotomous method may improve this calculation and then lo-
wers its total cost:
< lc(Sd1)2>2
Sd

Sd
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Optimized calculation of S.. “dichotomous Lazard”
Inputs : Sy, Sq_1
Output : S,

n «— deg(Sy) — deg(Sy_1) — 1 —here,n=ng=d—e—1

if n = 0 then return S;_;

(2, y) < (le(Sa-1),1c(5a))

a «— 9llogy(n)] — here, a <n < 2a

C<— X

n<—n-—a

loop — here, c =27 /97!, aj <ng <a(j+1), a=2" —
exit when a =1

a c?

a<— —; c— —

) L

ifn>athen c— —;n<—n-—a
Y

end loop
cSq-1
Yy

return

3 A second optimization

In the same way, let us look into the second equality of theorem 1:

¢ prem(Sy, —S4-1)
e-l le(S,)de+!
The calculations of the pseudo-remainder, the exponentiation and the quotient

can be extremely expensive. Our aim is to compute S._; while limiting the size
of the intermediate coefficients as we did for S,.

In [5], T prove with an explicit algorithm that the problem is solvable: S, 4
can be obtained from intermediate coefficients of size roughly twice the size
of S._1-coefficients.

Recently, T. Lickteig and M.-F. Roy proved in [10] the following relation of
euclidean divisibility:

secd,lsd = ASdfl + (—1)d7€+1$35’e,1 Ae R[X]

where sq =1c¢(Sg),  se =1c(Se),  ca—1 = le(Sg-1).

Unfortunately, the size of the intermediate coefficients is three times as big
as the size of the S._j-coefficients, and this last formula does not bring any
improvement if the degree of Sy_;isd —1 (i.e. Se = Sq_1).
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Now, I propose several new relations of euclidean divisibility between subre-
sultant polynomials and any other polynomials:

Theorem 2 Let R be an integral ring, Sy be a reqular (i.e. of degree d) subre-
sultant polynomial of P,Q € R[X]|, Sq-1 # 0 of degreee € [0,d—1],  sq4, c4_1
and s, be respectively the leading coefficients of Sq, Sq—1 and S.. Then

1. for all G € R[X] such that deg(G) < d

SaseG = ASy_1 + s4B A,B € R[X], deg(B)<e
2. in particular, if G = Sy — 54X %, we have a better relation
545¢(Sq — 84X = ASy_1 + 52D A,D € R[X], deg(D)<e
3. for all G € R[X] such that deg(G) < d
Secq-1G = ASq_1 + B A,B € R[X], deg(B)<e

and cq4—y divides B if deg(G) < d.
4. in particular, if G = Sy, we have a better relation

Secd_lsd = ASd_l + (—1)d_e+18356_1 A c R[X]
(T. Lickteig and M.-F. Roy’s formula, see [10])

The proof of these relations can be found at the end of this paper (section 6) or
in [6].

Now, let us take an interest in a new algorithm. Suppose we know S, (of
degree d) and S;_; # 0 (of degree e). We can compute S, with Lazard’s method.
How can S._; be calculated?

It follows from point 4. of theorem 2 that

5eCq-15¢ = (—1)¥*"s28, 1 mod Sy,
Now Sg = 54X + (Sg — 84X ?), therefore
545¢Ca1 X"+ cq_15.(Sg — 54X = (—=1)s2S, 1 mod Sy,
The remainder rem(s.cq_1 X% S;_1) can be obtained by point 3. of theorem 2:
Hy = rem(s.cg_1 X% Sq_1) = secg_1 X?  mod Sy_; H, € R[X]

Moreover every remainder rem(s. X7, Sy 1) (with j < d) can be obtained by
point 1. of theorem 2:
rem(sy5. X7, Sq_1)

.IJ‘7 = 52 = Ser mod Sd_l H] € R[X]
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To compute (H;),<q, I propose the following method:

H;, = s.X7 for j <e

J
Hj= 5.X°—8, forj=e
Hj = rem(XHj_l, Sd—l) for j S ]6, d[
_ XHj_l . WB(Xijl)Sdfl
Cd—1
Hj = I'eIIl(Cd_lXHj_l, Sd—l) for j =d

= Cdleijl - We(Xijl)Sdfl

where 7. (X H;_;) denotes the coefficient of X in X H;_;. The size of the inter-
mediate coefficients of these formulas is roughly twice the size of S, _-coefficients
(see the three remarks in the proof of theorem 2).

Then, by point 2. of the same theorem, we have

52D = rem(s45.(Sg — 54X %), Sq_1) = Z sam;i(Sa)H; D € R[X]
j<d
where 7;(S;) denotes the coefficient of X7 in S,;. Note that

> m;(Sa)H;

o and sq¢D = 5.(Sq — 54X%)  mod Sy_,
Sd

Finally, (1) t1s2S, | = s4Hy + cq_154D  mod Sy,
Since the degrees of S._1, Hy and D are lower than deg(S;_1), it is an equality:

d—e+1 Hd + Cd_lD _ (_1)d76+1 Cd_l(XHd_l + D) — We(XHd—l)Sd—l
Sd Sd

Sefl - (_1)
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Optimized calculation of S._;.
Inputs : A ~ Sy, Sq_1, Se, Sq
Output : S,

(d,€) — (deg(A), deg(Sy 1))
(ca—1,8¢) < (1e(Sq-1),1c(Se))
forjin0...e—1loop

Hj — Ser
end loop
H, «— s, X°— S,
forjine+1...d—1loop
We(Xijl)Sdfl

Hj — XHj,l -
Cd—1
end loop
> mi(A)H; -
j<d g ™ (Sa)H;
D(—W —here,D:Wf

det1Cd-1(XHg 14+ D) — me(XHg1)S4-1
Sd

return (—1)
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Optimized subresultant algorithm.
Inputs : P,Q € R[X] deg(P) > deg(Q) > 1
Output : List of non-zero subresultants of P and ()

S «— empty list
5 « lc(Q)dee(P)—des(@)
A—Q; B prem(P,—Q)
loop
d < deg(A) ; e < deg(B)
— here, A~ S; if d=deg(Q) —
— here, A=5; ifd<deg(Q) —
— here, B = S4_1, s =1c(Sq) for d < deg(Q) —
if B =0 then return S

S« [BJUS

— here, S =[Sq-1,54,-..] —

d—d—e

if 6 > 1 then C' + optimized calculation of S, ; S « [C]US
else C'«+— B

— here, C' =S¢, S =[Se,...] —
if e = 0 then return S
B « optimized calculation of S._;
A—C
s« lc(A)
end loop

4 Computing-time analysis

The complexity of this algorithm is calculated in the most unfavorable case, i.e.
when deg(S;(P,Q)) =i for all i € [0,n] with P,Q € Z[X] of degree n.
Obtaining Sy_; from Sy, and Sy requires about 4d multiplications and 2d
divisions (the cost of an addition is negligible). The total numbers of multipli-
cations and divisions of this algorithm are respectively equivalent to 2n? and n?.
Let M(t,t) be the cost of a multiplication in Z of two t-sized elements,
and D(2t,t) be the cost of a division in Z of a 2t-sized element by a t-sized
one: thus M(t,t), D(2t,t) € O(t?). If ¢ is the largest coefficient of P and Q,
then Hadamard’s inequality applied to Sylvester’s matrix shows that the largest
coefficient that appears in their subresultant polynomials is smaller than (2nc?)"
(see [1], page 253). Let 7 be the size of (2nc*)", i.e. 7 € O(nlog(nc)). So, the
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total complexity of the optimization is bounded by
2n*M (1, 7) +n*D(27,7)

Remark. The complexity of the procedure “dichotomous Lazard” is boun-
ded by (2logy(d —e) +e)M(1,7) + (2logy(d — ) + €)D(27,7),

or more simply by nM(7,7) +nD (21, 7).

In the same way, the total complexity of the subresultant algorithm is boun-
ded by

2
n*M(7,7) +n*M (271, 7) + %D(?)T, 27)

5 Examples

test 1 P=aX0+bX? +cXP+dX3+eX?+fX +g
Q="F

test 2 P=X°+4+aX*+bX3+cX?+dX +e
Q=X+ X+ gX3+hX?+iX +j

test 3 P=X"4+aX?+bX?’+cX+d
Q=X"+eX?+fX?+gX+h

test4 P=X204+aX%+0 test 5 P = (X +a)'®
Q=X +cX°+d Q=(X+2)"
test 6 P =X+ aX?+2aX"+ 3a test 7 P = (a+ X)"
Q= X% +4bX" 4+ 5bX° Q= (a— X)%
75 o 200
test8 P=> a"7X test 9 P =Y X/
=0 =0
(I 100
Q=> ja'X Q=1+ jX’
=0 =0
90
test 10 P=1+4> jX’ test 11 P,Q € Z[X] two random
o
Q=1+ ZjQX] polynomials of degree 140

j=1
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test 1 0,1,2,3,4 test 6 | 0,0,5,5,10,10,15,15,20,20
test 2 0,1,2,3,4 test 7 0,1,2,3,...,58,59
test 3 0,1,2,3 test 8 0,1,1,73,74
test 4 | 0,0,5,5,10,10,15,15 || test 9 0,1,2,3,3,97,98,99
test 5| 0,1,2,3,...,13,14 | test 10 0,1,2,2,898,899
test 11 0,1,2,...,138,139
Degrees of the non-zero subresultant polynomials
subresultant | optimized subresultant | optimized
algorithm | algorithm algorithm | algorithm
test 1 71 7.8 test 6 935 27
test 2 2364 80 test 7 58 51
test 3 1162 it test 8 2342 7.6
test 4 1091 59 test 9 39 1.3
test 5 499 245 test 10 264 14
test 11 199 166

Computing-time in seconds

6 Proof of theorem 2

Recalling
Henceforth, R is an integral ring with unity.
Definition 1 (see [5], pages 320-323) Let M and N be two R-modules.

Let g : M™ — R and f: M™ — N be two R-multilinear alternating applica-
tions. The exterior product g A f is given by the formula :

M™™ — N (vy,... s Untm) ngn(a)g(val, Vo, ) Wonits s Vo)

g

Definition 2 Let g : M"™' — R be a (n-1)-multilinear form of M. Then g
denotes the n-multilinear application

GF=gAldy : M — M
vo— > (=) g(vr, . iy 000

=1

Definition 3 Let g : M™ — N be a R-multilinear alternating application. We
shall call ker g the R-submodule {z € M | g(z,...) = 0}.
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Theorem 3 Let M et N two R-modules, f : M™™' — N a (n+1)-multilinear
application and g : M™ ' — R a (m-1)-multilinear form. Consider v € M™
and z € M™. If Vect(z) C kerg C M, then

f(gh(x),z) = (g A f)(I,Z)

Proof .
(g/\f)(x,Z) :Z(_l)M7ig(x1,..., ¢Z,,xm)f($“2) z C kerg’
i=1
=/ <Z(_1)m_i 9(T1, s Fiy ooy ) z) f is linear,
i=1
= f(g*(x), 2).

Theorem 4 Let M et N two R-modules, g : M"™' — N a (n+1)-multilinear
application, f : M*¥' — R and h : M™ — R two multilinear forms. Consi-
derz € M*, z € M", 2/ € M™ such that Vect(z') C Vect(z) C ker f, then

g(f/\hu (x, 2), z) =+h(Z") (f AN g)(x, 2).

Proof

g(f AhE (2, 2), z) = ig(h(z’) fi(z), z) because 2’ C Vect(z) C ker f
= 2h() g(fH(x), 2
= =£h(Z) (f ANg)(z,2z) theorem 3 with g and f

Notations (see [5], pages 329-330) : If P € R[X], the expression XUIP
(j > 1), where j > i, denotes the list

X/p, Xi7tp . X"p X'p

and the empty list if j < i. Furthermore, 7, (P) will point out the coefficient of
degree k of P. We note M the list {j,j —1,...,i+ 1,7} if j > 4, or the empty
list if j < 4. If K is the list {a,b, ¢, ..., 2}, we define these applications :

detg =T ATy AT Ao+ ATy,
detl, = mu Amy AT A--- AT, ALd

and for instance, if j > :

detpy (XUAPY = (m; Amj_y A+ Am)(XIP, XI7IP,..., X'P)
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Definition 4 In [11], by definition, the subresultant Sy of two polynomials
P,Q € R[X]| (respectively of degree p and q) is the determinant polynomial
of the matriz given by the polynomials X410 P and XP=4=10Q (with
d < min(p, q)). So we have

Sa = dety g (X7 HIP X IHQ)

d+1

mq(Sq) = det [pro-d=] (Xla=d=L0 p xlp=d-10]09)

Property 1 Let k € N. For d < min(p,q), we have
Xde*l = dettf kJrk] (X[Q*dJrk,k}P’ X[P*dJrk,k}Q)

pt+q—
d+

Some technical lemmas

Henceforth, we suppose that ¢ = deg(Q) is lower (or equal) than p = deg(P).
Then, we can define S, = lc(Q)?"97'Q (with coefficients in Frac(R)) and
s = le(Sy) =1c(Q)P9 € R.

Remark that s, = 1if p = g.

Lemma 1 Let d < q (< p) andi < j <« be in N such that
deg(Sy_1)+j<p+q—d+i=«

Let g : RIX|" — R[X] be a R-multilinear alternating application. Let G be a
finite list of R[X] such that deg(z) < a for any polynomial z € G. Then

g(G7 )([oz*pfl,i]P7 X[a*qfl,i]Q’ X[j,i}Sd_l) _
isgﬁ“ (det[aﬂ;i] /\g)(G, )([tl—d-i—J}i]P7 X[p—d-i—j,z‘}Q)

or straightforwardly
9(G, xlemp=tilp xle—alilg  xlbig, ) e & RIX]

Proof (It is obvious if d = p = ¢ because sq = 1.)

Step i : Let x = {X97 4T p, Xp=dtiQ}, 7 = XlomdrimLipy XpdtizLig,
z=2Z UGU X[j’i"'l]Sd,l, f= Mptg—d+i h = det[p+q;d+i—1],

then theorem 4 directly gives "

(G, Xlamd+i-1il p yl-dti-tidg xlidg, )

= +s, (7Tp+q—d+i /\g)(G, X[q—d-f—i,i}P, ‘X'[p—d-l-i,i]cg7 X[j,i—l—l]Sd_l)
because XSy 1 = f A Ri(z,2') and sq = 7444(X'Sy) = h(2'). Repeating the
steps i+ 1,..., 7, we finally obtain

g(G7X[qfd+i71,i}p’ X[P*dJrifl,'i]Q’ XU’i]Sd,l) i }
= isglfwrl (det[p+q—d+j] /\g)(G’ X[Q*dJrJ,Z]P’ X[p*d+J,Z]Q)

ptg—d+i
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Lemma 2 Let d < q (< p) and j be in N such that deg(Sy—1) +j < d. Let
f: R[X]" — R[X] be a R-multilinear alternating application. Let G be a finite
list of R[X] such that deg(z) < d for any polynomial z € G. Then

(G, 84, XUOS, 1) = 5] (detjprgsny A f)(G, XI7H0p, X=tt0lQ)
or straightforwardly
F(G, 84, XV98,1) € sTRIX]

Proof
f(G7 Sd> X[jmkgd*l)
= E(detpprg-a-1 A f)(G, Xl p - xlp=d=10lg - xl0g, )
d+1

, . (definition 4 and theorem 3)
= £s55" (detprg—ses) A (G, Xla=d+illp - xlp=d+i0)0)
d+1

(lemma 1 applied with g = det[ﬂqqu] Af)
d+1
Lemma 3 Let d < q (<p) and i < j be in N such that deg(Sy—1) +j < d + 1.

Let f: R[X|" — R[X] be a R-multilinear alternating application. Let G' be a
finite list of R[X] such that deg(z) < d + i for any polynomial z € G'. Then

f(G',XU’i]Sdfl) _ :tszlfi (det[p-‘rté:_;l-‘—j] A FIGE, X[qfdﬂ',i}p’ X[pfdﬂ',d@)
or straightforwardly
f(G,X0s, )y e $TR[X]

Proof
f(G/, X[J’Z]Sd—1) B ) .
_ j:(det[p+q_d+i] A FIG, X[qfdJrz,z}p’ X[pfdJrz,z]Q’ X[],Z+1]Sd71)
dti
- N (property 1 and theorem 3)
= isf{l (det[pﬂfdﬂ] A f)(G’, X[Q*dJr]J]P’ X[p*dJr],z]Q)
i . .
(lemma 1 applied with g = det[p+q_d+¢] Afand G=G U[X'P, X"Q))
d+i

Proof of theorem 2

1. Let G € R[X] be a polynomial such that deg(G) < d. We consider the
following Euclidean division:

GG =US;  +V U,V € RIX], deg(V)<e
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where e = deg(Sy_1) and cq_; the leading coefficient of Sy_;. We are going to
prove that U and V respectively belong to s ¢ >R[X] and s9 “'R[X]. Deve-
loping the exterior product (det[d—l] ATd)(G, Xld=e=105, 1) we find again the
expression of the previous division with

d—e—1

U= > = defja- 1](G,X[d—e—1v’€+ﬂsd_1,X[k—wsd_l) Xk

k=0

V=x det“[d_l] (@, xld—e=10g, )

On one hand, lemma 3 proves that V = s ¢! B where

B=+ detu[pﬂfefl] (@, xlametop xl—e-10g))

with f :det“[d,l], j=d—e—1andi=0.
On the other hand, for k € {0,...,d — e — 1}, the coefficient z;, of X* in U is

2k = :l:C]sl_l det [Z;;] (G, X[dfefl’kJrl]Sd_l)
= 4+ det[d+k—1] (G, X[d+k—e—1,k+1]5d71)

e+k

Lemma 3 proves that U € s% ¢ ?R[X] with f = det[d+k71], j=d+k—-e—-1
e+k
and 1 =k + 1.

So, we can write U = s4 24 and V = 54 “' B where A, B € R[X]. Finally,
the first Euclidean division becomes
-

545G = dd G = ASy_1 + s4B A, B € R[X], deg(B) <e
Sd

Remark. The degree of B = %j’v’s‘i‘l) is lower than e — 1, of course.

But, if e < j < d and G = X7, then any coefficient of the polynomial B
is a minor of the Sylvester’s matrix of P and @ : for all ¢ < e, we have

7 (B) = i(det[wgefl] Am) (X7, Xla—e=10p xlp—e-1.010)

= (det[p+q e— 1] /\det[ ]Aﬂi)(X[qfefl’O}P, X[pfefl’O}Q)

Jj+1

2. Now, if G = S5 — 54X = 73(X%S,), then the rest of the division
4G = US,;_1 + V belongs to s5°R[X]. To prove this, we write:

V= idet[d,l] (mh(X 7, Sg), Xlamem1005, )
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=+ deth[d] (X%, Sy, Xld=e100g, 1) (theorem 3)

and lemma 2 shows that V = s4 D where

D=4 detu[erq,e,l] (Xd7 X[qfefl,O]P’ X[pfefl,O]Q)

e

with f = det”[d

e

i G=X%j=d—e—1,and i = 0. Then, the first Euclidean
division becomes

d—e

c
$a5e(Sq — 84X = LG = ASy + 85D A, D € R[X], deg(D) < e
Sq
Remark. The degree of D = rem(sdss(sdfgsdxd)’sd*) is lower than e — 1

Sa
and any coefficient of this polynomial is a minor of the Sylvester’s matrix
of P and @ : forall i < e, we have

mi(D) = &(detppro—cy Am) (X4, Xla—e=10p - xlp—e=100Q)

= (det[p+q e— 1] /\det[d 1] Aﬂz)(X[qfefl’O}P, X[pfefl’O}Q)

d+1 e

3. Let G € R[X] be a polynomial such that deg(G) < d. We consider the
following Euclidean division:

AG=US; 1 +V U,V € R[X], deg(V) <e

We are going to prove that U and V belong in s4“'R[X]. Developing the
exterior product (det[] Id)(G, X295, ), we find again the expression of

the previous division where

d—e
U=> + detja (G, Xld=ehtllg, | xF-LO0g, )y X

V== det“[d] (@, Xl=e0g, )

Lemma 3 immediately proves that V = s47°7' B where

B =4+ detu[erq,e] (G7 Sdfly X[q_e’l}P’ X[p—e,l]Q)

with f = det“[d], j=d—e, i=1,and G' = {G,S4_1}.
Furthermore, for k € {0,...,d — e}, the coefficient z;, of X* in U is
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Zp = Fck 1det[ d ](G Xld—ek+llg, )
= :l:det[d+k] (G Xldth=ektllg, 1)

etk

Lemma 3 proves that U € s4“'R[X] where f = det[d+k], j=d+k—e

e+k
and 1=k + 1.

So, we can write U = s4 ' A and V = s4 ' B with A, B € R[X]. Finally,
the first Euclidean division becomes

d—e+1
Co15.G ==L _G=AS, ,+B A,B € RIX], deg(B) < e
Sq

Remark. The degree of B = rem(cy_15.G,S4_1) is lower than e — 1. If
G = X%, then any coefficient of the polynomial B is a sum of two products
of two Sylvester’s minors : forall ¢ < e, we have

Wz(B) = :E(det[p+g—e] A ’ﬂ'i)(Xd’ Si_1, X[qfe,l}P’ X[pfe,l}Q)

= (det[p-&-q ‘] /\det[d 1] A7) (Sq-1, Xla- el]P Xl el]Q)
d+1
= £ mi(Sa-1) - (detppra—q A det[d_l])(X[q—evHP, xlp=ellQ)
d+1 e
+ =+ cg-1 - (det[p+q—e] A det[d_1] AN Wi)(X[q_e’l]P, X[p_e’l]Q)
d+1

e+1

4. With G = S;, consider the last relation, c4_18.5; = AS4_1 + B, and

the classic one (theorem 1), ¢i¢™'S; = USy 1 + (—1)%¢tlsd=et1G | Then
d—e+1

B = (-1)% e“ig —S._1 and we obtain
Cd—ISeSd == ASd_l + (—1)d etl 2Se 1 A € R[X]
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