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We consider the following equation

dXt + ∂ϕ (Xt) (dt) 3 b (Xt) dt + σ (Xt) dWt +
∫

Rd\{0}
γ (Xt−, z) dÑt (dz) ,

where

• ∂ϕ is the subdifferential of proper, l.s.c., convex function ϕ;

• W is a Brownian motion;

• Ñ is the compensated measure of a homogeneous Poisson random measure.



Lévy processes

Let (Ω,F , P ) be a complete probability space. A d-dimensional stochastic process (Lt)t≥0

is called a Lévy process if:

1. it is càdlàg, i.e. t 7→ Lt is right continuous and has finite left limits a.s.;

2. it is stochastically continuous, i.e. t 7→ Lt is continuous in probability;

3. the random variables Lt0 , Lt1 −Lt0 , . . . , Ltn −Ltn−1 are independent, for every n ∈ N∗
and 0 ≤ t0 < t1 < · · · < tn;

4. Lt+s − Lt has the same law as Ls, for every t, s ≥ 0; in particular, L0 = 0 a.s.



The law of a Lévy process (Lt)t≥0 is determined by the characteristic exponent of L, i.e.
the unique continuous function Ψ : Rd → C such that Ψ (0) = 0 and

E exp (i 〈λ,Lt〉) = exp (−tΨ(λ)) , t ≥ 0, λ ∈ Rd.

By the Lévy-Khintchine formula for infinitely divisible distributions, Ψ has the following
form:

(1) Ψ (λ) = i 〈a, λ〉+ 1
2Q (λ) +

∫

Rd\{0}

(
1− ei〈λ,x〉 + i 〈λ, x〉1{|x|<1}

)
ν (dx) ,

where a ∈ Rd, Q is a positive semi-definite quadratic form on Rd, and ν is a measure on
Rd\ {0} such that ∫ (

1 ∧ |x|2
)

ν (dx) < +∞.

The measure ν is called the Lévy measure associated to L.
For every function Ψ given by the formula (1), there exists a Lévy process with character-

istic exponent Ψ.



Examples:

• if Ψ (λ) := 1
2 |λ|2, then L is a Brownian motion;

• if Ψ (λ) := c
(
1− eiλ

)
, then L is a Poisson process of intensity c > 0;

• A generalization of a Poisson process is the following:

Let ξ1, . . . , ξn, . . . be independent random variables with the same distribution ν on Rd\ {0},
and

S (n) := ξ1 + · · ·+ ξn

the corresponding random walk. If (Nt)t≥0 is a Poisson process of intensity c > 0, then the
process

S ◦Nt =
Nt∑
i=1

ξi

is a Lévy process, called a compound Poisson process with Lévy measure cν.
The characteristic exponent of S ◦Nt is

ψ (λ) = c

∫

Rd

(
1− ei〈λ,x〉

)
ν (dx) ;

so, every Lévy process with a finite Lévy measure can be represented as the sum of a Brownian
motion and an independent compound Poisson process.



Definition. Let ν be a σ-finite measure on Rd. A random measure N (ω, dt, dz) is a
homogeneous Poisson random measure with intensity ν, if:

i) for each ω ∈ Ω, N (ω, ., .) is a measure on R+ × Rd;

ii) for each set B ∈ B(R+ × Rd) with (dt ⊗ ν) (B) < +∞, the random variable N (·, B) is
Poisson with parameter (dt⊗ ν) (B);

iii) if B1, . . . , Bn are disjoint Borel sets of R+ × Rd, then N (·, B1) , . . . , N (·, Bn) are inde-
pendent.

The compensated random measure of N

Ñ (dt, dz) := N (dt, dz)− dt⊗ ν (dz)

has the property that t 7−→ Ñ ([0, t] , A) is a martingale for every A ∈ B(Rd) with ν (A) < +∞.



If L is a Lévy process on Rd with Lévy measure ν, then its jump counting measure, defined
by

N (t, A) :=
∑

0<s≤t

1A (∆Ls), t > 0, A ∈ B(Rd) with 0 6∈ A,

is a homogeneous Poisson random measure with intensity ν, and the following holds:

(2) Lt = bt + σWt +
∫

{|z|<1}
zÑt (dz) +

∫

{|z|≥1}
zNt (dz) ,

where b ∈ Rd, σ ∈ Rd×d, and W is a Brownian motion independent of N .



Jump-diffusions

Jump-diffusions are generalizations of SDEs driven by Lévy processes. Let (Ω,F , P ) be a
complete probability space endowed with a right-continuous, complete filtration F = {Ft}t≥0,
W a d′-dimensional F-Brownian motion, and N a Poisson random measure with intensity
ν, F-adapted and independent of W . Let us consider b : Rn → Rn, σ : Rn → Rn×d′ ,
γ : Rn × (

Rd\ {0}) → Rn satisfying the following assumptions:

(H1) b and σ are Lipschitz functions;

(H2) γ is a measurable function with

∫
|γ (0, z)|2 ν (dz) < +∞ and

∫
|γ (x, z)− γ (x′, z)|2 ν (dz) ≤ L |x− x′|2 .

Theorem (Gihman, Skorohod, 1972). Under the above assumptions, equation

dXt = b (Xt) dt + σ (Xt) dWt +
∫

Rd\{0}
γ (Xt−, z) dÑt (dz)

has a unique solution starting at ξ ∈ L2 (Ω,F0, P ) .



Reflected jump-diffusions

Let O be an open, convex and bounded subset of Rn. Under assumptions (H1),

(H2)’ for every p ≥ 2, we have
∫
|γ (0, z)|p ν (dz) ≤ Cp and

∫
|γ (x, z)− γ (x′, z)|p ν (dz) ≤ Cp |x− x′|p .

and

(H3) x + γ (x, z) ∈ O, ∀x ∈ O,

Menaldi, Robin (1985) proved that equation

dXt = b (Xt) dt + σ (Xt) dWt +
∫

Rd\{0}
γ (Xt−, z) dÑt (dz)− dKt,

where K is the reflecting process of X on the boundary of O, admits a unique solution with
given initial starting point x ∈ O.



Variational inequalities

Let ϕ : Rn → R be a proper, l.s.c., convex function with int (Domϕ) 6= ∅.
The subdifferential of ϕ is defined by

∂ϕ (x) := {x∗ ∈ Rn | 〈x∗, y − x〉+ ϕ (x) ≤ ϕ (y) , ∀y ∈ Rn} .

In the case ϕ ≡ IO : x 7→
{

0, x ∈ O;
+∞, x 6∈ O,

the subdifferential is given by

∂IO (x) =




{0} , x ∈ O;
NO (x) , x ∈ bd O;
∅, x 6∈ O.



We consider the following equation

(3) dXt + ∂ϕ (Xt) dt 3 b (Xt) dt + σ (Xt) dWt +
∫

Rd\{0}
γ (Xt−, z) dÑt (dz) ,

We denote by D ([0, T ] ;Rn) the class of Rn-valued, càdlàg functions on [0, T ], endowed
with the uniform convergence topology. We say that (X, K) ∈ L2

ad (Ω;D ([0, T ] ;Rn)) ×
L2

ad (Ω;C ([0, T ] ;Rn)) is a solution of (3) if:

• ϕ (X) ∈ L1 (Ω× [0, T ]);

• K ∈ L1 (Ω;BV0 ([0, T ] ;Rn));

• Xt + Kt =
∫ t

0
b (Xs) ds +

∫ t

0
σ (Xs) dWs +

∫ t

0

∫
Rd\{0} γ (Xs−, z) dÑs (dz);

• ∫ T

0
〈y (r)−Xr, dKr〉+

∫ T

0
ϕ (Xr) dr ≤ ∫ T

0
ϕ (y (r)) dr, ∀y ∈ D ([0, T ] ;Rn).

Asiminoaiei, Răşcanu (1997): case γ ≡ 0.



Theorem (Uniqueness). Under assumptions (H1), (H2), equation (3) has at most one solution
starting from x ∈ Domϕ.

For the proof, we consider two solutions (X, K) and (X̃, K̃) and apply Itô’s formula to∣∣∣Xt − X̃t

∣∣∣
2

:

∣∣∣Xt − X̃t

∣∣∣
2

+
∫ t

0

〈
Xs − X̃s, d(Ks − K̃s)

〉

= 2
∫ t

0

〈
Xs − X̃s, b (Xs)− b(X̃s)

〉
ds + 2

∫ t

0

〈
Xs − X̃s,

[
σ (Xs)− σ(X̃s)

]
dWs

〉

+ 2
∫ t

0

∫

Rd\{0}

〈
Xs− − X̃s−, γ (Xs−, z)− γ(X̃s−, z)

〉
+

∣∣∣γ (Xs−, z)− γ(X̃s−, z)
∣∣∣
2

dÑs (dz)

+
∫ t

0

∣∣∣σ (Xs)− σ(X̃s)
∣∣∣
2

ds +
∫ t

0

∫

Rd\{0}

〈
Xs− − X̃s−, γ (Xs−, z)− γ(X̃s−, z)

〉
ν (dz) ds.



For the existence result, we impose the condition (q ≥ 1)

(H3)’ ϕ (x + γ (x, z)) ≤ ϕ (x) + Cγ (1 + |γ (x, z)|q) , ∀ (x, z) ∈ Rn × (
Rd\ {0}) .

Theorem (Existence). Under assumptions (H1), (H2)’, (H3)’, equation (3) has a unique
solution starting from x0 ∈ Domϕ.

The proof of this result uses the penalization method. We consider the Yosida regulariza-
tion of ϕ

ϕε (x) := inf
{

1
2ε |x− y|2 + ϕ (y) | y ∈ Rn

}
, ε > 0,

which is a C1, convex function on Rn, with ∇ϕε a Lipschitz function with Lipschitz constant
equal to 1/ε. Moreover, by (H3)’,

ϕε (x + γ (x, z)) ≤ ϕε (x) + Cγ (1 + |γ (x, z)|q) ;

also, for simplicity, we can assume that ϕ (x) ≥ ϕ (0) = 0, ∀x ∈ Rn and 0 ∈ int (Dom ϕ) .
We consider the jump-diffusion Xε given by

dXε
t +∇ϕε (Xε

t ) dt = b (Xε
t ) dt + σ (Xε

t ) dWt +
∫

Rd\{0}
γ

(
Xε

t−, z
)
dÑt (dz) .

We will show that Xε and Kε
t :=

∫ t

0
∇ϕε (Xε

s ) ds converge to X and K.



I. Boundedness of (Xε) and (Kε)
Itô’s formula for |Xε

t |2

|Xε
t |2 + 2

∫ t

0

〈Xε
s ,∇ϕε (Xε

s )〉ds = |x0|2 +
∫ t

0

[2〈Xε
s , b (Xε

s )〉+ |σ (Xε
s )|2]ds

+
∫ t

0

∫

Rd\{0}
|γ (Xε

s , z) |2ν (dz) ds + 2
∫ t

0

〈Xε
s , σ (Xε

s ) dWs〉

+
∫ t

0

∫

Rd\{0}

[
|Xε

s− + γ
(
Xε

s−, z
) |2 − ∣∣Xε

s−
∣∣2

]
dÑs (dz) .

We obtain, since ϕε (x) ≤ 〈∇ϕε (x) , x〉, ∀x ∈ Rn,

E sup
t∈[0,T ]

|Xε
t |4 ∨ E

(∫ T

0

ϕε (Xε
s ) ds

)2

≤ C
(
1 + |x0|4

)
.

Also, ∃r0 > 0, ∃M0 > 0 : r0 |∇ϕε (x)| ≤ 〈x,∇ϕε (x)〉+ M0, ∀x ∈ Rn; it follows that

E ‖Kε‖2BV ([0,T ];Rn) = E

(∫ T

0

|∇ϕε (Xε
s ) |ds

)2

≤ C
(
1 + |x0|4

)
.



II. Estimate for E
[
supt∈[0,T ] |∇ϕε (Xε

t )|4
]

Itô’s formula for ϕ2
ε (Xε

t ):

ϕ2
ε (Xε

t ) +
∫ t

0

ϕε (Xε
s ) |∇ϕε (Xε

s ) |2ds ≤ ϕε (x0)
2 + 2

∫ t

0

ϕε (Xε
s ) 〈∇ϕε (Xε

s ) , b (Xε
s )〉ds

+
∫ t

0

|∇ϕε (Xε
s ) |2|σ (Xε

s ) |2ds +
1
ε

∫ t

0

ϕε (Xε
s ) |σ (Xε

s ) |2ds

+
∫ t

0

ϕε (Xε
s ) 〈∇ϕε (Xε

s ) , σ (Xε
s ) dWs〉

+
∫ t

0

∫

Rd\{0}
D0

ϕ2
ε

(
Xε

s−; γ
(
Xε

s−, z
))

dÑs (dz)

+
∫ t

0

∫

Rd\{0}
D1

ϕ2
ε
(Xε

s ; γ (Xε
s , z)) ν (dz) ds,

where

D0
f (x; a) : = f (x + a)− f (x) ;

D1
f (x; a) : = f (x + a)− f (x)− 〈∇f (x) , a〉 .



We have, since |∇ϕε (x)|2 ≤ 2
εϕε (x) , ∀x ∈ Rn,

|D0
ϕ2

ε

(
Xε

s−; γ
(
Xε

s−, z
)) | ≤ sup

µ∈[0,1]

2|∇ϕε

(
Xε

s− + µγ
(
Xε

s−, z
)) ||ϕε

(
Xε

s− + µγ
(
Xε

s−, z
)) |

∣∣γ (
Xε

s−, z
)∣∣

≤ 2
√

2
ε1/2

sup
µ∈[0,1]

|ϕε

(
Xε

s− + µγ
(
Xε

s−, z
)) |3/2

∣∣γ (
Xε

s−, z
)∣∣

≤ 2
√

2
ε1/2

| [ϕε(X
ε
s−) + C

(
1 +

∣∣γ (
Xε

s−, z
)∣∣q)]3/2 ∣∣γ (

Xε
s−, z

)∣∣ ;

|D1
ϕ2

ε
(Xε

s ; γ (Xε
s , z)) | ≤

(
sup

µ∈[0,1]

[∣∣∇ϕε

(
Xε

s + µγ
(
Xε

s−, z
))∣∣2

]
+

1
ε
ϕε (Xε

s )

)
∣∣γ (

Xε
s−, z

)∣∣2

≤ 2
ε

sup
µ∈[0,1]

[
ϕε

(
Xε

s + µγ
(
Xε

s−, z
))] ∣∣γ (

Xε
s−, z

)∣∣2

≤ 2
ε

[
ϕε(X

ε
s ) + C

(
1 +

∣∣γ (
Xε

s−, z
)∣∣q)] ∣∣γ (

Xε
s−, z

)∣∣2 .

This will give the following estimate:

E

[
sup

t∈[0,T ]

|∇ϕε (Xε
t )|4

]
≤ C

ε7/2

(
1 + |x0|q

′
+ ϕ (x0)

2
)

.



III. Cauchy sequences argument

Itô’s formula for
∣∣Xε −Xδ

∣∣2:

∣∣Xε
t −Xδ

t

∣∣2 + 2
∫ t

0

〈Xε
s −Xδ

s ,∇ϕε (Xε
s )−∇ϕδ

(
Xδ

s

)〉ds

=
∫ t

0

[2〈Xε
s −Xδ

s , b (Xε
s )− b

(
Xδ

s

)〉+
∣∣σ (Xε

s )− σ
(
Xδ

s

)∣∣2]ds

+
∫ t

0

∫

Rd\{0}
|γ (Xε

s , z)− γ
(
Xδ

s , z
) |2ν (dz) ds

+ 2
∫ t

0

〈Xε
s −Xδ

s , (σ (Xε
s )− σ

(
Xδ

s

)
)dWs〉

+
∫ t

0

∫

Rd\{0}

[
|Xε

s− −Xδ
s− + γ

(
Xε

s−, z
)− γ

(
Xδ

s−, z
) |2 −

∣∣Xε
s− −Xδ

s−
∣∣2

]
dÑs (dz) .

We use the fact that

〈∇ϕε (x)−∇ϕδ (y) , x− y〉 ≥ − (ε + δ) 〈∇ϕε (x) ,∇ϕδ (y)〉

to obtain that E supt∈[0,T ]

∣∣Xε
t −Xδ

t

∣∣4 → 0 as δ, ε → 0 and E supt∈[0,T ]

∣∣Kε
t −Kδ

t

∣∣2 → 0.



IV. Passing to the limit

There exist X ∈ L4
ad (Ω; D ([0, T ] ;Rn)) and K ∈ L2

ad (Ω;C ([0, T ] ;Rn)) such that

E sup
t∈[0,T ]

[
|Xε

t −Xt|4 + |Kε
t −Kt|2

]
→ 0

Since (Kε) is also bounded in L2 (Ω;BV0 ([0, T ] ;Rn)), it converges weakly to K. It is now
a standard argument to show that (X, K) is a solution of equation (3).
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714 (Berlin: Springer-Verlag).

[7] P. Protter, Stochastic integration and differential equations: A new approach, Applications
of Mathematics, no. 21, Springer-Verlag, 1990.

Thank you for your attention!


