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Abstract In this work, we study a class of nonlinear eigenvalue problems
related to fully discontinuous operators. In particular, we prove the existence of
a critical point for two distinct problems. Connected with this problem, we also
study a minimization problem with constraint and we investigate the existence
of solutions for a resonant case near zero. Moreover, we give some estimates
and qualitative properties of solutions by using the relative rearrangement
theory.
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1 Introduction.

Eigenvalue problems involving nonhomogeneous elliptic operators have cap-
tured special attention in the last decade. Numerous papers have been devoted
to the study of various phenomena, which occur in the spectrum of such o-
perators (see [1H7] and references therein). The purpose of the present paper is
to give additional results on eigenvalue problems related to fully discontinuous
operators, which recover the results in [1,[2]; indeed, the operator given here,
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which is recently introduced by J.M. Rakotoson, becomes a natural extension
of the univalued operator studied recently in [2].

2 Presentation of the Problem.

The study of this issue was initiated by J.M. Rakotoson in [8], in which the
notion of 7—multivalued Leray-Lions operators was introduced by

~div 4 (a% (w,g;i(x)>>7 (1)

associated to 7 = (p,,...,py), Where p, are Banach function norms and ¢;
are Carathéodory functions on {2 x IR, such that, for a.e. t — ¢;(z,t) is lo-
cally Lipschitz on IR; therefore the theoretical formulation of such concrete
problems basically relies on the notion of Clarke’s generalized gradient, which
replaces the subdifferential in the sense of convex analysis (see [9]).

This operator can be used in the Euler-Lagrange functionals, that appear in
the minimization problems of image restoration (see [10]).

In this paper, we shall consider the same Orlicz-Sobolev spaces used in [11]
(see also [12]), that will enable us to study with sufficient accuracy problem (2)).
For this purpose, we consider as Banach function norm:

o(v) = inf {/\>0:/ng<x,|v(;)|>dx<1},

where ¢ is a suitable N-function (see [|13]), and L(f2,p) is the associated
Banach function space.

Moreover, we shall give additional results concerning the resolution of the
eigenvalue problem

~aivy (06 (5. 55@)) ) =M (@), Foale)) € Din(a.uio). @)

under some assumptions on the function jj, assumptions that place us in
a different context from the one studied in |11]. Let us note that existence
results are deeply influenced by the competition between the growth rates of
the anisotropic coefficients.

The results presented here extend previous works of M. Mihailescu and al.
in [1,2]. We define on W;”(£2) the functionals J and j, such that, for all

v e Wyt (),
7 2]
= ()

1
h@%[/ o do ot vMM4.
Pm | J{jv|<1} {lv|>1}
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Then, for all A € ]0, A.[, there exists a function u > 0, u Z 0, u € Wolp(ﬂ)
such that 0 € 9J(u) — A\djo(u), provided

1<q<p<+oo,1<qM<pM<p*:Np

and qp; < gq.

Moreover, for all A > \,,, there exists a non-trivial solution u € VVO1 P (£2) such
that 0 € 8J(u) — Adjo(u), provided
l<g<p<+4oo, 1 <qy <py <p*and py < q.

In order to go further, we will exploit the nonsmooth version of the La-
grange multiplier theorem (see [9]) to prove the existence of solutions for a
more general problem. Moreover, this existence result will be used in the last
section, in which we are able to characterize and prove the L°°-regularity of
the eigenvectors associated to ?—multivalued Leray-Lions operators by using
the relative rearrangement theory (see [14]).

To our knowledge, this is the first paper dealing with the regularity of the
eigenvectors related to 7—mu1tiva1ued Leray-Lions operators.

We also obtain an existence result for an eigenvalue problem in a resonant
case near zero in the sense that the potential has the same growth as the
operator in a small neighborhood of the origin.

Our result shall recover the following problem. Consider J as above and

*

C—\U|p if |o| <1,

S B O R
—|o|’ —|o|+ — 4+ —— otherwise,
B p g

where 0 < ¢* < , the positive constant S is the Sobolev embedding

1
NP .Sp
constant of Wolp(Q) into LP(£2) and p < B < p*. Then, there exists a non-
trivial solution u € W, ?(£2) such that 0 € dJ(u) — dj(u) and

Jlu) = /Q h(z,u(z))dz.

We start by recalling some basic facts about Clarke subdifferential, Banach
function norms, ?—multivalued operators, Orlicz spaces and relative rearrange-
ment. For more details we refer to [8,9,[11}[13H18].

3 Notations - Preliminary Results.

For a Banach space (V,|| - ||), we shall denote by V' its dual, and the duality
bracket between V’'and V shall be denoted by < -,- >. The set of all subsets
of V' is denoted by P(V’) := 2¥". In order to avoid confusion, we shall also
denote by || - ||v or || - ||y the norms in those spaces.

Definition 3.1 The first statement of the definition is already known (see
[19]), the second one was introduced recently in [8].
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1. A multivalued operator A : V = P(V’) is called a monotone operator iff:
Vui, us € V, Ywy € Auy, Vws € Aus, we have < wy — wo,uq — ug > > 0.

2. A multivalued monotone operator A is strongly monotonic iff for any se-
quence (uy), in V converging weakly to a function v and verifying:

Yw, € Au,, Vw € Au if liIE < Wy — W, Uy, —u >= 0, then u,, converges
n—-+oo

to uw strongly in V.

Definition 3.2 [2022].

1. Wecall j: V — IR to be a locally Lipschitz function iff for all u € V, there
exist a ball B(u,r), r > 0 and a constant K, (u) = K(u) such that

3(0) —j(w)| < K(u)[lv —wl, Vv, we B(u,r).

2. For each v € V| the generalized directional derivative of j (at a point u in
the direction v), denoted by j°(u;v), is defined as follows:
0 Ju+h+ ) —ju+h)

7 (u;v) := limsup .
AN, h—0 A

On the basic properties of the generalized directional derivative we refer to
19,20+22].

Definition 3.3 [20-22]. The (Clarke) subdifferential of j at a point u € V' is
the subdifferential of the convex map v + j°(u;v) at zero. More precisely,

9j(u) := {w eV <w,v>< %), Vo € V}.

For these reasons, the Clarke subdifferential possesses the same properties as
the subdifferential in the sense of convex analysis. For more information on
these properties we refer to [9,[20H22].

Definition 3.4 [2022).

If j: V — IR is a locally Lipschitz function, we say that u is a critical point
of j iff 0 € 9j(u).

We shall use the following notions on Banach function norms and spaces (see
[15] and also [14] for more details). Let

L) = {v : 2 — R Lebesgue measurable}

and L9 (£2) := {v € LO(Q), v > 0}.

Definition 3.5 [15]. A mapping p : L) (2) — R, := [0,+0oc] is called a
Banach function norm iff, for all f, ¢ and g, in LQF(Q), for all measurable set
E C §2, we have

P1./ p(f) =0<«<= f =0 a.e,
p(Af) = Ap(f), VYA>0,
p(f +9) < p(f)+ p(g)-

P2./ If f < g a.e. then p(f) < p(g).
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P3./ If fo < fug1 7 f then p(fn) = p(f).
P4./ If |E| < 400 then p(xg) < +o00. (|E| is the Lebesgue measure of E and
XE is the characteristic function of E).

P5./ If |E| < 400 then / f(z)dz < e, p(f) for some finite, positive constant
E
¢, depending only on E and p.

Definition 3.6 |[15]. Let p be a Banach function norm. Then, we define

Y i= L2 p) = {f € L) : pl(f]) < +o0}.

Y is called a Banach function space and is endowed with the norm

Iflly = p(If1)-

In what follows we state some useful properties of L({2, p):
Definition 3.7 [15].

1. If p is a Banach function norm, its associate norm p’ is defined by

gty =sw{ [ fode, g€ 182, o) <1} for f e 220

2. The Banach function space determined by p’ is called the associate Banach
function space of L({2, p), that is L(£2,p) := {v e Lo%(2): p'(v]) < +oo}.

Definition 3.8 [15].
A Banach function space Y is said to have absolutely continuous norm iff

|fXxE.|ly = 0, for every {E, } satisfying E,,;1 C E, and |E,| — 0.

Theorem 3.1 [15]. A Banach function spaceY is reflexive if and only if both
Y and its associate Y' have absolutely continuous norm.

Remark 3.1 For simplicity, we sometimes write p(f) = p(|f|), and various
constants depending on data shall be denoted by c or c;.

The following definitions and results were introduced in [8}/11] (see also [23]).
Let (V]| -]]) and (X, |- |) be two reflexive Banach spaces.

Lemma 3.1 [§]. Consider two locally Lipschitz functions J : V. — IR and
7 : X = R. We suppose that

AV =3PV
H1./ u > 0J(u)
H2./ We have the following growth:

1. 38>0, 3cp=20: Bj(u) < igf( )<v*,u>+coﬁ, Vue X.
v*edj(u

2. There are constants ¢y >0, co > 0 :

be strongly monotonic.

1
— sup <w"u>-—cy+clul < J(u), VYueV.
Bw*eaJ(u)
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Under these hypotheses and assuming that the injection of V into X be com-
pact, the function ®(u) = J(u) — j(u), u € V satisfies the Palais-Smale
conditions.

Definition 3.9 [8]. Let 2 be an open set of R" and po, ..., px be (N +1)
Banach function norms and L(£2, p;), ¢ =0,..., N the corresponding Banach
function space. We define the following Banach-Sobolev function space

= {UEL(Q 0 %EL(Q,pi), i:l,...,N}.

The norm on W is then ||v]|w = Zpl ( ) + po(v).

Proposition 3.1 [8]. Let po,...,pn be (N + 1) Banach function norms, p;
is the associate norm of p;. We assume that p; and p} be absolutely continuous

/
norms. Then, the dual space V' := (Wol’p" """ P (Q)) is

V' = {T : there exist fo, ..., fn such that f; € L(£2,p}) and

<T,v>::/n dx—l—z 3xz (z)dz, VUEV}

Definition 3.10 |[8]. We define the 7-multivalued Leray-Lions operator as
follows:

divy (a%- <x (,ii(a:))) - XN: g;” (2) +wolz)  in D).

Here, 7 stands for (po, ..., px) with wo(z) € dpo(z, u(z)) a.e. in 2, and

w;(z) € Op; <az, gu(x)> a.e.in 2, for i=1,...,N.
z;

Lemma 3.2 (Construction of a 7”-multivalued Leray-Lions Strongly
Monotonic Operator) [11].

Let 2 be a bounded Lipschitz open set of IR"Y and consider N borelian func-
tions ¢; : 2 xR — 1R, i=1,...,N, such that

A.1/ For a.e. x € {2, the map ¢ (—> ¢i(x,t) is strictly increasing, odd and

¢i(x,0) = 0. Moreover @;(z,-) is right continuous on [0, +-o00[ and
t_li+moo ess!12nf ¢i(z,t) = +o0.

A2./ There exist 2m-numbers, a; < ... < a2, such that
for a.e. x € 2, t e R\{ay,...,a2m} — ¢;(x,t) is continuous.
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We define on 2 x R the following N-function (see [11}13])
Il
vi(z,t) = ¢i(x,0)do.
0

We need that ¢;(x,-) satisfies the so-called global As-condition (or near
infinity). Following the necessary and sufficient condition given in [13}[24], we
shall assume

A3./ There exist two numbers « > 1, @ > 1 such that, for a.e. z, Vt € R
api(x,t) < tw;(z,t) < ap;(z,t), Yw;(z,t) € Op;(x,t).

As usual, we define the corresponding Orlicz space by considering

L?(92) := {v : 2 — IR measurable : / oi(z,v(z))dz < +oo},

0

we endowed this space with the Banach function norm

R Y ) Pt B

We also assume that the conjugate function

i(x,-) == sup {ts — iz, s)}, for t > 0,
s=0

satisfies the As-condition globally (or near infinity), say that there exists a
constant k > 0, such that ¢;(z,2t) < kp;(x,t) a.e.,, Vi > 0 (or t > to).

Remark 3.2 [23125]. Assume that p;(x,-) satisfy the Ag-condition globally
(or near infinity) and for a.e. the function t € [0, +00[— ¢;(z,Vt) be convew.
Then @;(x,-) satisfies the Aa-condition globally (or near infinity).

The Orlicz-Sobolev space associated to 7 = (p,,...,py) is

ov
8:102»

W()17p1""7pN (2) = {v € L' (0): () € L(£2,pi), i=1,...,N,vv = O} .

N
We define the function J(v) := Z/ i <x7 gv(:r)) dz.
i—1 /9 L

Theorem 3.2 [11]. Assume Al./, A2./, A3./. Then, the 7 -multivalued
Leray-Lions operator defined by Au := —div (8(,01' <x, g;(@)) 1s strongly
monotonic on the Orlicz-Sobolev space V := Wol’pl’""pN (2).

Remark 3.3 [11,23]. The following properties hold:

1. W()Lplw’pN (2) C Wol’l(_Q) is a continuous injection.
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2. One has for allt >0, all 0 > 1,
o%pi(x,t) < pi(x,ot) < o %pi(x,t), for a.e. v € 12.
3. Moreover, we have L®(§2) C L¥(£2) C L2(£2) (see [16,25)]).

The next definitions and results can be found in [14].
Let 2 be a bounded domain in RY and u : 2 — IR be a measurable function
on 2.

Definition 3.11 We define the function w, : £2, :=|0, |£2|[— IR by setting
u (s):=inf{t e R:|u>t|<s} s€,
and u.(0) := ess;up u, u(]92]) = ess{i}nf u. The function u, is called the
decreasing rearrangement of u.
Property 3.1 [14L26]. The decreasing rearrangement of u satisfies:
1. ullpr @) = [udlpr(.),  for 1 <p < +oo.
2. (|u|p)>(k = (\u|*)p a.e., forl<p<+oo.

Theorem 3.3 |[14]. Let u,v € L*(2) and w : 2. — R defined by

s—|u>ux(s)|
w(s) ::/ v(m)dx—i—/ (v\{u:u*(s)})*(o)da,
{u>u.(s)} 0

where v|{y—y, (s)} 18 the restriction of v to {u = u.(s)}.
Ifve LP(2),1 < p < +oo, then

1. we Whr(Q,).

P (u+ M) —u dw | in LP(£2,)-weak, if 1 <p < +oo,

' A A0 s \in L>(£2,)-weak-*, if p = +o0.
Definition 3.12 The function ‘fi—f € LP(£2,) is called the relative rearrange-
ment of v with respect to u and is denoted by v, := ‘fTT:.

Property 3.2 [14]. Let u € L'($2) and v € LP(2), 1 < p < +00, the relative
rearrangement V., verifies:

1 JvsullLr 2.y < 0llLe(e)-

2. / Vi (8)ds = / v(x)dz.
Q. Q
3. If vy < v a.e., v; € LP(£2), then vy < Vawy a.€.

4. If a >0, then (a)w, = Q.

Theorem 3.4 Poincaré-Sobolev Inequality for the Relative Rearran-
gement, see [14], Theorem 4.1.1. Let u € Wy (2), u > 0.
Then, u, € W,0"(£2,) and

loc

s%_l
—u! (s) < —|Vulsu(s), a.e in §2,. (4)
Nwy
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Lemma 3.3 |14| Let 1 < p < 400, v € LP(2) such that v, € W (12,),

loc

then Yg € LP( = / g - )) dz € Wh(92,), and for a.e.
Q

loc

s € £2,, we have:

G'(s) = —vl(s) /{ oy SN =l / G (0)do. (5)

4 An Abstract Result for the Existence of Critical Value Near
Zero.

Due to Ekeland variational principle (see [11]), we shall introduce here an
existence result for the case where we have compact embedding from V' into
X. We also introduce the following hypothesis:

H3./ #(0) =0, and there exist uy € V and 1 > ||uq]|| such that

&) >0, ||[v]| =n, P(u1) <0, inf P(v) > —oc.
ve€ B(0,n)

Theorem 4.1 Under the conditions H1./ and H3./, if the injection of V
into X is compact, then there exists a function u Z 0, u € V, which is a
critical point of @ := J — j, that is

0 € 8J(u) — dj(w).

Proof. Let B(0,n) be the open ball of radius n. Since we have a function
u; # 0, uy € V such that @&(uy) < 0 (by H3./), then uy € B(0,n) and

c= inf &(v) verifies
veEB(0,n)

—00 << P(uy) <0.

By Ekeland variational principle (see [22,27] and Appendix in [11]), we have
a minimizing sequence (u,) C B(0,7), and v € V such that

. D(uy) —— ¢ (thus u,, € interior{ B(0,7)} = B(O,r]))7

n—-4o0o

- 45 € 0%(un), 16 llvr 7= O,

1

2

3. u, converges weakly to u in V,
4. u, converges strongly to u in X.

Thus, there exist w, € 8J(uy), v, € 8j(uy,) such that
g:, = Wn — Unp,
and this implies

<L Uy, — U S>S=< Wy Uy, — U D> — < Uy, Uy — US> (6)
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Thus, for w € 8.J(u)
LUy —Uu>— < WUy —U> F < Upy Uy —US=< Wy — W, Uy, —u > (7)

Since we have the strong convergence of the sequence (u,) in X, then |u,| < ¢
and |v,|x/ < eg, for v, € 0j(un).
From , we then have

| <wp —w,up —u> | <cs|lllv+ | <w,up —u>|+colu, —ul.  (8)
The above convergences, together with relation , yield:

lim <w,—w,u, —u>=0, forw,¢€dJ(u,)andw € dJ(u). (9)

n——+oo

By the assumption H1./, we conclude that u, converges strongly to u in V.
Therefore, @ (u,,) e D(u) =c<0. |
n——+0o0o

4.1 Example of Applications of Theorem

Let 61 > 0,...,0ny > 0 be N real numbers and ¢;,p;, i = 1,..., N be 2N
bounded measurable functions on {2 satisfying:

1<q_:= ess(iznf ¢ < qi(z) <pi_:= essriznf Di < piy 1= esssup p; < +00.
Q
Consider

oo > 6
i\ T, = .
4 @ () [t|5@, i |t < 6,

We can choose ¢;(x,t) as follows:

ze N, teR, ai(z) = (6i)(pi—4i)(z).

pi(x)|t|P it || > ds,
ql(w)|t|‘1l(x) 2t if |t| < 6,
¢i(x7 t) = pi(x)—1 . .
pi(x)0; 2 if t=29;,
pl(x)épl(x , if t=—9;.
One can check that all the assumptions Al./ to A3./ are fulfilled for
a=q_ = 121<n {ql } and o = p+ = 1I<nzi>§v {pz+} We also have:

¢i(z, 1), if [t| > d; or [t] < d;,
5?(‘?)71 [qi (.T),pl(l‘)] sign (t), otherwise.

dpi(x,t) = {

We define the function J : Vg — IR as follows

Jw:iﬁw@gﬁﬂi%
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Theorem 4.2 Let dp; > 0 be a real number and par, qar be two bounded mea-
surable functions on 2 satisfying:

l1<qu_:= ess!i?nf am(x) < gu(x) < pp_ = ess(ilnf par ().
Assume that Vo be compactly embedded in L¥M(§2) and

qm_ <q_.

Then, there exists A\, > 0, such that ¥ X €]0, \[, there exists a non-trivial
function uw € Vg such that

é/ﬂwi(ﬂﬁ)

a@; (z)dz = /\/Q wyr(z)v(z)dz, Yo e Vo,

with p;(z)w;(x) € Op; <x, gg(x)) and  pr(z)wr (z) € Opnr (z,u(x)) ae.,
where '

[u(z) [P, if ()] > o,
an(@)u(@)| 1), if Ju(@)] < oar,

ou (2, u(z)) = {

where ay(x) = ((SM)(pIVI*QIM)(Z)'
Proof. Introducing

dx
pm(x)’

Ba(u) = J(u) — Nj(w), j(u) = /Q ot (2, u(z))

one can check all assumptions of Theorem 4.1 (for more details, see [23]). O

4.2 Other Example (with coerciveness)

Theorem 4.3 Under the same notations of Section assume that V be
compactly embedded in LM () and

aM— <pmy <g_.

Then, there exist Ax > 0 and A > 0, such that V A € |0, \u[ U [ Asx, +00[,
there exists a non-trivial function u € Vg such that

N
ov
;/ﬂwi(l')axi (z)dz = )\/(ZU}M(:I])U(:E)dx’ Vo e Vo,

with p;(x)w;(x) € Op; (x, g;(@) and  pry(x)wi(z) € o (2, u(z)) a.e
in (2.
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Proof. The existence of A, > 0 such that any A € |0, \.[ is an eigenvalue is an
immediate consequence of Theorem [£:2] In order to prove the second part of
Theorem [4.3] we will show that, for X positive and large enough, the functional
@, possesses a non-trivial global minimum point in Vj.

First, the function @, is coercive on V. Indeed, if max
1<i<N

= 1,

6ZCZ‘ &,

’8u

then

N
ou dx 1 1 -
J(u) = Z/ ®i (ax ax(x)) — > Hu||z,‘0, (by Corollary [5.1).

Py N
Moreover, we have V u € Vy,
qmM _ p
/Q ot (2, u(@))do < (So)™ -~ ul B0 + (So)+ Jul5+,

where Sy > 0 is the Sobolev constant of the injection Vi into L#M({2).
Then,

1 q /\(SO)[IM’ qm >‘(SO)pMJr s
a(u) =2 ———— - lully, - = ——llully,” + ————llullv, "
. N9- M Py
by
ou
for all u € Vg such that max > 1.
1<i<N || 04 o

Since we have qps_ < pay < q_, then @) (u) ———— +00.
llwllve—+oo
On the other hand, the same arguments as in the proof of Lemma 3.4 of [2§]
can be used in order to show that @, is weakly lower semi-continuous on
Vi (see also [23]). The functional @ is also coercive on V. These two facts
enable us to apply the first result of Section 2.1.1 in [22] in order to find that
there exists ug € Vg, a global minimizer of &).

Finally, we have to show that ug is a non-trivial solution for A large enough.
Indeed, letting ¢y > max {1; (5M} be a fixed real number and {2; be an open
subset of 2 with 2, CC 2 and [£21] > 0, we deduce that there exists
vg € C°(£2) C Vg such that

vo(z) = to, if x € 24,
Oévo(x) gto,ifﬂ?GQ\Ql.
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We have

A
/%< e o
[0} Pry Joy

_Cipmy
(to)PM~ [£21]
such that @5(vg) < 0, for any A > ... It follows that @ (ug) < 0, for any
A > Ay and thus ug is a non-trivial solution for A\ large enough. O

where C7 > 0 is a positive constant. Thus, there exists Ay, = >0

Remark 4.1 Let f € V(/) be an element of the dual space of Vo and consider

the following problem:
. Ju
~aiv (961 (r. @) ) = £ (10)

where all assumptions Al./ to A3./ are satisfied. Then, there exists a global
manimizer u € Vo and u is a solution of . Indeed, if we replace the function
j(v) of Theorem by < f,v > and we use the same arguments as in the
proof of Theorem[].3, we show that the functional ® defined by

P(v) = J(v)— < f,v >, v € Vy,

is coercive and weakly lower semi-continuous.

5 Minimization Problem with Constraint.

In order to prove the existence for a minimization problem with constraint
related to the fully discontinuous operator, we shall start by using the non-
smooth version of the Lagrange Multiplier Theorem (see [9]). Due to the
inhomogeneity, our operator is more complicated than the p-Laplacian.

Let 2 be a bounded Lipschitz open set of IR and consider N borelian func-
tions ¢; : 2 x IR — IR, such that ¢; satisfies A1l./ and A2./.

We define the N-function ¢; on 2 x IR:

Il

pi(x,t) = ¢i(x,0)do.
0
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We also assume that ¢; satisfies A3./. Moreover, we consider the function J
on Vy, as follows

J(v) = é/g%' (:p g;(ﬂ) da.

Theorem 5.1 Under the above conditions, assume that Vo be continuously
embedded in X. Let 7 : X — IR be an even and convex function such that
7(0) = 0. If we suppose

(i) j be a continuous function and Vo be compactly embedded in X,
or
(ii) j be weakly-continuous function,

then, there exist uy € Vg, up = 0, u; 0 and Ay > 0 such that
0e 6J(U1) — )\16](1&1)

We start with two auxiliary results, and we recall the relation between the
modular function and the norm in the Orlicz spaces.

Lemma 5.1 [2325]. Let u € L% (£2). We have the following properties:
(1) If [Jul

(2) If Jull,, <1, then ||u]g, < /Q% (z,u(z)) dz < [Jull, -

o = 1, then |ullZ, < /Q% (@, u(z))de < ||lul

As a consequence of Lemma [5.1] we have

Corollary 5.1 [23|. Let u € V. Then:

ou 1 B
’ el > . a < . a
(1) If 121%}%\[ ‘8172' H(p‘ > 1, then Na HUHVU < J(w) <N HUHVO
(2) If ou <1, th i I Ha <JW) <N-| ”g
1SN || Oa; o e ya vy S 7S ull5, -
Proof of Theorem [5.1k

Let a > 0 be fixed. We are in a position now to show that there exists u; € Vy,
uy = 0 and u; # 0 such that

J(uy) = inf{J(v) cj(v) = a} > 0.
For this, we define
m = inf{J(U) cj(v) = a} and S := {u €Vy:jlu)= a}.
We consider a minimizing sequence (v,,) in S such that

J(vy) m m. (11)
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By Corollary (vy) is bounded in Vg. Then, there exists a subsequence of
(vn), still denoted by (v,), that converges weakly in V. The function J is
weakly lower semi-continuous on Vg (see [23]), so we deduce that
< limi .
J(u) < %gligof J(vp) =m (12)
First, we suppose that (i) holds. Then, using the compact embedding and
passing to a subsequence, if necessary, we deduce that (v,) converges strongly
in X. Moreover, by the continuity of j, S is closed. This implies that u € S.
Then,
J(u) =m. (13)
We also suppose that (ii) holds. By the weak-continuity of j, we deduce that
jlop) =« = j(u) = @ and we also have (|13).
On the other hand, exploiting Lagrange Multiplier Theorem (see [9]), we
then get the existence of (¢, s) # (0,0), such that t > 0 and

0€etdJ(ur)+ s dj(ur), u; = |u| = 0. (14)
We observe that ¢ # 0. Indeed, if we suppose that ¢t = 0, then
0 € sdj(uy) and s # 0.

We obtain
0 € dj(uy), (15)
which is impossible since (9j(uy);u1) = a > 0. We then get ¢ > 0 and
0 € dJ(u1) — A1 j(uy), where A = 7% (16)

Finally, we point out that there exist w’ € 0.J(u1) and w} € 9j(u1) such that

wh =\ wj. (17)
(i ua)
(jiun)

we have (w¥;u1) > o > 0. And there exists wj(z) € dp; <x, ?)Zi(x)) a.e.
xe 2, fori=1,...,N (see Lemma 4.4 in [§]) such that

8u
(Wi ug) Z/ 83:1 x)dx

8U1 )
Za i |z, =—(x) | do
;A¢<3J)

> aJ(u) > 0.

If &y = 0, then J(u;) = 0. By Corollary we deduce that |lui|lv, = 0,
which is impossible since u; € S. This implies A\; > 0. O
For more examples of applications of Theorem see [23].

Using the above equality, we find A\; = We note that Ay > 0. Indeed,
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Remark 5.1 In the case of p-Laplacian, the homogeneity of the operator
allows to prove that \1 is the first eigenvalue.

6 Resonant Case Near Zero.

In this section, we prove the existence of solutions for an eigenvalue problem,
where the potential j has a partial interaction at zero with the best Sobolev
constant (see (j4)).

Let £2 be a bounded Lipschitz open set of IRY and consider N borelian func-
tions ¢; : 2 xR = R, fori =1,...,N and ¢ : 2 x R — IR, such that ¢;
and ¢y satisfy Al./ and A2./. We define on {2 x IR the N-functions

[t] [t]
iz, t) = ; @i(z,0)do, and om(z,t) = ; om(x,0)do.

And we assume that ¢; and @) satisfy A3./ i.e.
There exist « > 1, @ > 1, 8 > 1 and 8 > 1 such that, for a.e. z € 2, Vt € R
and V w}(z,t) € dp;(x,t), we have

agi(x,t) <tw!(z,t) <@e(x,t), V1<i<N.
For every wi,(z,t) € Opp(z,t), we have
Bom(x,t) <t wy(z,t) < B o (x,t).

We define the Banach-Sobolev function space Vg := Wol’“al’“"*pN (2) as

N
0
Voi=ve Wgl(2):) </ i (x,“(a:)> dx) < +4ooyp,
i=1 2 Oz
L . N ow
which is endowed with the norm ||v|lv, = Z 3
; i || o,
i=1 Pi

Theorem [6.1] deals with the existence of solutions v € V of under the
next hypotheses on the nonsmooth potential j.

Theorem 6.1 Under the above conditions, let j: 2 x R — IR be such that:

(1) = j(z,§) is measurable for all § € R.
& j(x,€) is locally Lipschitz for a.e. x € (2.
(j2) There exists a constant a1 > 0, such that

l7(z,8)] < a1 <|§\ + cpM(x,§)>7 a.e. x € 2 and for all £ € RR.
(j8) There exist some constants M > 0, 8> 0 and k1 > 0, such that
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1
j4) There exists a constant 0 < ¢* < —————, such that
(j4) NE (5,
gz, &) < €%, i a neighborhood of £ =0,

where Sy > 0 is the Sobolev constant of the embedding Vo C L%(£2).
(j5) We have the following growth properties:
(1) 3o = 0 : Bg(u) < igf( )(U*;u) +coB, Vu € LM(02), where
v*edg(u
o) = [ ite.ua))aa.

(2) There exist constants ¢y > 0, ¢ >0 :
1
— sup (wu) —co+cflully < J(uw), Yue V.
/8 w*€0J(u)

If the injection Vo C LM (£2) is compact and if @ < 8 < 3, then, there exists
u € Vg a non-trivial function, such that

0 € 9J(u) — dg(u). (18)
We start with two auxiliary results:

Lemma 6.1 Assume that (j1), (j2) and (j4) hold, then, there exist n > 0
and o > 0 such that

D(u) :=J(u) —g(u) = «, for allu € Vo with ||ullv, =n.
Proof. First, by (j4), there exists 0 < § << 1 such that
j(x, &) < €7, for all |¢] < 6. (19)

By (j2), we get that, for a.e. x € £2, for all £ € IR with |¢] > § and for all
w}k\/l<x7§) € a‘)OM(x7€)

(@ &)1 < ar (I¢l + e (@,9))
B
<a(—Z2— 41 ).
al(w}/[(a:,é) + )LpM(x ¢)
It follows that there exists a constant ¢(d) > 0 independent of £, such that
j@, &) < ET +e(@)pm(x,€),  VEER. (20)

We recall that we have (see Remark
Vo C LM (0) C LE(Q) C L7 (). (21)

1
Let 0 < < min {1; S—} be fixed (small enough). Thus, by Corollary we
get: 0
1 _
J(w) 2 = - lullv,, for all [[ullv, = 7.



18 Houssam Chrayteh

where Sy > 0 is the Sobolev constant of the embedding Vo C L¥M (£2).
On the other hand, there exists d; > 0 such that, for all u satisfying |ju|lv, = 7,
we have:

1 @ * o
D(u) > 5z - lullv, = llullz= = o /QSOM(%U(w))dx
1 o * @, || B
2wz Il = e (52)%ull, = dullullzn

1

* @ o B
i <507 1l = (o) uly,

=

7 N\

Finally, since ¢* < —————= and @ < 3, then, for > 0 small enough, the
Ne . (Sg)a -

lemma is proved. a

Lemma 6.2 Assume that (j1), (j2) and (j3) hold, then, there exists ug € Vg
such that
D(up) <a and |uollv, >n-

Proof. First, by (j3), we have
klel” <j(z.€),  YIE=M.

Consider u € Vy, then there exists ky > 0, such that

k;l/ |u\5dx=k1/ |u|ﬁdx—|—k1/ |u|ﬁdx
n {lu|=M} {lul<M}
</ (s u(z))de + k.
{lu|>M}

On the other hand, by (j2), there exists k3 > 0 such that

—g(w) < - /{ R / (e, u(e))|de

{lu|<M?}
< —ky / lulPdz + ko + k3
o)
= —Fa[ull7s + Fa.
Taking ¢ > 1 and using Remark we find
B(tu) <7 (u) = by - t°|[ull 75 + Ka.
Finally, since @ < 3, we deduce that

D(tu) —— —o0.
t—+o0

Letting to > 1 large enough and defining ug := tgu € Vj, we get

D(up) < and  ||ugllv, > 7
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The proof of Lemma [6.2]is complete. a

Proof of Theorem [6.1k

At this stage, using Lemma [6.1] and Lemma [6.2] we are able to apply SHI's
result (see [27]) and we deduce the existence of a Palais-Smale sequence de-
noted by (uy) in Vj.

We end the proof of Theorem by using (j5), which allows us to apply
Lemma 3.1 ]

7 Qualitative Properties of Eigenvectors Related to p~ -multivalued
Leray-Lions Operators.

In this section, we are interested in showing the qualitative properties for the
solutions of the eigenvalue problems related to p~-multivalued Leray-Lions
operators.

Let o, : 2 xR —>1R,i=1,...,N and ¢y : 2 x IR — IR be N + 1 functions
for which the assumptions A.1/ - A.3/ are verified. We consider the Orlicz-
Sobolev space W'#"#N () and let u € Wy ¥ N (02) C LM (2), u > 0
be a solution of the following problem:

. ou .
—div (&pi (17, %)) = Awyy, (22)

wiy (z) € dppm(z,u(z)) ae. x € .

where

The subject of the next theorem is to study the L>°-regularity of the solutions
of such problems.

Theorem 7.1 Let 7 and o be two real numbers such that 1 < 7 < o« < +o00.
Consider p; : 2 x R — IR defined by

it i <1,
iz, t) = N ;
o, i > 1

Then, there exist Ay > 0 and u € WOI’Q(Q), u = 0, solution of the following

problem:
—div (&pi (x, gg)) = \u*h (23)

Furthermore, if

1. 1< N <5,

or

N+1—/(N-3)2-38
4 )

+ N+1+,/(N-32-38
4 b

a]J\r,<oz<N, where ay =

l<a<ay, whereay =

2. N>6 and | or
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then u € L>®(12).

For the reader’s convenience, the proof of Theorem is divided into several
steps:

Lemma 7.1 Under the assumptions of Theorem[7.1}, there exist Ay > 0 and
u € Wol’a(ﬂ), u > 0, solution of .
1
Proof. The function j : L%(£2) — IR defined by j(v) := E/ |v|*dz is a con-
Q

vex, continuous, even function and j(0) = 0. Wy'*(£2) C L*(£2) is a compact
embedding, so we can use Theorem to achieve the proof. O

Lemma 7.2 Let u be a solution of , then u verifies the following inequa-
lity:

(Vi) <o (-2 0) [(wetOarre, e

where My and co are two positive constants.

Proof. Since u satisfies , then, there exist

ui(e) € 0 (-

%

(x)) a.e., for i =1,..., N, such that

z: /Q w} () gi (x)dz = A\ /Q uw L (z)p(x)dz, Ve Wy (R2).  (25)

Consider ¢(z) = (u(x) — u*(s))+ € Wy “(£2). From ([25), we deduce:

N

i=1 /{U>u*(s)} wf(m)g;i— (w)dz =X /Q u"(x) (u(z) — U*(S))+dx. (26)
We set
Borom o] [ 2] <1} wa mosim o o[ 2] 1),
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We then have:

N
== Z/ wf(z)g;i (z)dz

\v
=
V
I
;

Z
/_\
(@)
§§’
=

N~—
N———

o,

1S3

N
ou |”
= TZ;/ oz, dx—&-TZ/E>1 oz, dx
ou /
> x)dx — 7 dz
/u>u* (s)} ‘axz Z E< 8.’1}1

(z)dz — ¢y,

ou |*
=T / ‘
Z {usu.(s)} | OTi

=1

where ¢ = N - 7-|{2| is a positive constant independent of w.
We know that there exists co = ca(N, @), a positive constant depending on N
and «, such that:

2\
> = co|Vu|®. (27)

Hence

N
Z/ w; () Ou (z)dz > 7 - 62/ [Vul|*dz — ¢;. (28)
=7 Jusua(9)) Iz (us. ()}

Therefore, and imply that

T C2/ IVu|*dz < )\1/ u*Hz) (u(z) — u*(s))+dx +ca. o (29)
{u>u.(s)} N

But u € W, *(£2) and u > 0, thus u, € W1 (£2,). By using Lemmauﬁ7 we
deduce from that:

)
/N
|
<
%o~
—~
VA
~—
~——
O\m
—~
<

i

—_
~—
*

S
—~
Q
S~—

QU
Q

<|Vu|a)*u(s) <A
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Proposition 7.1 Let u € WOI’O‘(Q), u > 0 verifying (24), then there exist
cg > 0 and ¢; > 0 two positive constants such that, for a.e. s € 2, =]0,|02|],
one has

Vleu(s) < cos™ 0 (([Cuzioar) ™ e (30)
0

Proof. Thanks to the Holder inequality for the relative rearrangement, we
have (see [14])

[|vu|m]a(s) < (IVul*),.(s), ae. ons. (31)

Using Theorem it follows

[|Vu|*u}“<>< v (- d“*())/o s (Bt + e

My g
N k- / Bt - [Vulwu(s) + ca.
NwN

Using Young inequality, we also have:

’

[|Vu|*u] "(5) < eas® (37 (/0 u‘j‘l(t)dt>a +cs, (32)

where o/ is such that é + % =1.
This implies that

[Vl (s) < cos (3 ) ( I uf-1<t>dt) e (33)

Thus, one has

Vulu(s) < coswr (1) ( I u31<t>dt) . (34)

Proposition 7.2 Under the same conditions as for Proposition 7.1}, if

N 1 1
u€ L") forr>— and —+ — =1, then u € L>(§2).
a a o«

Proof. By Holder inequality (for 5 = — " and B = L), one has
r—a+1 a—1

s = X Ke] , B
</ ugl(t)dt> < |sF - (/ u&a—l)ﬂ (t)dt)
0 0
AL -
LsaTr. / ut(t)dt |
0
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Property [3.1] shows that

s a—1 ﬁ 1 _ 1
i dt) < sEE )
0
Using Theorem and , one deduces
1 s T
—u,(s) < o — cosaT(n 1) </ u‘:l(t)dt> +¢7
Nwy 0

From relations and , we obtain

L () (35)

(36)

—l(s) < egs(WDIHaE ]t =t [ull () + cos™ L.

The exponent (% — 1) [1 + ﬁ} + ﬁ — %, denoted -y, should verify:

1 1 1 1
150 (——1) |1+ — — =1
Y+1>0 (N >{+Q_J+a_1 >
N
<:r>7”>a.

For all o,t € (2., one has

[£2| 12|
[us(o) — us(t)] < cs - HUHLT(Q)/ s7ds + 09/ s¥lds
0 0
e lul n |2~
X C sl & .
8 v+ 1 L7 (£2) 9 %

Since u € W, *(£2) and u > 0, then we have . (|£2]) = 0. In particular, for all
o € {2, one deduces

(o)) < 10 Jull ey +en|2IF. (37)
Hence
llull Lo () < c12 - JullLr (o) + ci3. (38)
N
We point out certain situations in which the condition u € L"(£2), r > —
o
is satisfied. For this purpose, consider 1 < a« < N. Thus, we have
N Na N 9
a:N_a>a<:>2a—(N+l)a+N>0. (39)
The discriminant of the last quadratic equation is given by
Ay =(N+1)2-8N = (N —3)* - 8.
If the discriminant is positive, then there are two distinct roots
_ N+1-VAN . N+1+VAyN
oy =—7p and ay=—p (40)



24 Houssam Chrayteh

N
Proposition 7.3 If 1 < N <5, then a* > — and u € L>(12).
«

N
Proof. Since 1 < N < 5, then Ay < 0. By (39), we deduce that a* > —.
«

This implies the existence of a constant r > 0 such that o* > r > —.
e
By Sobolev embedding, we deduce
W, *(02) C L (2) € L"(9).
Proposition [7.2] gives the result. a

Proposition 7.4 If N > 6, then there are two distinct roots oy and ozj\} such
that1<a]_\,<aE<N.

Proof. If N > 6, then Ay > 0 and the roots are given by (40).
We also have

l<ay <= 4<N+1-/(N-3)2-38
— /(N—-32-8<N-3
— —8<0.

Moreover, one has
af; < N<= N+1+/(N-3)2-8<4N
= (N-3)?-8< (3N —1)?
< 0 < 8NZ.

O

Proposition 7.5 Assume that N > 6. If 1 <a <ay or aj(, < a< N, then

u € L™(12).

Proof. By Proposition we know that 1 < ay < a} < N. In addition, if

af; < a < N, then a* > —, we conclude that u € L>({2) (see the proof of
@

Proposition . If 1 < o < ay, the same argument holds.

Using now Lemmas and Propositions [7.1] - the proof of Theorem
is complete. a

In the univalued case, we can refine the calculations and provide details of
the constants. The method used for the p-Laplacian is based on the Poincaré-
Sobolev and interpolation inequalities.

Theorem 7.2 Let A1, u; be the first eigenvalue and eigenfunction of Ap:

—Ayuy = Alu’fl >0, for 1<p<N,

uldz =1, and uy € Wy (£2).
o

(41)
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Then,

1\ 7T
BY

)\1 p(eefl)
maxu; < 1 =2 :
7] Nw¥ p

where 6 = p—, A1 = inf / |Vo|Pda : / vwde =1, p* = ——, B, is the
P Q o N-p

Bliss constant [14] and wy is the Lebesque measure of the unit ball in RN .
Proof. Let J be as follows

J = / Vur [P Vuy - V(" dz = (m + 1)/ IVur P72 Vg - (Vg uf)da
2 7

= (m+1)/ |Vu1|p~u’1”dx:(m+1)/ ’VUVU?
0 2

Since we have

p

dx.

m+p m
Vu,* =—=Vu-u,
we conclude

1 m+p [P
J = M/ Vu, | da. (42)
m+p Jo

By (41)), J can be written as

J=\ / u T e = A / u]" Pz,
2

2
The Poincaré-Sobolev inequality (see [14]) implies:

1 L 1

p*(m+p) 5 BP, m+p |P\ p
/u1 P de <z /
2 (]

from which we obtain

= 1
m+tp Bp* m + p P m+p
ol € 2 (Mt ) Il 69
N
Therefore,
B o=
utll Locm+n (o) < p*

m+p o
) () Il @
NwX p(m +1)
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Using an interpolation inequality (see |29]) for 0 < n < 1, one has

1 1-—
1—n n _ n n
Jusllmena) < a2 ol fucnsyy  and o = = gl (45)

The above equality leads to

Om p(6—1)
n=-—#6#—#4¥—,  and 1l-n=———"—. 46
O(m+p)—p O(m+p)—p (46)
Combining and , we get
L ﬁ 1
B m+p )’”*P 1—
|| pocmim < | —2 AP w557l gy (47
boloeon < | (M) Bl ol (40
Thus, we have:
B w¥ Ton L
- m+p mfp T=n
Y (o)™ s )
NWJJVV p(m+ 1)
But
1 I 1 6(m+p)—p 0
m+p 1—n p6—1) m+p m—+oo p(f — 1)
This achieves the proof by letting m — +o0 in . a

Remark 7.1 The L*>®-regularity of the eigenfunctions of p-Laplacian is
already known (see, for example, [30]).

8 Conclusion

In this paper, we treated eigenvalue problems related to p~-multivalued o-
perators. We generalized the results of [1] and [2]. We studied the existence for
a more general problem, by using the nonsmooth version of the Lagrange multi-
plier theorem. This existence result is then used to prove the L°°-regularity
of the eigenvectors associated with the p~-multivalued Leray-Lions operators
by using the relative rearrangement theory. We also proved an existence result
for an eigenvalue problem in a resonant case near zero.
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