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A€ partial differential operator, € < 1
A = .

boundary initial conditions
The homogenization theory study the following
Issues:

e lim,._,ou‘. What kind of convergence?” What is
the convergence rate?

e Explicit analytical construction of A.

e Properties of the limiting equation:
Au=f

Nguetseng [8] and Allaire [2]: two scale conver-
gence to capture the two-scale structure of the ho-
mogenization problem.

Classic homogenization: periodic structure

We will quit the periodicity assumption!!!
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—The coefficients are generated by iterated func-
tion system.

—We will define two scale convergence for IFS

—Usually the solutions of the limiting equations
live on fractals.



1 Setting of the problem
Iterated function system(IFS)

©O1, s O : R" — R™ similarities, rq, ..., r, €]0, 1],

d(gol(x% @Z(y)) - Tid(xvy)v vx7y c R"
Moran’s open set condition:
4 O C R" open, bounded set,

pi(0) C O and ¢;(0) N;(0) =0 (i # j)
A CR"™
F(A) == ¢1(A) U... Upp(A),
F':=F F":=Fo F"! (k€ N),and D := M1 F*(O).

Theorem 1.1 (Hutchinson)
F'is a contraction, D is the unique nonempty compact
set which is invariant under F':

F(D)=DCO
and
ng%@:a

for every compact subset A C R". Moreover, the Haus-
dorff dimension of D 1is the solution of

m

Zfrf = 1.

i=1
Example:
q1, Q2, q3 the vertices of an equilateral tiangle.



cpi:R2—>R2
1

rL=1ry =73 = % and O = Int(q1q2q3)-

M : = {u,positiv, Borel regular measure on R",

bounded support and finite mass}

M i={pe M: uR") =1}
Let
CR") :={f:R"—=R: f is continuous}.
For pe M, ¢ € C(R"),

p(Y) = | bdp.

Rn
If o : R" — R" is continuous, push forward measure

op M — M:
pup(A) == p(p~'(4)), ACR",
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equivalently

up(¥) = p( o), v € C(R").

For u,v € M!, Monge-Kantorovits metric

L(p,v) == sup{u(p) — v(p) : ¢ € C(R"), Lipp < 1}.

(M1, L) is complete metric space.

If v € M1,

m

G(v) = ergpi#y.
i=1
Theorem 1.2 (Hutchinson)

m

GW)(W) =) rivwow) ¢ € CR"),

1=1

and G : MY — M is a contraction map. Consequently,
there exists a unique measure I € M?', the invariant
measure on K, such that

Gm)=n and spti=K.
For v € M! put
Gl(v) = Gv), G*(v) =GoG"(v), ke N.

GHv) = ripes(v),

lo|=k
and
7= lim G*(v)

k—o00



in the sence of L metric.

) C R” nonempty bounded, connected open domain
with smooth boundary, O be an open set, {2 C O. v be
the normalized restriction of the Lebesgue measure on
Q, ie.

spt(v) =Q and v(Q) =1,

dx the Lebesque measure on O.

For iy, ...,ip € {1,...,m}

o the word i;...i, |0] = k be the length of 0. Let
Yo = Pi, ©...0@; and ry =1 .1, .

Qs = ().
By the open set condition, for o # ¢’ with |o| = |0’|, we
have:
U 2=

lo|=k
Q, N0, =0.



Dirichlet problem

- uk e
-y 6%2 (aij (o5 (x)) 3ax(j )) = f(z), forzeQ,, |o|=Fk

u(x) =0, forx€d,. (1.1)

Assume the coefficients a;; : 2 — R are from L>(Q2)
and uniformly elliptic on €2, i.e. there exists a > 0 such
that

n

Y a6 = all € forallyeQ, R (1.2)
ij=1
Suppose that there exists 3 > 0 such that

I a@)& < Bl forally e, € €R

1=1

a.e. on (). f is sufficiently smooth and independent of o.

Example 1.1 (Homogenization for periodic structures)
Y = [0, 1]”, aij

al](y + ek) — alj(y)a i:jvk - 17 ey Y S Rn

p1(z) = 3.

Form = 2" and i € {2.,,,.m} we define the functions
wi(x) as translations of 1 by sumes of half of unit vectors
such that Y = U 10;(Y). We choose O =0, 1[".

for |o| =k and € = 3, we have a;;(¢,(x)) = a;;(2).

— periodic structure



Example 1.2 (Homogenization on a selfsimilar carpet)
n =2, m = 13, and q,q,q3,qs be the vertices of a
square. The functions @;, i = 1,13, are defined such
that it maps the square q1,qs, q3,qs in the 13 squares on
Figure 1.

Figure 1 Figure 2

2 Two scale convergence

Assume the solution u* is of the form

uk('r) - U()(.CU, 90;1(37))—'—740“1(377 @;1($>)+7’2u2($, @;I(LU))—F, for x € QO’
(2.3)
Cy(R™) bounded and continuous real functions on R".
L3O, Cy(R™M) = {u: O — Co(R") :|| u ||€ L*(0)}.
The norm of this space is

- [ | sup (e, ) 2de
O yeR”

Oscillations lemma:

Theorem 2.1 If ® € L*(O,Cy(R™)) and v is the nor-
malized restriction of the Lebesque measure on 2, then
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the following convergence result holds:

tin 32 [ alenta) i) = [ | [ ont)] aute)

|o|=k
(2.4)
where D and i are the invariant set and the invari-
ant measure, respectively of the iterated function system

{@17 ey Som}

L2, (D x Q) by L*(D x Q).

Theorem 2.2 Let u € L*(O, Cy(R")). Then

(Z) u(@a(')?') S Lz(Q)ﬂ and
o)) @<l ul ) oy, for all o

) i 377 oo ) = [ wte) [ utegpeiviy),
v e PG R)

(i) 3 7 N uleo (). ) [yl ) By -
lo|=k

Definition 2.1 Let u* be a sequence in L*(O). We say
that u* two-scale converges to uy € L*(O x ) and

write uF > ug if for every function ® € L*(O, Cy(R"™))

we have

' s k = ug(x, x,y)dv x

fim 3 | et we) = [ ] (( ?><1>< y)du(y)du(z)
2.5

Two-scale convergence implies a kind of weak conver-
gence in L*(0):



Remark 2.1 Let u* be in L*(O) which two-scale con-
verges to ug. Then, for all ® € L*(O)

lim > / (0 (2)) D (0o (2)dv(z) = /D ( / uo<x,y)dv<y>)®<x>du<x12.6i

k—o0
lo|=k Q@
The left side of (2.6) can be written as

lim u® ()@ (y)dG* (v).

k—o0 Rn

Definition 2.2 The sequence (u*)ren € L*(O) diago-
nally weakly converges to u' € L*(D), denoted by

uk A u®, if

i 375 [ eaDReo(r ) = [ ua)Bla)dita)

k—oo
lo|=k

for all ® € L*(O).

Lemma 2.1 If the sequence (u*)ren weakly converges to
w in L*(O) and s = n then it diagonally weakly converges
to I%I’ where || denote the Lebesque measure of Q.

Lemma 2.2 Let u* € L*(O) be a function which admits
the two-scale expansion

uP (1) = ug(z, o, (@) Freur (@, o, (2)+..., forallo |o| =k, andx € Q,
where u; € L*(0,Cy(R™)), j € {0,1,...}. Then u* 2 .

The following compactness result provides a criteria
which enables us to conclude that a given sequence is
two-scale convergent.
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Theorem 2.3 Let u* € L*(O), k € N, and let

Il 3 02 | [ o on (Pt

o=k

1
2

If the sequence (|||u”|||)ren is bounded then there exists a
subsequence of (u¥) which two-scale converges to a func-

tion ug € L*(D x ).

3 Some convergence results

In this section we will prove some convergence results
needed in the proof of the main result.

Theorem 3.1 If 1 < p < 00 and (ag)ken S a Sequence
in LP(O), then the following assertions are equivalent

(a) (ap)ren converges weakly
) | an HLp < C mdependently of n, and
fQ an(x dyo_ fQ x)dv,(z), for all o.

The weak limit of a sequence obtained by iterating
function system.

Theorem 3.2 Let 1 < p < oo and let a € LP(QY). Set

(@) = alp; (@), = € Dy
Then
ifp<ooas|o|=k— o0

ar — / a(z)dv(z) weakly in LP(O),
0
if p=o00

ap — / a(z)dv(z) weakly®in L*(R").
0
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Theorem 3.3 Let (u¥)ren be a sequence of functions in
Hj(Ujp =) such that u* converges diagonally weakly
to u’ in HY(D). Then (u¥)yen two scale converges to
u and there exists a subsequence (uk/)keN of u¥ and an

up € L*(D, H}(2)) such that

vt A Vv ul + Vyuy.

4 The main result

Theorem 4.1 Let f € H 1(O) and let A* be the matriz

(afj)i7j:177, where

k

af;(z) = a;j(p; (), k= o], 2 € Uy, 1,5 =T, n.

Denote by u* the solution of

—div(AFVuR) = f in Q,
{ uF =0 on 08,. (4.7)

Then
uF S0 Hy(D)
ARUE LAV in (L*(D))™,

where u° is the solution of the homogenized problem

i 0%’
0 .
— a;; = mn D
o 00, g (4.8)
=0 on 0D,

0 ; (0 _
AP is the constant matriz (a;;); i—17,

ajj = /Q {Z [au(y) a;gy(ly) +x(y) acgiy(ly) + a”(y)agy(ly)

=1
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X/, 7 = 1,n is the solution of the equation
Oa;j(
—divy (A Baisly) 4.9
“}y( ( 221: ayz ? ( )

and A(y) is the matriz (a;;(y)); j—17-

Remark 4.1 For periodic structures (see Example 1.1)
we hcwe

82 O(x 8% ox’ (y) B
6.’,U ax] / Z [ 3y1 _I_ ali(y) ayl ] dl/(y) - 07

Z 8)(3
CLO — _CLZ / a/z .

=1

Remark 4.2 Often the invariant set D s a fractal
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