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Non-convex variational inequalities with singular inputs and applications to stochastic inclusions 3

Object
An existence and uniqueness result is given for the multivalued differential equation

{ dz (t) + 0~ (z (t)) (dt) > dm (t)
z (0) = xy,

where m : R, — R?is a continuous function and 9~y is the Fréchet subdifferential of a semiconvex

function ¢; the domain of © can be non-convex, but with some regularity of the boundary. The com-
pactness of the map m —— z : C' ([0,7];R?) — C ([0, T];R") and tightness criteria permit to pass
from the deterministic case to a stochastic variational inequality

/ '
Xt—l—Kt:§+/F(s,XS)ds+/G(S,XS)dBS, t >0,
0 0

dK; (w) € 07 (X (w)) (dt).
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% Variational Inequalities (VI)

(A)  in convex domain:

() with integrable inputs: completely solved (J. Lions, H. Brezis, V. Barbu, etc. etc.)
(8)  with singular inputs:

— : Skorohod '61, '62, Tanaka '79
— . V.Barbu & Rascanu ('97)

(B)  non-convex domain:
()  with integrable inputs : Marino & Tosques ('90), Rossi & Savare (2004)
(B)  with singular inputs:
— . P-L. Lions & Sznitman ('84), Saisho ('87)
— : OPEN PROBLEM !1I

% Stochastic Variational Inequalities (SVI)

(A)  convex domain: Rascanu ('81,82, '96), Asiminoaei & Rascanu ('97), Bensoussan & Ras-
canu ('94, '97), Pardoux & Rascanu ('98, '99), Es-Saky& Ouknine (2002), Ren &Hu (2007), Ren
(2010), etc.

(B)  non-convex domain:
()  reflected diffusions: P-L.Lions & Sznitman ('84), Dupuis & Ishii ('93), Saisho ('87), etc.
(B) SVI: OPEN PROBLEM !
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1 Preliminaries

Let £ be a nonempty closed subset of R? and Ny (x) be the closed external normal cone of £ atx € E
e,

¢ d )
Ng (z) < {u cR?: lim E(x; u) _ M},

Definition 1 We say that E satisfies the uniform exterior ball condition, abbreviated U EBC, if

e Ngp(x)#{0}forallz € Bd(F),
. there exists ry > 0, such thatV x € Bd (E) and V u € Ng (), |u| = rg it holds:

dp (v +u) =19 (orequivalent B (x + u,rg) N E = )
(we say that F satisfies the ry — UEBC).

We have the following equivalence:

Lemma 1 The following assertions are equivalent:

(¢) F satisfies the uniform exterior ball condition;
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(i) Iy > 0andforall x € Bd(E) there exists € R?\ {0} such that

(#,y —2) <7yl|i|ly—z*; Vye€E.

Lemma 2 If E satisfies the ro — UEBC, then

1

NE(x):{:&:<§:,y—$> S o

3]y — o VyeE},

Definition 2 Let z,v € RY, r > 0. We call the set

D, (v,r) = conv{z,B(z+v,r)}
— {z+t(u—2):ueBx+uvr), te1]}

a (|v|,r)—drop (or a comet) of vertex = and running direction v.
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Definition 3 The nonempty closed set £ C R? satisfies UIDC (uniform interior (hg, ry) —drop condition)
if there exist hy, 7y > 0 and for all = € E there exists v, € R?, |v,| = hg, such that:

D;z; (U:I;a 7n()) C E

Note that
- (UIDC) implies that int (E) # ;
- if E satisfies the uniform interior ball condition then F satisfies (U1 DC).

Example 1 Let E C R defined by
(i) E={zeR’:¢(x)<0}, where ¢ € C? (R7),

(i) int(E)={zeR':¢(zx) <0},
\(m) Bd(E)={ze€R":¢(z) =0} and |V¢(z)|=1Vaz € Bd(E).

\

The set E satisfies UEBC (the uniform exterior ball condition) and UIDC (the uniform interior drop
condition).

Proof. Note that at any boundary point x € Bd (E), V¢ (z) is a unit normal vector to the boundary ,
pointing towards the exterior of £. Hence for all x € Bd (F) we have Ng (z) = {6 V¢ (x) : § > 0} and
Nge(z) ={—0Ve(z):6 > 0}.
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Since forally € Fand x € Bd(F),

(Vé(z),y - o) —¢<y>—¢<x>—/0 (Vo (z+ Ay — ) — Vo () ,y — z) )
<My — x|

then by Lemma 1 E satisfies (UEBC).
If y € E°and x € Bd(F), then ¢ (y) > 0, ¢ (z) = 0 and

1
(~Vo(@),y—a) = ~0()+ [ (Vola+Aly—o) = Vo o),y —2)
< Mly—axf
that is £ satisfies (UEBC) and consequently £ satisfies (UIDC).
A function ¢ : R? — |—o00, +-00] is proper if

Dom (p) < {veR: p(v) <+oo} #0

and Dom (¢) has no isolated point.

Definition 4 The Fréchet subdifferential of ¢ at x € R? is defined by 0~ ¢ (x) = 0, if z ¢ Dom () and
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for x € Dom (p),

0 p(r)={2€R": liminf ply) — o) —(@y—a)

>0},
nh e

the domain of the multivalued operator 0~ ¢ : R%= R is defined by
Dom (07 ¢p) Y {zeR: 0 ¢(x)#0}

If E is a nonempty closed subset of R? and

(0) = I (2) 0, ifzxzekl,
€T) = €Tr) =
i . o0, ifx ¢ F,

then ¢ is l.s.c. and

O Ig(z)={2 €R*: limsup By =)

<0}
y—x, yek ’y — :13]

is the Fréchet normal cone at E in x. By a result of Colombo&Goncharov (2001) we have for any
closed subset £ of a Hilbert space

8_[E (:IZ) = NE (CC)
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Definition 5 ¢ : R? — |—o0, +0o0] is a semiconvex function if
(i) Dom (yp) satisfies the UEBC ;

(1) Dom (0~ ¢) # )

(#ii) there exist v, v, > 0 such that for all (z,2) € 9, y € R?:

@y —z)+o@) <o)+ 0+ 2Dy — 2.

We also say that ¢ is a (y,,y,) —Semiconvex function.

Remark 1

e If F/ satisfies o — UEBC then ¢ = Ig is (v,7,) —Semiconvex l.s.c. function for all v, > 0 and
1
> —,
72 o 27”()
e A convex function ¢ is (v, v,) —semiconvex function for all v, v, > 0.

e If £ is a closed bounded subset of R? satisfying the UEBC and g € C*(R?) (or g € C' (RY) is a
convex function), then f : RY —] — oo, +o0], f (z) = Ir (z) + g (x) is a l.s.c. semiconvex function.

o If p: R? — |—00, +0o0] is a semiconvex function, then there exists a € R such that

ga(y)+a\y|2+a20 for all y € R%.
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2 Variational inequalities in non-convex domains

2.1 Classical Skorohod problem
Let £ C R? be a non empty closed subset of R?. We assume

(UEBC)  E satisfies the uniform exterior ball condition
and
(UIDC)  F satisfies the uniform interior drop condition
The classical Skorohod problem is to find a solution of the multivalued differential equation

dr (t)+ 0 Ig(z (1)) (dt) >dm(t), t>0,
{ z(0) = xg
or equivalent
{ r(t)+k(t)=20+m(t), t>0,
dk (t) € 0 Ig (x (t)) (dt),

where

o (Z) rg € F
(o) (it) meC(RRY), m(0)=0
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Definition 6 Let E satisfy the ry — U E'B condition. A pair (x, k) is a solution of the Skorohod problem
(and we write (x, k) = SP (E; xg, m)) if

¢ z,k : R, — R? are continuous functions and

¢ forall0 <s<t:

p

) z(t) €
)kGBVzoc([O,OO[;Rd), k(0) =0,
]]J) r(t)+k(t)=x0+m(t),
v)

Vye C(R;E) (1)

7\

L<wm—va%@ws§%LWmm—wid%@

Theorem 1 Let 2y € F and m : R, — R? a continuous function such that m (0) = 0. Under the as-
sumptions (UEBC) and (UIDC) the Skorohod problem (1) has a unique solution. Moreover (1 — jv) <
(2) < (3), where

J~ > 0suchthatVy: [0,00] — E continuous :
[t =2 dk @y <o [y - 2P a1,

10eme Collogue Franco-Roumain de Mathematiques Appliquées, 26-31 Aolt 2010, Poitiers, France Aurel Rascanu, lasi, Romania

(2)



Non-convex variational inequalities with singular inputs and applications to stochastic inclusions 14

and

p

(a) k], = /o L, (s)epap)d [k],

) t 3)
(b) k (t) - / nﬂ?(s)d Iklw where Nys) € Ng (x (S))

Oand }nﬁ(s)‘ =1, d I k IS —a.e..

2.2 Generalized Skorohod Problem

PROBLEM : 3?7 a pair (z, k) of continuous functions z, k : R, — R? solution of the generalized Skoro-
hod problem

{x(t)+k(t)—a:0+m(t), t >0, (4)

dk (t) € 07 (x (1)) (dt),
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By dk (t) € 0~ (x (t)) (dt)we understand

@) z€C(Ry;Dom (), (@) € L, (Ry),
b) ke C(R;RY) N BV (RisRY), k(0) =0,
c) V0<s<t, Vy:[0,00] — R continuous :

[ - )+ o
< / oy (r) dr + / 1y (r) — & (F) (vadr + 7od 1K1,

Assumptions:
(A1)
{ (i) x0 € Dom (p)
(i) meC(0,T];RY), m(0)=0;
(A2)

(7) ¢ R? — |—o00, +o0| is proper l.s.c. (v4,7,) — Semiconvex function;
(@)  |e@) =W <L+Llz—yl, Va,yec Dom(p)
(¢it)  Dom (p) satisfies uniform interior drop condition (UIDC);

15

(5)

(6)

(7)
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Theorem 2 Let T > 0 and the assumptions (A1) and (A2) be satisfied.

16

. 3Cr:C([0,7]:R?) — R, which is bounded on compact subsets of C' ([0, 7] : RY) such that for

any solution (z, k) is solution of

r(t)+k({t)=x0+m((t), t>0,
dk (t) € 07 (x (1)) (dt)
(we write (z, k) = SP(0~¢; x9,m)), then
(@)  Tklr = HkHBV([O,T];Rd) < Cr(m) ,
) Nzlly = ll=lleorre < @0l +Cr (m)

o O I~ DL < O ) x Vi, T3
VO<s<t<T.

If moreover 1 € C ([0, T];RY), 29 € Dom (¢) and (z, k) = SP(8™¢; &9,1), then

| = dllr + 1k = kil < sz (m, 1) x |leo = ol + +/Tm = mllr|

1. The problem (8) has a unique solution (x, k) .

Proof. steps:
e We prove the estimates (9) and (10);

(8)

()

(10)
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¢ the uniqueness follows from (10);

o if m € C' (Ry;RY) the existence follows from
Marino, A. & Tosques, M. : Some variational problems with lack of convexity, Methods of Noncon-
vex Analysis, Proceedings from CIME, Varenna 1989 , Springer,Berlin (1990)

o if m € C' (R4;R?) the existence follows from (9) by Arzela-Ascoli Theorem:
Let m, € C ([0,T];R?), s.t. m,, — min C ([0, T);R?) . Let (z,,, k,,) = SP(™; o, M)

Ty (t) +kn (t) =x0+my (t), t>0,
dk,, (t) € 07 (xn (1)) (dt),

— By (9
(xn, k,) is bounded and uniformly equicontinuous sequence from C ([O, T] ;Rd) x C ([O, T] ;]R{d) :
— By Arzela-Ascoli Theorem

(n, k) — (2, k) inC([0,T];R*) (on a subsequence)
— Byls.c. property of [-] : C' ([0,7];R?) - R
1kl <liminf Jk,], < C < oo.

n—-—+o0o
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— By Helly-Bray Theorem and the Il.s.c. property of ¢ we can pass to liminf,, ., In

/<Mﬂ—$ﬂﬂﬁﬁﬂﬂfﬁ/¢ﬁmﬁnﬁ

< [ewonar+ [ 1y0) =) Gudr+7d ).
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2.3 Generalized Skorohod equations

PROBLEM : 37 a pair (z, k) of continuous functions z, k : R, — RY solution of the generalized Skoro-
hod differential equation

x(t)—l—k(t)—I‘o—i—/of(Sax(S))dS"‘m(t)’ t =20, (11)
dk (t) € 0~ (x (t)) (dt),
where

(A3)
¢ f(,):R, xR?— R%is a Carathéodory function
¢ thereexistu e L} (0,00), such that the monotonicity condition

loc
<Zl?-y,f<t,ﬂ?)—f(t,y)> SM@) ‘x_y‘Qv \V/.f,yERd

Is satisfied a.e. t > 0
¢ Boundedness : forall 7" > 0,

/Tf# (s)ds < oo, where f¥ (t) aef sup {]f(t, u)| - u € Dom (gp)}
0

Theorem 3 ( ) Under the assumptions (A1), (A2),(A3)the Eqg. (11)
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has a unique solution (x, k) .

Proof. The uniqueness is obtained in a standard manner. The existence is obtained passing to the
limit (via Arzela-Ascoli Theorem) in a the approximating equation

t—1/n

xn(t)+kn(t)—x0+/0v(t1/ )f(s,:cn(s))d8+m(t), t >0,

dk, (t) € 97 (2, (1)) (dE).

3 Stochastic variational inequalities in non-convex domains

3.1 Existence and uniqueness result
Consider the following SVI (also called generalized stochastic Skorohod equation

Xt+Kt—€+/tF(S,XS)dS+/tG(S,XS)dBS, tZO,
0 0
A (w) € 07 (X (w)) (dt),

(12)

where we have
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A {B; : t > 0} is aR*—valued Brownian motion with respect to the given stochastic basis (2, 7, P, { F; };~

A  Carathéodory conditions: F(-,-,+): Q x [0, 400 x R* = RYand G (-, -,-) : Q x [0, +oo[ x R? —
R™* are (P, R?) —Carathéodory functions that is

(a) F (- z)and G(-,-,x) are p.m.s.p.,V z € R% 13)
(b) F(w,t,-) and G (w,t,-) are continuous function dP ® dt — a.e.
Denoting
F# (5) = sup {]F(t, w)| : u € Dom <<,p)} |
G7 (s) = sup {]G(t,u)] cu € Dom (gp)}
we assume that the following are satisfied
A Boundedness conditions: forall 7' > 0 :
( T
(a) / F¥ (s)ds < oo, P — a.s.
< o (14)
0) / G# (s)*ds < 00, P as,
\ 0
A Monotonicity and Lipschitz conditions :  there exist u € L; . (0,00) and ¢ € L} (0,00;R,),
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such that dP ® dt — a.e. :
( (Mp) Monotonicity condition :
<$_va<t7x)_F<tay)> Su<t>‘x_y’27 VI,yERd,
(Lg) Lipschitz condition :
G(t,z) = G(t,y)| <L) |z —y], Yaz,yeR"

(15)

A O~ is the Fréchet subdifferential of a proper l.s.c. semiconvex function ¢ : R? —| — oo, +o0] and
Dom () «f {z e RY: ¢(z) < +oo} (in general a non-convex domain) has the property (U/DC') :
uniform interior drop condition . Moreover of satisfies

(@)= | <L+Llr—y|, Y,y Dom(p).

Definition 7 (I)  Given a stochastic basis (2, F,P, F;),., and a R"*—valued F;,—Brownian motion
{B;:t>0},apair (X, K) : Qx[0, 0o — R?xR? of continuous F;—progressively measurable stochastic
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processes is a strong solution of the SDE (12) if P — a.s. w € ) :

( 7) XtEDom() Vit >0, @(X)ELZOC(O,OO)
K. EB‘/loc (R—HRd) KOZO;

J7)
t t
jjj) X +Kt:§+/F(s,Xs)ds+/G(s,XS)dBS, Vi>0,
0 0
)

§ jv) V0<s<t Vy:[0,00] — R continuous : (16)
t t
[ o =X+ [eexar
’ t

\ /90 d?“+/ ly (r) = X, (1ydr + 72d [KT,)

that is
(X (), K. (w) =8P (07 p;€ (w), M. (w)), P—as we

with

t t
Mt:/F(S,Xs)ds—l—/G(s,Xs)st.
0 0

(II) Let F(w,t,x) = f(t,x), G(w,t,x) = g(t,z) and & (w) = xy be independent of w. If there
exists a stochastic basis (2, F, P, %), , a R*—valued F;—Brownian motion {B; :t > 0} and a pair
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(X, K.):Qx[0,00[ — R? x R? of F;—p.m.c.s.p. such that
(X (w), K. (w) =8P (0" p;z9, M. (w)), P—as we,

with
t t
Mt:/f(S7XS)dS+/g(S7XS)sta
0 0

then the collection (2, 7, P, F;, By, Xy, Ky), is called a weak solution of the SDE (12).

We first give a uniqueness result for strong solutions.

Proposition 1 (Pathwise uniqueness) . Let (Q, F,P, %, B;),-, be given and the assumption (7) be
satisfied. Assume that

F():Qx[0,+00[ xR - R and G (-,-,-): Qx[0,+oo] x RY — R
satisfy (13), (14) and (15). Then the SDE (12) has at most one strong solution.

Proof. Let (X, K) and (X, K) be two solutions corresponding to ¢ and respectively ¢. Since

dK; € 0" (X;) (dt) and dK; € 9~ p(X;) (dt)
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thenforp>1and A > 0
<Xt X (F (X)) dt — dK;) — (F(t, X,)dt — df(t)>

1 . 2 ~
+ <§mp - 9p)\) )G (t, Xy) — G(t, Xy)| dt <|X; — X|*dV}

with
t 1 ~
V, = / [u (s)ds + (Emp + 9p)\) (2 (s)ds + 2y1ds + yod [K ], 4+ 72d | K 15] :
0
Therefore, by Proposition 5 (Annex), we get

ain e (r- )] <minfe-

T

Hence the uniqueness follows.

Lemma 3 (The case of additive noise) If £ € L° (Q,]—'O,IP; Dom (gp)) and M € SY, M, = 0, then there
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exists a unique pair (X, K) € S) x SY strong solution of the problem

X (w) + K (w) = ¢ (w) +/OF(w,S,XS(w))d8+Mt(w), t >0,
dK; (w) € 079 (X; (w)) (dt),
P—a.s.w e thatis
(X (), K. (w) =8P (07 ;€ (w), M. (w)), P—as we

To study the general SDE (12) we consider only the case when F,G and ¢ are independent of w.
Hence we have

t t
Xt+Kt:xO+/f(SaXS>dS+/g(S7XS>dBS7 t207
0 0
dK; (W) € 07¢ (X (w)) (dt),

(17)

where f(-,-) 'R, x R? = R%and g (-,-) : Ry x R? — R>*
As above, denote
def

£#(s) < sup {| (¢ )| : w € Dom ()},

g" (s) %/ sup {\g(t,u)| cu € Dom (gp)} .
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Proposition 2 If xy € Dom (¢) and
T
/ [f# (s)” + g7 (s)*| ds < 00, VT >0.
0
then the problem (17) has a weak solution (2, 7, P, , 73, X;, Ky, Bt),~ -

Proof.

o Let(Q,F P FF B),., beaBrownian motion.

e (X" K") solution of the approximating problem

t t
X7 KP = 20+ / f (S,X:_l) ds + / g (s, Xg_l) dB.,
0 n 0 "
dK} (w) € 0~ ¢ (X[ (w)) (dt).

; ¢
M, = / f (s, Xf_l) ds + / g <S,X§_l) d B,
0 " 0 n

10eme Collogue Franco-Roumain de Mathematiques Appliquées, 26-31 Aolt 2010, Poitiers, France
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Since
1 n ni4d| _
lim —supE | sup |My— M/|"| =0

e=0¢€ p>1 0<f<e
{M":n >1}istighton C (R;RY).
e IfU"= (X" K" [K"])then

my» (¢;[0,7]) < C /e +myp. (), as.
e U"=(X" K" [K"])istightonX =C ([0,T];R**!).
e By the Prohorov theorem
(X", K",]K"],B) — (X,K,V,B) inlaw

on C ([0, T ; R2+1+H)

e By the Skorohod theorem, 3 (Q, F,P), 3 (X", K", V", B"), (X, K,V, B) defined on (Q, 7, P)
LX", K" V" B") =L (X", K",]K"],B) and L(X,K,V,B)=L(X,K,V,B)
such that, in C ([0, 7]; R**1*F) "as n — oo,

(X", K", V", B") =% (X, K,V, B).
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e By Proposition 9, <B”, {ﬂXn’Kn’Vn’Bn}> ,n>1,and (B, {F; ’K’V’B}) are R¥—Brownian motion.

o Foralldo<s<t¢ P—a.s.

X():x()a K():O) Xt€E7 (19)
K], -1IK],<Vi-V, and 0=V, <V, <V,
e Sinceforall 0 <s<t, neN*
t t t
[eamar< [owmar- [ - xpam
t
-+ / ly (r) — X;f‘|2 (pdr +~vdJK"])), a.s.
then by Proposition 7 we infer
t t t
/ v (X,)dr < / o (y (r)) dr — / (y(r) — X,,dK,)
S S t S (20)

+ |y (r) — )_(TIQ (pd?“ + ydﬂ) .

e Based on (19), (20)we have
dK, € 0" ¢ (X,) (dr).
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o P —a.s.

t t
)_(t—i—[_(t:xo—i—/f(s,)_(s)ds+/g(s,)_(3)d§$, vteloT].
0 0

e Consequently <Q,f“, P, ]—“tB’X, X, K, Bt> . is a weak solution of the SDE (17).
>
|

Finally with similar arguments as used by Ykeda-Watanabe weak existence + pathwise unigqueness
implies strong existence. Hence

Theorem 4 Under the assumptions of Proposition 2 the problem (17) has a unique strong solution
(Xt7 Kt)tZO :

3.2 Markov solutions of reflected SDEs.

In this subsection we study the Markov property of the solutions of reflected SDEs. when the set £
has a particular form. Assume that

( (i) E={zeR":¢(z) <0}, where ¢ € C} (RY),
(i) int(E)={zeR':¢(zx) <0}, (21)
\ (itt) Bd(E)={zeR’:¢(z)=0} and |V¢(z)|=1Vz € Bd(E).

N\
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The set E satisfies (UEBC:the uniform exterior ball condition) and (UIDC: the uniform interior drop
condition)
Lett € [0,00[ and & € LY (Q, F, P; E) be fixed. Consider the equation

X+ K =¢ +/ f(r, X54) dr +/ g(r,X*)dB,, s>t,
t t
dK, (w) € 0 Ig (X!* (w)) (dr),

(22)

where f(-,+) : [0,4+00[ x R? — R% and g (-,-) : [0, 400 x R? — R¥* are continuous functions and
satisfy: there exist 1o € R and ¢ > 0 such that for all v, v € R?

(i) (u—w, flt,u) = f(t,v)) < plu—vf?

) (23)
(1) |g(t,u) —g(t,v)| < Llu — .

If follows from Theorem 4 and Theorem 1 that there exists a unique pair (X", K¢) : Q x [0, co[ —
R? x R of continuous progressively measurable stochastic processes is a strong solution of the SDE
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(22) thatis P —a.s. w € Q) :

(

(j) X't e FEand X'5, =¢foralls >0
<]J) Kt’g EB‘/loc ([ano[aRd) ) Kﬁ’gz()for a||0§ Sgt7

(Jjj) X+ KK =¢+ / f(r, X5%) dr + / g (r,X!)dB,, Vs>t
t t
(Jv) IKt’€IS:/ 154(k) (Xﬁ’f)dIthIT, Vs>t
t

(v) K¢ :/ Vo (XIF)dTK®T , Vs>t
t

Remark that by Theorem 1 the conditions (jv) & (v) are equivalent to

(24)

1~ > 0 suchthatVy: [0,00] — E continuous :
(y(r) = XI5 dKE) <y (r) = XEE[dTRT

If (X*¢, K'¢) and (X", K"") are two solutions, then from this last inequality it follows

(XPE— XU AR — AR 4 | X5 — XU (d TKST +d TKYT,) >0, as. (25)
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Proposition 3 Let the assumptions (21), 23) be satisfied and

qap (1 (62)| + g (t,2)]) < oo.
(t,2)€[0,T|x E

Thenforallp > 1, A >0and s > t,

() B sup [XEE— XU < ClE -l explC(s—1)], as.

relt,s]
(jj) B sup K" <EBR[K™]P<C(1+(s—t)), as.
relt,s]
(4jj) B” . XHEP <O+ (s =t + ),
relt,s
, : 2)\?
(jv) EFMNET < EF MK < exp {C)\ + (C)\ + 02 ) t} , a.S..
where C'is a constant independent of &, n, s, ¢ and .
If the monotonicity condition (23-i) is replaced by
’f(tau) o f(t,U)’ < /'L‘u o U’)
and ¢ € C} (R), then we moreover have
B sup [Kp¢ — K"+ B sup [TK] — TKY] "< Ce“C70 g — gl (27)

relt,s] relt,s]
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where (' is a constant independent of £, 7, s, t.

Corollary 1 Let the assumptions of Proposition (3) be satisfied and £ a bounded set. Then for every
T > 0and p > 1 the mapping

(t,2) = (X0 K5 TK]) - [0,T] x E — S2[0,T] x $2[0,T] x S [0, T]

is continuous. Moreover if hy, hy : [0,7T] x E— R are bounded continuous functions, then
T T
(t.2) B / h(s, X')ds + B / has, X0 d T T [0,T) x E — R (28)
t t

IS continuous.
Moreover

Proposition 4 The solution {X?*: s > 0} of the SDE (22) is a strong Markov process with
(1) the transition probability
P(t,z;5,G) =P (X" € G)

fort,s >0and G € B, ;
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(i)  the evolution operator P, : By(R?) — By(R%), 0 <t < s,
(Prst) (z) = By (X)) 5
(i) the infinitesimal generator A; satisfying
DY {peC2 (R : Vi (z)=0ifx € Bd(E)} C Dom(Ay), forallt >0
and fory € D

A () (z) = STr [g (t,2) g7 (¢, 2) Uy, (2)] + (f (£,2) ¥ (@)

d

i 2 T T
N e e DL vl

1=1

DO — DN —
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4 Annex

4.1 A forward stochastic inequality
Let X € SY be a continuous local semimartingale of the form

t
Xt:XO+Kt+/ GydBg, t>0, P-—a.s., (29)
0
and for some p > 1 and X\ > 1 as signed measures on |0, co|

1
th + <Xt, th> + (imp + 9]?)\) |Gt|2 dt < ]_szth + |Xt’dNt + ’XtIQdV;,

where m, =1V (p — 1) and

O KebSY) K €BV(0,00[;RY), Ky=0, P—a.s;
O Gel

O D,R,Nare P—m.i.c.s.p. Dy = Ry= Ny=Vy=0;
¢ VisaP—m.local b-v.c.s.p., V= 0.
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Proposition 5 There exists a constant C), , such that: P —a.s., forall0 <t <sandd > 0
e x|

P s —pVp p—2 5 —2V; 2 p/2
B ISR, NPT D 4 B eV (dD 4G dr)
(1+olle v X2 )" o (Trole v, BT p (rolevex ) T G

[t.s]

e X F ’ -2V p/2 F ’ _V p
o o+ E ( e T1p>2dRr) +E ( e rdNT) .
7L (1o X ) t - /

(30)

In particular if R =N =0then P — a.s.

B (1Al X[ | < G 1Al
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4.2 Tightness and some It@’s integral properties

Proposition 6 Let {X7:t> 0}, n € N*, be a family of R?—valued continuous stochastic processes
defined on probability space (2, F,P). Suppose that for every 7' > 0, there exist « = ay > 0 and
b="br € C(R;)with b(0) = 0, (both independent of n) such that

() lm [sup P({|X;] ZN})] _

N—00 | peNx

(57) E[l/\ sup ng;S—Xm“] <e-be),Vex>0,n>1,tel0,T],

0<s<e

Then {X" : n € N*} is tight in C(R; R?).

Proposition? ¢ : RY —] — o0, +o0] is a l.s.c. function. Let (X, K,V), (X", K", V"), n € N, be
C ([0, 7];R ) X O([ T];R) —valued random variables, such that
(X", K" V”) (X, K,V)
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andforall 0 < s < t, andn € N*,
n n
IK It o IK Is
t t
[otar < [ 0k, as,
S S

then K], — [K], <V, -V, a.s.and

IA

V"=V a.s.

t t
/@(Xr)dTS/ (X, ,dK,), a.s..

Proposition 8 Let X, X € SY[0,7] and B, B be two R¥—Brownian motions and g : R, x R — R?** be
a function satisfying

g(-,y) is measurable V y € R?, and

y — g (t,y) is continuous dt — a.e..

L(X,B)=L(X,B), onC (R ,R"")
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then

L (X,B,/.Q(S,XS) dBS) =L ()A(,B,/.g (S,X5> dBS> ., onC (R+,Rd+k+d) :
0

0

Proposition 9 Let B, B", B" : Q) x [0,00[ — R and X, X", X" : Q x [0, 00[ — R™*_be c.s.p. such that

(i) B"is F’*"—Brownian motion V n > 1;

(it) L(X",B") =L (X",B") on C(Ry,R™" x RF) forall n > 1;

T
(i44) / | X7 — XS}2ds + sup |By' — By| in probability, as n — oo, for all 7' > 0.
0 t€[0,77

Then (B”, {]—“f"’Xn}) ,n>1,and (B, {EB’X}) are Brownian motions and as n — oo

t B B t B B
/ X"dB" — / X,dB,
0 0

sup —— 0 In probability.

te[0,7]
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Thank you for your attention !
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