10-eme Colloque Franco - Roumain en Mathématiques
Appliquées

A Non Equilibrium Steady State
as an Adiabatic Limit

Radu Purice

IMAR
Poitiers, August 26, 2010

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 1/55



R —
Introduction

| shall present some results obtained these last three years in collaboration
with Horia Cornean and ,

results that allowed us to construct a Non-Equilibrium Steady State
associated to an adiabatic modification of some thermodynamical
parameter.

Reference

H. D. Cornean, P. Duclos, R. Purice:

Adiabatic non-equilibrium steady states in the partition free approach,
preprint arXiv:1006.4272
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]
Plan of the talk

@ The System

@ The Main Result

@ Main lines of the proofs
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The System |
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The System

We consider a sample connected to two semi-infinite cylindrical
conductors, in which a gas of non-interacting electrons is moving.
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The System

The System

We consider a sample connected to two semi-infinite cylindrical
conductors, in which a gas of non-interacting electrons is moving.

The configuration space:

A closed subset £ ¢ R with d > 0 of the form

L = [(—00,—ag) x D] UCo U [(ap, 0) x D], for some ag > 0.
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The System

The System

We consider a sample connected to two semi-infinite cylindrical
conductors, in which a gas of non-interacting electrons is moving.

The configuration space:

A closed subset £ ¢ R with d > 0 of the form

L = [(—00,—ag) x D] UCo U [(ap, 0) x D], for some ag > 0.

where:

@ © C RY is a bounded simply connected open set awith regular
boundary 09,

@ Co C Rt is bounded and satisfies: ([—ao,ao] X ]Rd> NL = Cy,
© X = 0L is a regular surface in RI+1.
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The System

The System

We will consider some electric potentials applied on each of the two leads
and we will allow for some distance between the 'real sample’ and the
electric potentials. More precisely we shall consider the following
decomposition of the configuration space:
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The System

We will consider some electric potentials applied on each of the two leads
and we will allow for some distance between the 'real sample’ and the
electric potentials. More precisely we shall consider the following
decomposition of the configuration space:

Choose a > ap > 0 and define

L. =(—c0,~a)xD, Ly :=(a,00)xD, C:=LN <(—a, a) x Rd).

so that
L =L UCUL,;

Co C C.
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The System

We will consider some electric potentials applied on each of the two leads
and we will allow for some distance between the 'real sample’ and the
electric potentials. More precisely we shall consider the following
decomposition of the configuration space:

Choose a > ap > 0 and define

L. =(—c0,~a)xD, Ly :=(a,00)xD, C:=LN <(—a, a) x Rd).

so that
L=L_UCU L,
Co C C.
We shall use the notations: Z_ := (—o0, —a) and Z := (a, c0).
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The One-body Dynamics
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The One-body Dynamics

@ Each electron moves free in each conductor L4 :=Z4 x D.
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The One-body Dynamics

@ Each electron moves free in each conductor L4 :=Z4 x D.

@ To the sample C we associate a potential function w € C2°(Co),
smooth and with compact support.

We shall suppose that w > 0 (by just adding a constant term).
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The One-body Dynamics

@ Each electron moves free in each conductor L4 :=Z4 x D.

@ To the sample C we associate a potential function w € C2°(Co),
smooth and with compact support.

We shall suppose that w > 0 (by just adding a constant term).

The Hilbert Space
H = L(L).
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The One-body Dynamics

@ Each electron moves free in each conductor L4 :=Z4 x D.

@ To the sample C we associate a potential function w € C2°(Co),
smooth and with compact support.

We shall suppose that w > 0 (by just adding a constant term).

The Hilbert Space
H = L(L).

We use the orthogonal decomposition:
oM H—H_:=L%ZT_x9),
oM, :H —H, =L*(T, xD),
o My :H — Ho := L?(C),
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+1.
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+L.

@ Let —Ap be the Laplace operator on £
with Dirichlet boundary conditions on X
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+1.

@ Let —Ap be the Laplace operator on £
with Dirichlet boundary conditions on X

e it has the domain Hp (L) := HI(L) N H?(L)
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+1.

@ Let —Ap be the Laplace operator on L
with Dirichlet boundary conditions on X

e it has the domain Hp (L) := HI(L) N H?(L)
@ Due to our assumption the perturbation, w = lMowl[Ty is relatively
bounded with bound 0 with respect to Ap.
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+1.

@ Let —Ap be the Laplace operator on L
with Dirichlet boundary conditions on X

e it has the domain Hp (L) := HI(L) N H?(L)
@ Due to our assumption the perturbation, w = lMowl[Ty is relatively
bounded with bound 0 with respect to Ap.

@ The one-particle Hamiltonian is of the form:
H:=—-Ap + Towlly
acting on H := L%(L), with domain

Hp(L) == HE(L) N H?(L).
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The One-body Dynamics

o Let H}(L) and H?(L) be the usual Sobolev spaces on the open
domain £ C RI+1.

@ Let —Ap be the Laplace operator on L
with Dirichlet boundary conditions on X

e it has the domain Hp (L) := HI(L) N H?(L)
@ Due to our assumption the perturbation, w = lMowl[Ty is relatively
bounded with bound 0 with respect to Ap.

@ The one-particle Hamiltonian is of the form:
H:=—-Ap + Towlly
acting on H := L%(L), with domain
Hp(L) == HE(L) N H?(L).
e We denote by R(z) the rezolvent of H.
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The One-body Dynamics

Remark

Due to our hypothesis on w all the iterated commutators

[Ql, [Ql, e [Ql, |_|0W|_|0] .. ” = 0 and [Pl, [Pl, . [Pl, nowno] . H
are bounded operators in H.

We denoted by @Q; the operator of multiplication with the variable x € R
on H and by P; := —i0x; we consider the factorization RITI >R x R,

v
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The One-body Dynamics

Remark

Due to our hypothesis on w all the iterated commutators

[Ql, [Ql, e [Ql, |_|0W|_|0] .. ” = 0 and [Pl, [Pl, . [Pl, nowno] . H
are bounded operators in H.

We denoted by @Q; the operator of multiplication with the variable x € R
on H and by P; := —i0x; we consider the factorization RITI >R x R,

v

Proposition 0 (case k = 0)

osc(H) = 0.
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The One-body Dynamics

Remark

Due to our hypothesis on w all the iterated commutators

[Ql, [Ql, e [Ql, |_|0W|_|0] .. ” = 0 and [Pl, [Pl, . [Pl, nowno] . H
are bounded operators in H.

We denoted by @Q; the operator of multiplication with the variable x € R
on H and by P; := —i0x; we consider the factorization RITI >R x R,

v

Proposition 0 (case k = 0)

osc(H) = 0.

Hypothesis 1
We shall suppose that

opp(H) = odisc(H),  #0opp(H) < o0.
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The Electric Bias

We consider that an electric voltage is aplied adiabatically on the two
conductors starting at time s = —c.
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The Electric Bias

We consider that an electric voltage is aplied adiabatically on the two
conductors starting at time s = —c.

o Vi=v_l_ + vil; with viy € R.
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The Electric Bias

We consider that an electric voltage is aplied adiabatically on the two
conductors starting at time s = —c.

o Vi=v_l_ + vil; with viy € R.
@ X a strictly increasing function in C*°(R_) such that 0 < x(t) <1,
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The Electric Bias

We consider that an electric voltage is aplied adiabatically on the two
conductors starting at time s = —c.

o Vi=v_l_ + vil; with viy € R.
@ X a strictly increasing function in C*°(R_) such that 0 < x(t) <1,
e for any n > 0 let x,(t) := x(nt) and V,(t) := x,(t)V.
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The System

The Electric Bias

We consider that an electric voltage is aplied adiabatically on the two
conductors starting at time s = —oo0.

o Vi=v_l_ + vil; with viy € R.
@ X a strictly increasing function in C*°(R_) such that 0 < x(t) <1,
e for any n > 0 let x,(t) := x(nt) and V,(t) := x,(t)V.
The time-dependent Hamiltonian
Ko(t) = H+ Vy(2)
with domain

Hp(L) := H3 (L) N H?*(L)
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The System

The Electric Bias

The non-homogenous evolution
For —oco < s <t <0, the unitary propagator W, (t,s)
is the solution of the Cauchy problem:
0 W, (£.5) = Ky(£) Wyt 5)
W, (s,s) = 1.
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The System

The Electric Bias

The non-homogenous evolution

For —oco < s <t <0, the unitary propagator W, (t,s)
is the solution of the Cauchy problem:

10 W (t,s) = K, (t)W,(t,s)
W, (s,s) = 1.

For any n > 0 the family {K;(t)}+cr are self-adjoint operators in H,

having a common domain equal to Hp (L) and depending differentiable on
t € R with a bounded self-adjoint norm derivative

0:Ky(t) = nx(nt)V.
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The State
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The System

The State

We consider that in the remote past, t — —o0,
the electron gas has no self-interactions and is in equilibrium
at temperature T and chemical potential 1, moving in all the volume £
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The System

The State

We consider that in the remote past, t — —o0,
the electron gas has no self-interactions and is in equilibrium
at temperature T and chemical potential 1, moving in all the volume £

Thus it is described by a quasi-free state having as two-point function the
usual Fermi-Dirac density at temperature T and chemical potential u:

1
pe(E) == W

applied to the total Hamiltonian H = ( — Ap) @ 1 + MowlMo.

Initial state at t = —oc: pe(H).
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The State

The state at time t € R_
py(t) =5 — limW, (t,s)pe(H)W,(t,s)*.
s\, —o0
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The System

The State

The state at time t € R_

py(t) =5 — limW, (t,s)pe(H)W,(t,s)*.
s\, —o0

Remarks:
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The State

The state at time t € R_
p"( ) \ llmW'](t S)pe(H)W,](t, 5)*-
S

Remarks:
° pe(H)—e'(f s) pe(H)e™ i(t—s)H

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 13 / 55



The State

The state at time t € R_
p"( ) \ llmW'](t S)pe(H)W,](t, 5)*-
S

Remarks:
o pe(H) = e(t=)p (H)e~/(t=s)H
@ Let us define Qn(t7 s) == W,(t,s)e/t==)H
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The State

The state at time t € R_
p77( ) \ llmW'](t S)pe(H)W,](t, 5)*-
S

Remarks:
o pe(H) = e(t=)p (H)e~/(t=s)H
@ Let us define Qn(t7 s) == W,(t,s)e/t==)H
@ so that: py(t) == s; limQ,,(t, s)pe(H)S2,(t,s)*.
SN\ —O0
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The State

The state at time t € R_
py(t) =5 — limW, (t,s)pe(H)W,(t,s)*.

s\, —o0

Remarks:
o pe(H) = e(t=)p (H)e~/(t=s)H
@ Let us define Qn(t7 s) == W,(t,s)e/t==)H
@ so that: py(t) == s; limQ,,(t, s)pe(H)S2,(t,s)*.
SN\ —O0

Proposition

The following limit exists

Q,(t) == n—1limQ,(t,s).

s\,—0o0

but not uniformly with respect to 7.
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The System

Proof of the Proposition:

Let us write the equation in integral form:

t
Q,(t,s) = 1+i/ X(nr)Q,(t, r)e =MV (Q)e /—0H dr

so that

S1

12(¢, 51) = (¢, )| < / x(nn)[IV(Q)|[ dr

S2

verifying thus the Cauchy criterion for convergence with respect to the
uniform topology on B[H] due to the integrability of x.
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The State (useful formula)

Using the previous Proposition let us denote by:

Q, =5 —1imQ,(0, s).
1 S\_'OO n(0,5)

so that it is easy to verify that

pn(t) = Wi(t,0)Qype(H)Q2; W, (t,0)".
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The Main Result

The Main Result )
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The Adiabatic Limit

In oredr to study the limit for n 0
we shall introduce some new wave operators associated to other pairs of

Hamiltonians defined by
decoupling the system at x = +a by imposing Dirichelt conditions on D..
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The Adiabatic Limit

In oredr to study the limit for n 0
we shall introduce some new wave operators associated to other pairs of

Hamiltonians defined by
decoupling the system at x = +a by imposing Dirichelt conditions on D..

This trick will allow us to compare in a more precise way

the asymptotic evolution W, (t,s)
with the one associated to the Hamiltonian H.
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The Decoupled System
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The Decoupled System

We shall denote by:
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The Decoupled System

We shall denote by:

(o]

o HD(ﬁ) = HD(,C,) 87, HD(C) D HD(£+); where

Hp(L1) := H} (L) N H*(L1); Hp(C) := H(C) N H?(C)
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The Decoupled System

We shall denote by:

(o]

o HD(ﬁ) = HD(,C,) 87, HD(C) D HD(£+); where

Hp(L1) := H} (L) N H*(L1); Hp(C) := H(C) N H?(C)

e Ap :Hp(L) — L%(L) the self-adjoint Laplace operator with Dirichlet

conditions on 0L UD_ UDy;
we have Ap = AD7_ D AD70 D AD,+-
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The Decoupled System

We shall denote by:

(o]

o HD(ﬁ) = HD(,C,) 87, HD(C) D HD(£+); where
Hp(L1) := H} (L) N H*(L1); Hp(C) := H(C) N H?(C)

e Ap :Hp(L) — L%(L) the self-adjoint Laplace operator with Dirichlet
conditions on 0L UD_ UDy;

we have Ap = AD7_ D AD70 D AD,+-

We can write RD;‘: =lLr®1+1® Lp with:
o £p the Laplacean on the bounded domain D C R with Dirichlet
conditions on the boundary 0D
@ [1 is (—1) times the operator of second derivative on Z 1 with
Dirichlet condition at +a resp.
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The Decoupled System

The decoupled Hamiltonian

o

(having Dirichlet conditions on 0L UD_ U D).

H:= —ED + Mowlg : ]ﬁID(E) — H.
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The Decoupled System

The decoupled Hamiltonian

o

H:=—-Ap+Nowly: Hp(L) — H.
(having Dirichlet conditions on 0L UD_ U D).

The decoupled Hamiltonian with bias

o

Ko(t) = H+ Vi (t) = H+ xo(t)V :  Hp(L) — H.
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The Decoupled System

The decoupled Hamiltonian

o

H:=—-Ap+Nowly: Hp(L) — H.
(having Dirichlet conditions on 0L UD_ U D).

The decoupled Hamiltonian with bias

o

Ko(t) = H+ Vi (t) = H+ xo(t)V :  Hp(L) — H.

The decoupled non-homogeneous evolution

(o}

W (t,s) defined as the solution of the following Cauchy problem:

(o} o

L0 W(t,5) = — Ky ()W, (L, 5)
Wo(s,s) =1
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The Decoupled System

(¢]
@ The existence of the solution W/ (t,s) results by arguments similar to
those concerning the existence of W, (t,s).
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The Decoupled System

(¢]
@ The existence of the solution W/ (t,s) results by arguments similar to
those concerning the existence of W, (t,s).

@ All the above operators commute with 1 and thus with V.
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The Decoupled System

(¢]
@ The existence of the solution W/ (t,s) results by arguments similar to
those concerning the existence of W, (t,s).

@ All the above operators commute with 1 and thus with V.

(e}

@ We have the formula W (t,s) =

_ oit-s)H [1 n. (eiv, It X(nu)du) . (em It X(nu)du)]

with the last two exponentials being just complex numbers.
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The Decoupled System

(¢]
@ The existence of the solution W/ (t,s) results by arguments similar to
those concerning the existence of W, (t,s).

@ All the above operators commute with 1 and thus with V.

(e}

@ We have the formula W (t,s) =

_ efi(tfs)ﬁl |:1 4+ (ei\L fst X(nu)du) + I—I+ (ei\/+ fsf X(7]u)du)]
with the last two exponentials being just complex numbers.

@ We shall denote by R(z) the rezolvent of H.
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The Main Result

We shall also need to consider
the 'bias’ with a fixed coupling constant x € [0, 1] and define:
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The Main Result

We shall also need to consider
the 'bias’ with a fixed coupling constant x € [0, 1] and define:

e K. :=H+~rV,
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The Main Result

We shall also need to consider
the 'bias’ with a fixed coupling constant x € [0, 1] and define:

e K. :=H+~rV,
o K,.=H+=rV,

Poitiers, August 26, 2010 21 /55
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The Main Result

We shall also need to consider
the 'bias’ with a fixed coupling constant x € [0, 1] and define:
e K. :=H+~rV,

° io<,€ ::I?I+/<V,

@ and their rezolvents R,(z) and R, (z).
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The Main Result

We shall also need to consider

the 'bias’ with a fixed coupling constant x € [0, 1] and define:
e K. :=H+~rV,

° io<,€ = l(zl +kV,
@ and their rezolvents R,(z) and R, (z).

Proposition o (case k = 1)

osc(Ki) = 0.
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The Main Result

We shall also need to consider
the 'bias’ with a fixed coupling constant x € [0, 1] and define:
e K. :=H+~rV,

° io(ﬁ = l(zl +kV,
@ and their rezolvents R,(z) and R, (z).

Proposition o (case k = 1)

osc(Ki) = 0.

Hypothesis 2

a) opp(Ki) Noc(Ky) =0,

b) #opp(Ki) = N < o0 Vk € [0,1], opp(Ki) = {gj(r )}
) min {dist (755 (K(x)), 7ac(K(x)))} = d > 0.
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The Main Result

Theorem
@ The limit p,(t) == 5< limp,(t,s) exists for any t <0,
S —0oQ
uniformly with respect to n > 0.

o
@ The wave operator = for {K1, K1} exists and is complete.

© The following limit exists, is independent of t and is given by

N
e =5 — limpa(t) = Zap()Z5 + 3 ple1(0) B (K.
7 \.0 =

where {z«:j(O)}j’V:1 are the eigenvalues of H = Kj in ascending order
and {Ej(Ki1)} the eigenprojections for the Hamiltonian Kj obtained
by analytically continuing {E;(K,)}}; from x =0to x = 1.
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Proof of the main result

Proof of the main result )
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Reduction to t = 0.

It is enough to prove our main formula giving the non-equilibrium state
pne for t = 0.
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Reduction to t = 0.

It is enough to prove our main formula giving the non-equilibrium state
pne for t = 0.

@ We use the formula:

pu(t) = Wi (£, 0)Q e (H)S2; Wy (£,0)7 = Wy (£,0)p, (0) Wy (1£,0)".
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Reduction to t = 0.

It is enough to prove our main formula giving the non-equilibrium state
pne for t = 0.

@ We use the formula:
pn(t) = Wy(t,0)2,pe(H)S2, Wiy (t,0)" = Wi (t,0)pn(0) W,y (t,0)"

@ Indeed, once this formula is proved for t = 0 it shows that the strong
limit of p,(0) when 7\, 0 is commuting with K1 = H+ V.
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Reduction to t = 0.

It is enough to prove our main formula giving the non-equilibrium state
pne for t = 0.

@ We use the formula:
pn(t) = Wy(t,0)2,pe(H)S2, Wiy (t,0)" = Wi (t,0)pn(0) W,y (t,0)"

@ Indeed, once this formula is proved for t = 0 it shows that the strong
limit of p,(0) when 7\, 0 is commuting with K1 = H+ V.

o It is elementary to check that W, (t,0) and W, (t,0)* converge in
norm to e K1 and respectively et when 7\, 0 (with t fixed).
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Reduction to t = 0.

It is enough to prove our main formula giving the non-equilibrium state
pne for t = 0.

@ We use the formula:
pn(t) = Wy(t,0)2,pe(H)S2, Wiy (t,0)" = Wi (t,0)pn(0) W,y (t,0)"

@ Indeed, once this formula is proved for t = 0 it shows that the strong
limit of p,(0) when 7\, 0 is commuting with K1 = H+ V.

o It is elementary to check that W, (t,0) and W, (t,0)* converge in
norm to e K1 and respectively et when 7\, 0 (with t fixed).

e Since e*™1 commute with s — lim p,,(0) it follows that the adiabatic
n\0
strong limit of p,(t) must also exist satisfy the equation in our main

Theorem.
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Proof of the main result

Preliminary result

Proposition 0

Let x € [0,1]. There exists a discrete set 91 C R such that for any closed
interval I C Ry \ 91 we have the estimate (here (x) := v'x? +1):

sup He_<Q1>RH(Z)e_<QI>

< C(1,0,k) < 0.
ze{x+iy|x€l,0<y<d}

In particular, K, has no singular continuous spectrum.
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Road Map of the Proof

@ We have to study the existence of the following double limit:

Pne = s — lim {s — lim W, (0, s)pe(H) W, (0, s)*}
77\0 5§——00
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Road Map of the Proof

@ We have to study the existence of the following double limit:

Pne = s — lim {s — lim W, (0, s)pe(H) W, (0, s)*}
77\0 5§——00

@ Proposition 0 implies os.(K,;) = () so that
H = Eoo(n)H@{ @ Ej(m)H},
1<<N

where Eo(r) := Eac(Ky) and Ej(r) == Ej(K.).
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Road Map of the Proof

@ We have to study the existence of the following double limit:

Pne = s — lim {s — lim W, (0, s)pe(H) W, (0, s)*}
77\0 5§——00
@ Proposition 0 implies os.(K,;) = () so that
H = EOO(/{)H@{ @ Ej(m)H},
1<j<N
where Eo(r) := Eac(Ky) and Ej(r) == Ej(K.).

@ Then we can write

pn(t,s) = Wy(t, s)p(H)Ec(0) Wy (8, 5)"+

4037 plep) Wilt, ) E(0) Wyt s)°
1<j<N
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Road Map of the Proof. The discrete spectrum
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Road Map of the Proof. The discrete spectrum
Let us compute (for some j € {1,..., N})

s—lim [s — limW,(s)"E;(0) W,(s)
n\.0 s\, —00 ! / !
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Road Map of the Proof. The discrete spectrum
Let us compute (for some j € {1,..., N})

s—lim [s — limW,(s)"E;(0) W,(s)
n\.0 s\, —00 ! / !

@ As V is a bounded analytic perturbation of H,
the map [0,1] 3 k — Ej(k) € B(H) is Lipschitz continuous in norm.
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Road Map of the Proof. The discrete spectrum

Let us compute (for some j € {1,..., N})

s—lim [s — limW,(s)"E;(0) W,(s)
n\.0 s\, —00 ! / !

@ As V is a bounded analytic perturbation of H,
the map [0,1] 3 k — Ej(k) € B(H) is Lipschitz continuous in norm.

@ Thus there exists a constant C > 0 such that:

W, () Ej(0) Wy (s) — Wy () Ej(x(ns)) Wy(s)|| < Cx(ns), s <0.

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 27 / 55



Road Map of the Proof. The discrete spectrum
Let us compute (for some j € {1,..., N})

s—lim [s — limW,(s)"E;(0) W,(s)
n\.0 s\, —00 ! / !

@ As V is a bounded analytic perturbation of H,
the map [0,1] 3 k — Ej(k) € B(H) is Lipschitz continuous in norm.

@ Thus there exists a constant C > 0 such that:
| W, (s)Ej(0) Wy, (s) — Wy (s)Ej(x(ns)) Wy(s)|| < Cx(ns), s <0.

@ Thus we can replace E;(0) with E;(x(ns)) and the limit does not
change.
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Road Map of the Proof. The discrete spectrum
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Road Map of the Proof. The discrete spectrum

Proposition D-1 (a weak version of the gap-less adiabatic theorem)

The following limit exists in the norm topology and we have the equality:

n—lim |0~ imW; () E(x(1)) Wa(s)| = Ei(1)
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Proof of the main result

Road Map of the Proof. The discrete spectrum

Proposition D-1 (a weak version of the gap-less adiabatic theorem)

The following limit exists in the norm topology and we have the equality:

n—lim [0 W () (1) W 5)| = 6

Corollary

n~lim |~ lim Wi (E(0)W(5)| = E1)

7™\.0 sN\\—00

n—lim {n — lim eISHEaC(H)Wn(s)Epp(K(l))} =0.
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Proof of the main result

Road Map of the Proof. The discrete spectrum

Proposition D-1 (a weak version of the gap-less adiabatic theorem)

The following limit exists in the norm topology and we have the equality:

n—lim [0 W () (1) W 5)| = 6

Corollary

n~lim |~ lim Wi (E(0)W(5)| = E1)

7™\.0 sN\\—00

n—lim {n — lim eiSHEaC(H)Wn(s)Epp(K(l))} =0.

v

The first equality concludes the proof of the adiabatic limit for the discrete
part of the spectrum (in the norm topology !).
The second one will play a role further.
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Road Map of the Proof. The continuous spectrum
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Road Map of the Proof. The continuous spectrum

We consider the term coming from the absolutely continuous spectrum:

s —lim |5 — lim W ()oeq(H) Exc(H) Wi s)
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Road Map of the Proof. The continuous spectrum

We consider the term coming from the absolutely continuous spectrum:

s lim |5 ~ i W, (e (H)Exc(H)W4(5)|.

The second equality in the previous Corollary implies:

5 lim |5 — W (5)pea ) Exc(H) Wi ()

=s—Ilim|s—Ilim e s e s
s L\ W (5)Exe(H)e™ ™ peg ()™ Exc(H)Wi )}

=s—lim {5 — IimEM(K(l))V\/,’;(s)peq(H)Eac(H)W,,(s)EaC(K(l))} ,
7 \.0 s\, —00
provided that the last double strong limit exists.

Note that all errors go to zero in norm.
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Road Map of the Proof. The continuous spectrum

o o

Let us replace peq(H) with peq(H)Eac(H) in the previous formula.

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 30 / 55



Proof of the main result

Road Map of the Proof. The continuous spectrum

o o

Let us replace peq(H) with peq(H)Eac(H) in the previous formula.
Proposition C-1

o

For any ® € Cy(R) we have that ®(H) — ®(H) is a compact operator.
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Proof of the main result

Road Map of the Proof. The continuous spectrum

o o

Let us replace peq(H) with peq(H)Eac(H) in the previous formula.
Proposition C-1

o

For any ® € Cy(R) we have that ®(H) — ®(H) is a compact operator.

@ We have the identity:

{peq(H)Enc(H) = peq(H)}Exc(H) Wiy (s)

= —peq(H)Epp(H)e " Evc(H) {5 W,(5) } +

+{peq(H) = peq(H)te " Enc(H) {5 Wi (5) .
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Proof of the main result

Road Map of the Proof. The continuous spectrum

o o

Let us replace peq(H) with peq(H)Eac(H) in the previous formula.
Proposition C-1

o

For any ® € Cy(R) we have that ®(H) — ®(H) is a compact operator.

@ We have the identity:

{peq(H)Enc(H) = peq(H)}Exc(H) Wiy (s)

= —peq(H)Epp(H)e " Evc(H) {5 W,(5) } +

+{peq(H) = peq(H)te " Enc(H) {5 Wi (5) .

@ Both terms on the right hand side are of the form Ce *ME,.(H)T
with C compact (use C-1) and T € B(H).
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Road Map of the Proof. The continuous spectrum

o o

Let us replace peq(H) with peq(H)Eac(H) in the previous formula.

o

Proposition C-1
For any ® € Cy(R) we have that ®(H) — ®(H) is a compact operator. J

@ We have the identity:
{Peq(H) Eac(H) — peq(H)} Esc(H) Wi (s)
= —peq(H)Epp(H)e " Evc(H) {5 W,(5) } +

+{peq(H) = peq(H)Ye ™ Evc(H) { /Wy () }.
@ Both terms on the right hand side are of the form Ce *ME,.(H)T

with C compact (use C-1) and T € B(H).
@ RAGE Theorem implies the vanishing of the limit for s \, —o0.
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Road Map of the Proof. The continuous spectrum

Up to now we have shown that

s —lim {s —lim W, () peq(H)Esc(H)Wy(s)| =
n\0 s\, —oo

— s—lim {5 —lim EM(KI)vv,,*(s)Eac(H)peq(ﬁ/)EM(ﬁ/)Em(H)vm,(s)EaC(Kl)}.
™o [ s\—oo
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Road Map of the Proof. The continuous spectrum

Up to now we have shown that

s —lim {sf lim W, (s)peq(H)Eac(H)Wi(s)| =
n\0 s\, —oo

= s—lim {sf lim Ene(Ki) W, (s )E.dc(H)peq(ﬁ)EM(ﬁ/)EM(H)W,,(s)EaC(Kl)}.

7n\.0 s\, — o0

@ Let us use formula: Wn( s) =

e—i(t—S)’O* [ 4+ (e,v, I x(nu)d ) +1, (em I8 X(ﬂu)du)]
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Road Map of the Proof. The continuous spectrum

Up to now we have shown that

s—lim {sf lim W, (s)peq(H)Eac(H)Wi(s)| =

n\0 s\, —oo
= s—lim {s — lim Eac(Ki) W, (s )Eac(H)peq(lil)Eac(lil)EaC(H)VM,(S)EaC(Kl)}.
7™\.0 s\, — o0
@ Let us use formula: Wy(t,s) =

e—i(t—S)’?’ [1 4+ (e,v, J{ x(nu)d ) +1, (em N X(ﬂu)du>]

@ in order to obtain

s—lim s—1lim [ W, (5)peq(H)Eac(H)W,(s) —
n™\.0 sN\—oo

- Eacue)W;(s)Eac(H)V‘°vn<s)peq<i3/)5ac<f3)iVi(s)Eac(H)WAs)Eac(Kl)} = 0.
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Road Map of the Proof. The continuous spectrum

Proposition C-2

For any 1 > 0 the following limits exist in the strong operator topology:

== lim_ Euc( K1) W, (5) Enc(H) Wiy (5) Enc (H).

s\
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Road Map of the Proof. The continuous spectrum

Proposition C-2

For any 1 > 0 the following limits exist in the strong operator topology:

== lim_ Euc( K1) W, (5) Enc(H) Wiy (5) Enc (H).

s\

*

o It follows that =) = W\T lim Eac(H)W, (5)Eac(H) Wy (5) Eac(K1).
S N\(—00
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Road Map of the Proof. The continuous spectrum

Proposition C-2

For any 1 > 0 the following limits exist in the strong operator topology:

=, = lim Eue(Ko) W (S) Eae(H) Wy (5) Eac(H).

s\,—o0o

*

o It follows that =) = W\T lim Eac(H)W, (5)Eac(H) Wy (5) Eac(K1).
S N\(—00

@ Let us notice that

o

Eac(H) n(S)E (H)W;(s)Eac(K1)

— Ewc(H)W,(s)e " Euc(H) {5 W, (s) } Euc(K0)

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010
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Road Map of the Proof. The continuous spectrum

o The factor e*" W, (s) converges in norm to wy when s — —oo.
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Road Map of the Proof. The continuous spectrum

o The factor e*" W, (s) converges in norm to wy when s — —oo.

o * Lo
@ The factor Wn(s)e_’SH converges in norm due to the explicit formula

of Wi,
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Proof of the main result

Road Map of the Proof. The continuous spectrum

o The factor e*" W, (s) converges in norm to wy when s — —oo.
o )
@ The factor Wn(s)e_’SH converges in norm due to the explicit formula
o
of Wi,
Proposition C-3

The limit w_ := s — lime*"e=HE, (H) exists,
s\,—00

defines a unitary map E (H )H — EaC(H)H

and one has: s — lime™He *’SHEaC(H) =w’ = E;c(H)w

s\,—00

*
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Road Map of the Proof. The continuous spectrum

o The factor e*" W, (s) converges in norm to wy when s — —oo.

o * Lo
@ The factor Wn(s)e_’SH converges in norm due to the explicit formula

of Wi,
Proposition C-3
The limit w_ := s; lime*He=HE, (H) exists,
defines a unitary map E (H )H — EaC(H)H
and one has: s\ limesH e *’SHEaC(H) = w* = Eye(H)w*.

S —0o0
Conclusion
E:; = SSQJ'O? Eac(H) Wn(S)EaC(H) W, (s)Eac(K (1)),
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Road Map of the Proof. The continuous spectrum

We have thus proved that the following limit exists and is given by

[¢]

H * = g
s — lim W; (s)peq(H)Eac(H) Wi (s) = Z,p(H)=;.
s\,—00
Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 34 /55



Proof of the main result

Road Map of the Proof. The continuous spectrum

We have thus proved that the following limit exists and is given by

5~ lim W, (s)peq()Esc(H)Wy(s) = Zqo(H)Z;,

We have to study now the strong limits of =, and =} when 7\ 0.
In fact we shall prove that they are equal to the wave operator associated
(o]

to the pair (K1, K1) and to its adjoint (resp.).
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Road Map of the Proof. The continuous spectrum

Proposition C-4

@ For any € [0,1] we have E,.(Ky) = E.c(H).
@ The following limits exist:
Zoi=s- lime*K(W e K1 £, (H) = E,c(K1)ZoEac(H);
== N lime*K1e ™ K1 E, (K1) = Esc(H)Z§Eac(K1).
S\, —0CC

o
Thus the wave operators associated to the pair (K1, K1) exist and are
complete.

v
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Road Map of the Proof. The continuous spectrum

Proposition C-5
=, has a strong limit when 1 ™\, 0 and moreover

s —lim =, = .
7 \.0
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Road Map of the Proof. The continuous spectrum
Proposition C-5
=, has a strong limit when 1 ™\, 0 and moreover

s —lim =, = .
7 \.0

The completeness of =g implies that = : E;c(K(1))H — Eac(H)H is
unitary.
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Proof of the main result

Road Map of the Proof. The continuous spectrum

Proposition C-5

=, has a strong limit when 1 ™\, 0 and moreover

s—lim =, = =,.
7 \.0

The completeness of =g implies that = : E;c(K(1))H — Eac(H)H is
unitary. )
Thus, Vf € Esc(K(A)H, ||[Z5—=0] fl[;, <

< 2||f|IF, — 2R((Z,Z5f. ) o 2|13, — 2R((Z0=5f . f) )=
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Road Map of the Proof. The continuous spectrum
Proposition C-5
=, has a strong limit when 1 ™\, 0 and moreover

s—lim =, = =,.
7 \.0

The completeness of =g implies that = : E;c(K(1))H — Eac(H)H is
unitary.

Thus, Vf € Eac(K(OWH, |25 — =) FII%, <

< 2||f|IF, — 2R((Z,Z5f. ) o 2|13, — 2R((Z0=5f . f) )=

and thus for n "\, 0, =} converges strongly to =g on Eac(K1)H.
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Road Map of the Proof. The continuous spectrum

Proposition C-5
=, has a strong limit when 1 ™\, 0 and moreover

s—lim =, = =,.
7 \.0

The completeness of =g implies that = : E,c(K(1))H — EaC(I?I)H is
unitary.
Thus, Vf € Exc(K()H, ||[Z5 - =] f])7, <

< 2||f|IF, — 2R((Z,Z5f. ) o 2||f[[3 — 2R((Zo=5f . f) )=

and thus for n "\, 0, =} converges strongly to =g on Eac(K1)H.
With this, the proof of the Theorem is concluded.
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Proof of Proposition 0

e A quadratic partition of unity: \? +x3 +x3 =1
x+ € CP(R), xx(x)=1for £x>2a, x+(x)=0for|x|] < a,
Xo € CZ(R), xo(x) =0 for [x| >2a, xo(x)=1for|x|< a.
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Proof of the main result

Proof of Proposition 0

e A quadratic partition of unity: \? +x3 +x3 =1
x+ € CP(R), xx(x)=1for £x>2a, x+(x)=0for|x|] < a,
Xo € CZ(R), xo(x) =0 for [x| >2a, xo(x)=1for|x|< a.
e A cut-off Hamiltonian: K, ;

For L > 2a, obtained from K, on the region £ N (—L,L) by imposing
Dirichlet boundary conditions at x = +L.

It has compact resolvent that we denote by R, ((z),
(ze C\oa(KsLr)).
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Proof of the main result

Proof of Proposition 0

e A quadratic partition of unity: \? +x3 +x3 =1
x+ € CP(R), xx(x)=1for £x>2a, x+(x)=0for|x|] < a,
Xo € CZ(R), xo(x) =0 for [x| >2a, xo(x)=1for|x|< a.
e A cut-off Hamiltonian: K, ;

For L > 2a, obtained from K, on the region £ N (—L,L) by imposing
Dirichlet boundary conditions at x = +L.

It has compact resolvent that we denote by R, ((z),
(ze C\oa(KsLr)).
e An approximate rezolvent: R,(z) :=

= X (Q)Ru(2)X-(Q1) + X0( Q1) R, (2)x0( Q1) + X+ (Q1)Ru(2)x+(Q1)-
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Proof of the main result

Proof of Proposition 0

e A quadratic partition of unity: \? +x3 +x3 =1
x+ € CP(R), xx(x)=1for £x>2a, x+(x)=0for|x|] < a,
Xo € C(R), xo(x)=0for [x| >2a, xo(x)=1for|x|< a.
e A cut-off Hamiltonian: K, ;
For L > 2a, obtained from K, on the region £ N (—L,L) by imposing
Dirichlet boundary conditions at x = +L.
It has compact resolvent that we denote by R, ((z),
(ze C\oa(KsLr)).
e An approximate rezolvent: R,(z) :=
= X=(QRa(2)X=(@1) + x0( Q)R (2)X0( Q) + X+ (@) Ru(2)x+(@1):

o It is easy to verify that

(Ke — 2)Re(z) = 1d + X(2),  with &{®)X(2) € B(H).
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Proof of Proposition 0

Since for large values of ¥(z) the norm of e{@X(z) tends to 0,
we can write at least for those values of z that:

e~ (AR (2)e~ (@) = (AR (z)e~(@) [1 + el@) X(2)e (@) -1

Now e<Ql>X(z)e*<Q1> is compact and analytic in the upper complex plane,
and has a bounded limit from above on any interval | which avoids the
discrete set of thresholds in the leads and the discrete spectrum of K ;.
Due to the exponential decaying on the right and the compactly supported
cut-offs on the left, e{@) X (z)e (@ can be analytically continued to the
set {x +iy|x € I,—0 <y < 4} for § small enough.

Thus we can apply the analytic Fredholm alternative on this set and
conclude that [1+ e<Ql>X(z)e_<Q1>] ! exists on [ outside a discrete set of
points.
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Proof of Proposition D-1

In order to simplify our presentation we take N = 2 discrete eigenvalues
which might cross at only one point xg € (0, 1).
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Proof of the main result

Proof of Proposition D-1

In order to simplify our presentation we take N = 2 discrete eigenvalues
which might cross at only one point xg € (0, 1).

Rellich’s Theorem states that:
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Proof of the main result

Proof of Proposition D-1

In order to simplify our presentation we take N = 2 discrete eigenvalues
which might cross at only one point xg € (0, 1).

Rellich’s Theorem states that:

@ the two eigenvalues are given by two real analytic functions
{€j(K)}jeqa,2y defined for x € [0, 1].
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Proof of the main result

Proof of Proposition D-1

In order to simplify our presentation we take N = 2 discrete eigenvalues
which might cross at only one point xg € (0, 1).

Rellich’s Theorem states that:

@ the two eigenvalues are given by two real analytic functions
{€j(K)}jeqa,2y defined for x € [0, 1].
@ there must exist two constants C > 0, M € N* such that

le1(k) — ea(k)| > Clk — koM, Kk €]0,1].
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Proof of Proposition D-1

In order to simplify our presentation we take N = 2 discrete eigenvalues
which might cross at only one point xg € (0, 1).

Rellich’s Theorem states that:

@ the two eigenvalues are given by two real analytic functions
{€j(K)}jeqa,2y defined for x € [0, 1].
@ there must exist two constants C > 0, M € N* such that

le1(k) — ea(k)| > Clk — koM, Kk €]0,1].

e their corresponding orthogonal projections Ej(x) can also be chosen
to be real analytic on [0, 1].
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Proof of the main result

Proof of Proposition D-1

The Proposition follows easily from

Lemma

If By(s) := W( ) Ex(x(ns
Then B, (0) = E1(x(0
and lim,~ o {SUP5<0 1By (s) —

s)) Wy (s),
1)
0)[[} =0.

where the first two equalities are evident.
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Proof of the main result

Proof of Proposition D-1

The Proposition follows easily from

Lemma

If By (s) := Wiy (s)*Ex(x(ns)) Wi(s).
Then B, (0) = E1(x(0)) = E1(1 )
and lim,\ 0 {sups<o |1B;(s) — By(0)[|} =

where the first two equalities are evident.

@ For the limit let us remember that there exists a unique critical time
to < 0 when x(tp) = ko (where two eigenvalues intersect).
Fix some 0 < § < 1 (to be chosen later in a more precise way).
We split the negative semi-axis R_ in three parts:

s s s s
to — to—1n° to+ to +
R__<—oo,° n]u[o T U]U[O 77,0] (1)
Ui Ui Ui n
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Proof of Proposition D-1 - Near the crossing

Use analyticity of the eigenprojections.
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Proof of Proposition D-1 - Near the crossing

Use analyticity of the eigenprojections.

o We have:

0By (s) = nx'(ns) Wy (s) Ex (x(ns)) Wy (s),

where sup |E{(k)| < oo due to the real analyticity of the projector.
Kk€[0,1]
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Proof of Proposition D-1 - Near the crossing

Use analyticity of the eigenprojections.

o We have:

0By (s) = nx'(ns) Wy (s) Ex (x(ns)) Wy (s),

where sup |E{(k)| < oo due to the real analyticity of the projector.

Kk€[0,1]
o We write:
to + 77(S t 77(S o
0 0 — n
Bn( 7 ) — Bn( ; > = /M JsBy(s)ds.

n
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Proof of the main result

Proof of Proposition D-1 - Near the crossing

Use analyticity of the eigenprojections.
o We have:

0By (s) = nx'(ns) Wy (s) Ex (x(ns)) Wy (s),

where sup |E{(k)| < oo due to the real analyticity of the projector.

Kk€[0,1]
o We write:
ty + ,’75 " 775 M
0 0 — n
B"( 77 > B"( n > = Jouy OsBnls)ds

@ This implies:

o (55) - (55 =
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Proof of Proposition D-1 - Far from the crossing

On this region we have:
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Proof of Proposition D-1 - Far from the crossing

On this region we have:

o from Rellich Theorem

le1(x(ns)) — e2(x(ns))| > Clx(ns) — x(to)|V > Cn™M°

where sup |E{(k)| < oo due to the real analyticity of the projector.
x€[0,1]
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Proof of the main result

Proof of Proposition D-1 - Far from the crossing

On this region we have:

o from Rellich Theorem

le1(x(ns)) — e2(x(ns))| > Clx(ns) — x(to)|V > Cn™M°

where sup |E{(k)| < oo due to the real analyticity of the projector.
x€[0,1]

@ a positively oriented simple closed contour I, C C (with interior
domain U,) such that:

o U, Na(Kyms) = e1(x(ns)),
o D, :=sup

SUPzer,,] (Kx(ns) - Z)_lH < CU_M6>

5 5
to—n° totn
seR_\ T

o the length of the contour I',, is of order 1/D,,.
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Proof of Proposition D-1 - Far from the crossing

Use the second order of the adiabatic expansion.
Fo(s) = By(s) +nx' (ns) Wy (s) Y (x (1)) Wi (s),
Y(x(7s)) := —*f dz (K(x(ns)) = 2) " X(x(n9)) (K(x(ns)) = 2) ",

X(x) = [E (R)EL(R)E(r) — Ei(m)EL (1) B ()]
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Proof of Proposition D-1 - Far from the crossing

Use the second order of the adiabatic expansion.
Fo(s) = By(s) +nx' (ns) Wy (s) Y (x (1)) Wi (s),
Y(x(7s)) := —*f dz (K(x(ns)) = 2) " X(x(n9)) (K(x(ns)) = 2) ",

X(x) = [E (R)EL(R)E(r) — Ei(m)EL (1) B ()]
@ where Y(k) is a bounded operator satisfying:

s s
YOl < €™ for seroy [ B
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Proof of Proposition D-1 - Far from the crossing

Use the second order of the adiabatic expansion.
Fo(s) = By(s) +nx' (ns) Wy (s) Y (x (1)) Wi (s),
Y(x(7s)) := —*f dz (K(x(ns)) = 2) " X(x(n9)) (K(x(ns)) = 2) ",

X(x) = [E (R)EL(R)E(r) — Ei(m)EL (1) B ()]

@ where Y(k) is a bounded operator satisfying:

s s
YOl < €™ for seroy [ B

e and the commutator equation i[K(k), Y(r)] = —E{(k), so that:
9sFy(s) =

W (s) {ax P az (k- 2) X (Ko - 2)1} Was).
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Proof of Proposition D-1

Far from the crossing
Thus:
o for any [s1, 5] € R\ [, 822, ||F, (s1) — Fy(s2)] < O =2V,

@ and fors e R_\ [t(’:]" : t°+’7 } 1By (s) — Fy(s)I| < Cnt=M°.
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Proof of the main result

Proof of Proposition D-1

Far from the crossing
Thus:

o for any [s1, ] € B\ [952, 83L ] [1F (s1) — Fy(s2)] < Cot -2V,

@ and fors e R_\ [t(’:]" : t°+’7 } 1By (s) — Fy(s)I| < Cnt=M°.

Conclusion

1By(s) — B,(0)|| < C(n° +n*"2M°), vs<o.
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Proof of Proposition D-1

Far from the crossing
Thus:

o for any [s1, ] € B\ [952, 83L ] [1F (s1) — Fy(s2)] < Cot -2V,

@ and fors e R_\ [t(’:]" : t°+’7 } 1By (s) — Fy(s)I| < Cnt=M°.

Conclusion

1By(s) — B,(0)|| < C(n° +n*"2M°), vs<o.

Choose now any ¢ € (0,1/(2M)) to conclude the proof.
[ |
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Proof of Proposition C-1

o

@ By some classical arguments it is enough to prove that R(z) — R(z) is
compact for some z € C with |Im(z) # 0.
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Proof of Proposition C-1

o

@ By some classical arguments it is enough to prove that R(z) — R(z) is
compact for some z € C with |Im(z) # 0.

@ Looking at H and H as self-adjoint extensions of a given symetric
operator, one proves that any v € (R(z) — R(z))H satisfies the

[}
following equation on L_U L : —Ap 4 u4 = zu4.
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Proof of Proposition C-1

o

@ By some classical arguments it is enough to prove that R(z) — R(z) is
compact for some z € C with |Im(z) # 0.

@ Looking at H and H as self-adjoint extensions of a given symetric
operator, one proves that any v € (R(z) — R(z))H satisfies the

(¢}
following equation on L_U L : —Ap 4 u4 = zu4.
e separating the first variable x; in x = (x;,x) € R x D we get:
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Proof of Proposition C-1

o

@ By some classical arguments it is enough to prove that R(z) — R(z) is
compact for some z € C with |Im(z) # 0.

@ Looking at H and I(:I as self-adjoint extensions of a given symetric
operator, one proves that any v € (R(z) — I%(z))’H satisfies the
following equation on £_ U L : —ﬁaiui = ZU4.

e separating the first variable x; in x = (x;,x) € R x D we get:

Lemma (Exponential Decay)
Let z € C\ [0,00). There exists yo(z) > 0 such that for v+ € (0,70(2)),

we have: HeiVinl'li(R(z) - fo?(z))eiwtoll'li‘ <ec,
and for W, (x) := e®V***1 (o € (0,70(z))) we have:
V(@) (R2) - R va(@)| < e
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Proof of Proposition C-1

Let us notice that
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Proof of Proposition C-1

Let us notice that
® R(z)H C (Hs(L£) N H* (L))
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Proof of Proposition C-1

Let us notice that
® R(z)H C (Hs(L£) N H* (L))
o R(z)H C [(HH(£-) NHAL-)) & (HA(C) N HA(C)) & (HE(£4) N HE(L,))]
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Proof of Proposition C-1

Let us notice that
® R(z)H C (Hs(L£) N H* (L))
o R(z)H C [(HH(£-) NHAL-)) & (HA(C) N HA(C)) & (HE(£4) N HE(L,))]

Thus (R(z) — R(z))H C HY(L).
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Proof of the main result

Proof of Proposition C-1

Let us notice that

® R(z)H C (Hs(L£) N H* (L))

o R(z)H C [(HH(£-) NHAL-)) & (HA(C) N HA(C)) & (HE(£4) N HE(L,))]
Thus (R(z) — R(z))H C HY(L).

But we have just proved exponential decay for the elements in the range of
R(z) — R(z).
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Proof of Proposition C-1

Let us notice that

® R(z)H C (Hs(L£) N H* (L))

o R(z)H C [(HH(£-) NHAL-)) & (HA(C) N HA(C)) & (HE(£4) N HE(L,))]
Thus (R(z) — R(z))H C HY(L).
But we have just proved exponential decay for the elements in the range of
R(z) — R(2).
Thus, the compactness of Sobolev embeddings for compact domains
implies that

R(z) — IO?(Z) is a compact operator
for any z € C\ R.
|
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Proof of the main result

Proof of Propositions C-2, C-3

Once we have proved the absence of the singular spectrum (Proposition 0)

we shall just prove existence and completness of the wave operators
by using the Kuroda - Birman theory.
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Proof of the main result

Proof of Propositions C-2, C-3

Once we have proved the absence of the singular spectrum (Proposition 0)
we shall just prove existence and completness of the wave operators
by using the Kuroda - Birman theory.

Thus we have to prove that the difference of sufficiently high powers of
the rezolvents is trace-class.
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Proof of the main result

Proof of Propositions C-2, C-3

Once we have proved the absence of the singular spectrum (Proposition 0)
we shall just prove existence and completness of the wave operators
by using the Kuroda - Birman theory.

Thus we have to prove that the difference of sufficiently high powers of
the rezolvents is trace-class.

Let us fix some « € [0, 1] and consider

Re(2)” = Ru(2)” = Socjcp 1 Re(2) (Re(2) = Re(2)) Re(2) 7T =
= ocjep1 Re(2PVa(Q) Wa( Q1) (Re(2) — Ri(2)) Va( Q)W Q) *Ru(2)P 1

with W, (t) := e®V+1 the exponential weight defined previously.
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Proof of Propositions C-2, C-3

Once we have proved the absence of the singular spectrum (Proposition 0)
we shall just prove existence and completness of the wave operators
by using the Kuroda - Birman theory.

Thus we have to prove that the difference of sufficiently high powers of
the rezolvents is trace-class.

Let us fix some « € [0, 1] and consider
Re(2)” = Ru(2)” = Socjcp 1 Re(2) (Re(2) = Re(2)) Re(2) 7T =
et RV Wl @) W (@) (Re(2) — Ru(2) V()W (@1) Rz

with W, (t) := e®V+1 the exponential weight defined previously.

Moreover: Re(z) "W (Q1) 7t =
\I»'a/z(Q1)71 [\Ua/z(Q1)Rﬁ(z)k\l1a/2(Ql)fl} \Iloé/g(Ql)*1 [\Ua(Ql)R,i(z)/\IIa(Ql)*l].
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Proof of Propositions C-2, C-3

Lemma

Fix k € [0,1] and z € C\ [0, 00).

Then there exist kg € N large enough and a(z) > 0 small enough,

such that for any k > kg we have that F(Q1)R(z)¥, F(@1)R.(z)* and
F(Q)Va(QU)R(2) Va( Q1) L, F(Q1)Va(Q1)Re(2) Wa(Q1) !

with |a] < «(z) are Hilbert-Schmidt operators on H

for any measurable function F € [?(RR).
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Proof of Propositions C-2, C-3

Lemma

Fix k € [0,1] and z € C\ [0, 00).

Then there exist kg € N large enough and a(z) > 0 small enough,

such that for any k > kg we have that F(Q1)R (z)k, F(Q1)R.(z)* and
F(Q)Va(QU)R(2) Va( Q1) L, F(Q1)Va(Q1)Re(2) Wa(Q1) !

with |a] < «(z) are Hilbert-Schmidt operators on H

for any measurable function F € [?(RR).

@ In fact let us first notice that for any kK € N:

Re@) 1 C (HHENHE))o(HH @M H©)s (K (E) N H(E))
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Proof of Propositions C-2, C-3

Lemma
Fix k € [0,1] and z € C\ [0, 00).
Then there exist kg € N large enough and a(z) > 0 small enough,

such that for any k > kg we have that F(Q1)R (z)k, F(Q1)R.(z)* and

F(Q)Va(QR(2) Wa( @), F(Q1)Wa(@1)Re(2) Wa(Q1) !
with |a] < «(z) are Hilbert-Schmidt operators on H
for any measurable function F € [?(RR).

@ In fact let us first notice that for any kK € N:

Ru(2) 1t < (H*(L) Y HE) ) e (K N HO)) & (H(L) Y H(£))
@ and taking k sufficiently large the Sobolev embeding Theorem implies

R.(2)KH C BC(L).
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Proof of Propositions C-2, C-3

@ For the non-decoupled rezolvents the situation is more triky due to
the fact that the perturbation V' does not commute with the
derivative with respect to x; but only with the derivatives with

respect to the orthogonal directions.
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Proof of Propositions C-2, C-3

@ For the non-decoupled rezolvents the situation is more triky due to
the fact that the perturbation V' does not commute with the
derivative with respect to x; but only with the derivatives with
respect to the orthogonal directions.

@ Nevertheless we still have:
Re(z)'H ¢ H?(R; H**D(R)) N LP(£) € BC(R; ¥ D(RY)) N L*(£) €
C BC(R; BC(RY)) N L*(L) € BC(L)
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Proof of Propositions C-2, C-3

@ For the non-decoupled rezolvents the situation is more triky due to
the fact that the perturbation V' does not commute with the
derivative with respect to x; but only with the derivatives with
respect to the orthogonal directions.

@ Nevertheless we still have:
Re(z)'H ¢ H?(R; H**D(R)) N LP(£) € BC(R; ¥ D(RY)) N L*(£) €
C BC(R; BC(RY)) N L*(L) € BC(L)
Remark
If TL2(L) C BC(L) then:
e T has an integral kernel K7 such that suzfﬁ |KT(x,y)|?dy < o0
x€

o F(Q)T is Hilbert-Schmidt for any F € L2(L).
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Proof of Propositions C-2, C-3

e We notice that W, (@Q1)HV,(Q1)™' = H + T,, where T, is a first
order differential operator which has the following mapping property:

To: HY(L)® H'(C)® H (L)) — H (L) H ' (C) @ H 1 (Ly).
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Proof of the main result

Proof of Propositions C-2, C-3

e We notice that W, (@Q1)HV,(Q1)™' = H + T,, where T, is a first
order differential operator which has the following mapping property:

To: HY(L)® H'(C)® H (L)) — H (L) H ' (C) @ H 1 (Ly).

@ By induction we prove that for o small enough and k € N:
Ok o
IH Wa(Q1)R(2)Wa(Q1)™}|| < oo
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Proof of Propositions C-2, C-3

e We notice that W, (@Q1)HV,(Q1)™' = H + T,, where T, is a first
order differential operator which has the following mapping property:

To: HY(L)® H'(C)® H (L)) — H (L) H ' (C) @ H 1 (Ly).
@ By induction we prove that for o small enough and k € N:
Ok o
IH Wa(Q1)R(2)Wa(Q1)™}|| < oo

@ A similar result is obtained for H and R by working with a slight
modification of the weight W that is constant on a neighbourhood of

{£a}.
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Proof of Proposition C-4

@ First let us notice that using RAGE Theorem:

S QTOO[Eac(Kl)W,;‘(s)Eac(H)v“’vn(s)Eac(ﬁ/) — Eac(K0)W; ()W (5)Eac(H)] = 0.
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Proof of Proposition C-4

@ First let us notice that using RAGE Theorem:

Jim_[Eac(Ki) Wy (5) Exc (H)W 3 (5) Evc (H) = Enc(K) Wy (5) W (5) Euc(H)] = 0.
@ For § > 0 let Vs be the set of vectors f € H,c(H) with compact
[¢]
spectral support with respect to H at distance larger than § from all

thresholds. S 5
{Vs}s=0 is dense in Hac(Ky) = Hac(H).
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Proof of Proposition C-4

@ First let us notice that using RAGE Theorem:

S QTOO[Eac(Kl)W,T(s)Eac(H)lﬁ/n(s)Eac(ﬁl) — Eac(K0)W; ()W (5)Eac(H)] = 0.

[¢]

@ For § > 0 let Vs be the set of vectors f € H,c(H) with compact

spectral support with respect to H at distance larger than § from all
thresholds. S 5
{Vs}s=0 is dense in Hac(Ky) = Hac(H).

o fe ’Hac(lc-)l) is of the form (f_,f;) € H_ @ H..
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Proof of Proposition C-4

@ First let us notice that using RAGE Theorem:

S QTOO[Eac(Kl)W:(s)Eac(H)v“’vn(s)Eac(ﬁ/) — Eac(K0)W; ()W (5)Eac(H)] = 0.

@ For § > 0 let Vs be the set of vectors f € H,c(H) with compact
(e}
spectral support with respect to H at distance larger than § from all
thresholds.

{Vs}s=0 is dense in Hac(Ky) = Hac(H).

e fc ’Hac(lfl) is of the form (f_,f;) € H_ @ H..
@ Suppose f € Hy NVs. Then:

N

Foox) =Y Wn(xL)/Rsin[k(x — a)]fa(k)dk

n=1

with w, € L?(D) and f, with compact support at distanc at least &
from the thresholds.
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Proof of Proposition C-4

We use a variant of Cook’ method.
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Proof of Proposition C-4

We use a variant of Cook’ method.
o A direct computation gives:

e,aml){ﬁ/n(s)(;((x(ns)) + 1)ff}H < %.
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Proof of Proposition C-4

We use a variant of Cook’ method.
o A direct computation gives:

e~ [, (s) (K (x(ns)) + l)jf}H < %
@ Let us write: =p(8)f == Py(s) — W,(s)
Op(s) = Eac KW (8) (Kane) + 1) " (Kagney + 1) " Win(5) (K + 1)°F
Va(s) = Eac(Ki)W,(s) {(Kx(m) + 1)7_1 (;(X("S) + 1)71} ‘Z/ﬂ(s)(;(x(m) + 1) f.
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Proof of Proposition C-4

We use a variant of Cook’ method.
o A direct computation gives:

e~ [, (s) (K (x(ns)) + 1)ff}H < %
@ Let us write: =p(8)f == Py(s) — W,(s)
Op(s) = Eac KW (8) (Kane) + 1) " (Kagney + 1) " Win(5) (K + 1)°F
Va(s) = Eac(Ki)W,(s) {(Kx(m) + 1)7_1 (;(X("S) + 1)71} ‘Z/ﬂ(s)(;(x(m) + 1) f.

° Qm WV, (s) = 0 because the difference of resolvents provides the
S\, —00

exponential localization near the sample and the adiabatic decoupled
free evolution decays with s (see the formula above).
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Proof of Proposition C-4

We shall show that ®,(s) has an absolutely integrable derivative with
respect to s.
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Proof of Proposition C-4

We shall show that ®,(s) has an absolutely integrable derivative with
respect to s
@ A direct computation using estimations similar to those above gives:

C
14 s2°

95y (s)l| <
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Proof of Proposition C-4

We shall show that ®,(s) has an absolutely integrable derivative with
respect to s.
@ A direct computation using estimations similar to those above gives:

C

10:04()]| < 1 -

@ Thus lims__o ®,(s) exists and equals:
=pf = 0,(0)

0 o o o
i [ Eac(K)W;(s) [(K(x(ns» +1) 2 (K(x(ns)) + 1)*1} W (s) (K(x(s)) + 1)*fds

0
- /7 X (15) Eac (K )W (5) (K (x(n$)) + 1)

[e’s}

v [(K(x(ns» +1) 2 (K(x(n5)) + 1) Y| Wa(s) (K(x(ns)) + 1) fds.
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Proof of Proposition C-5
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Proof of Proposition C-5

o First, let us compute the limit n \, 0 in the above formula.
Use the Lebesgue dominated convergence theorem to obtain:

lim =, = Ewc(Ky) (K(1) + 1) N (KQ) + 1)f

- i/o Euc(K0)e™ O | (k(1) +1) 7" = (K(1) + 1) | e =50 (k(1) + 1)*fds.

—0o0

Radu Purice (IMAR) NESS as adiabatic limit Poitiers, August 26, 2010 54 / 55



Proof of Proposition C-5

o First, let us compute the limit n \, 0 in the above formula.
Use the Lebesgue dominated convergence theorem to obtain:

lim =, = Ewc(Ky) (K(1) + 1) N (KQ) + 1)f
- i/o Euc(K0)e™ O | (k(1) +1) 7" = (K(1) + 1) | e =50 (k(1) + 1)*fds.

@ Secondly, we show that the above right hand side coincides with =of.
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Proof of Proposition C-5

o First, let us compute the limit n \, 0 in the above formula.
Use the Lebesgue dominated convergence theorem to obtain:

lim =, = Ewc(Ky) (K(1) + 1) N (KQ) + 1)f

0 o . ° o
- i/ Enc(Ki)e™ {(K(l) +1)7 = (KQ) + 1)‘1} e KM (K(1) + 1)*fds.
@ Secondly, we show that the above right hand side coincides with =of.
° EaC(Kl)eiSK(l)e_iSK(l)f =: ®p(s) — Vy(s) where

do(s) = Eae(K1)e™ ™ (K(1) + 1) 7 (K(1) + 1)‘1e*"5’%<1>(;?(1) +1)%f,

Wo(s) == Eac(Ki)e™ ™ [(K(1)+1) 1—(f<(1)+1>‘1]e KO (K (1) + 1)F.
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Proof of Proposition C-5

o First, let us compute the limit n \, 0 in the above formula.
Use the Lebesgue dominated convergence theorem to obtain:

lim =, = Ewc(Ky) (K(1) + 1) N (KQ) + 1)f

0 o . ° o
- i/ Enc(Ki)e™ {(K(l) +1)7 = (KQ) + 1)‘1} e KM (K(1) + 1)*fds.
@ Secondly, we show that the above right hand side coincides with =of.
° EaC(Kl)eiSK(l)e_iSK(l)f =: ®p(s) — Vy(s) where

Po(s) := Eac(K1)e™ W (K(1) + 1)‘1(%(1) + 1)‘1e*"5’%<1>(;?(1) +1)%f,
Wo(s) = Euc(Ki)e™ ™ [(K(1)+1) 1—<f°<(1)+1>‘1]e =K (K (1) + 1)F.

e Using the previous propagation estimates which were shown to be
uniform in n, we can repeat the same argument as in Proposition C-4
but with = 0 from the beginning.

This will give a formula for =¢f which will coincide with the one above.
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The End

Thank you for your attention ! |
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