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I. THE CONTROLLABILITY OF THE HEAT EQUATION

1. The control action is distributed in the entire domain ()

Let © be a bounded connected open set in R™ and let 7" > 0. Consider

1o}
—y—Ay:u in Q x (0,7T),

(1) ot
y=0 on 90 x (0,T),
y(-,0) = yo in Q.

Problem 1

Let yo and yr be given states. Find u such that the corresponding solution y of (1) also
satisfies

y(,T) = yr.

Assume that yo,yr € H2(Q) N HE ().
Solution to Problem 1:

T—t t
= — LT = R
T y0+TyT (y(,T) =yr)

1 T—1 t
3 = S (yr — o) — — Ay + = Ayr.
(3) u T(yT ) 7 Ao + Ay
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2. The control action is distributed in an arbitrary small subregion w

of Q

Let w be an open subset of 2. Consider

0

a—ztl—Ay:qu in Q x (0,7T),
(4) y=0 on 9 x (0,T),

y(-,0) = o in Q,

where
1 for z € w,

X“’(z):{ 0forz € Q\w.

Let y satisfy

oy ~
— —Ay=0 inQx(0,7),
(5) ot Y n ( )
y= on 92 x (0,7).
Problem 2
Find u € L?(Q2 x (0,T)) such that the corresponding weak solution y of (4) also satisfies
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II. THE RELATIONSHIP BETWEEN CONTROLLABILITY AND

OBSERVABILITY

Consider the (homogeneous) adjoint of equation (4):

0z .
™ a—l—Az:O in Q x (0,7),
z=0 on 90 x (0,T).

If the controlled heat equation (4) is globally exactly controllable, then there exists a constant
c > 0 such that

(8) /nzz(z,())dz < c/OT/wz2da:dt

for all the solutions z of (7).

If there exists a constant ¢ > 0 such that inequality (8) holds for all the solutions z of (7),
then the controlled heat equation (4) is globally exactly controllable.
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III. THE OBSERVABILITY INEQUALITY AND CARLEMAN

ESTIMATES

Let z be an arbitrary solution of the adjoint heat equation (7).
The energy estimate for z:

/ 22(x,0)dz + |Vz(x, t)|2dadt
Q

Qx(0,T)
< c/ 22(z, T)dx.
Q

(9)

Weighted variant for (9).
Let p € C([0,T]) N C'([0,T)) with p’(0) # 0 and p(T) = 0. Set

w = pz.
We have 8
a—szrAw: 'z inQ=Qx(0,T),
w=0 on X =090 x (0,T),
w(-,T)=0 in Q.

The energy estimate for w:

/ 02(0)22(w, 0)da + / P2(8)22 (2, £)dwdt
o Q

< C/Q(p/(t))2z2(.’17, t)dzdt.

(10)
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Take

(11) Mﬂ:—f%?

Inequality (10) becomes

/620‘(0)22(x,0)dx+/ €22 22 dadt
Q

(12) ©
< c/ e2®(a’)222dzdt = c/ e2*at22dzdt.
Q Q
Take
pla, ) = 2,
B(z)
1 )= ——
(13) (o) =~

Bla) =y — V()
with ¢ = 0 on 9Q and V) # 0 in Q \ w. We can obtain

/628a¢|Vz|2dxdt+32/ €252 322 dxdt
Q Q

(14)
< cs? €2°% o322 dxdt
QW
for s and A large enough, where Q = Q x (0,7), Qu = w x (0,7, and
eM
(15) p= , with ¢ in (13).

H(T —t)
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IV. THE CONTROLLABILITY OF THE NAVIER-STOKES

EQUATIONS

Consider
dy .
5,,jAer(y.v)ijVp:ququ in@Q=Qx(0,7T),
(16) divy =0 in Q,
y=0 on X =00 x (0,T),
y(-,0) = yo in Q.
Let y satisfy
oy SO _ . .
&—VAy+(y~V)y+Vp:f in Q,
(17) divy = in Q,
y=0 on 2.

Problem 3.

Find u € (L?(Q))™ and a corresponding weak solution y of system (16) which also satisfies

(18) y(-,T) =y(-,T) a.e. in Q.

Set
H={ye (L))" :divy=0inQ, y- N =0 on 8Q}.
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Theorem 3 (E. Fernandez—Cara, S. Guerrero, O. Imanuvilov, J.P. Puel)

Letn =2 or3 and f € (L?(Q)). If § is a weak solution of (17) which satisfies
== ] n 837 2 o n

(19) g€ (L=(Q)" and = € L*(0,T; (L=(Q)"),

then there exists r > 0 such that, for any yo € H N (L2*~2(Q))" satisfying

lvo = ¥(, 0)l(L2n—2(qyn <7

Problem 3 is solvable.
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The second condition in (19) can be replaced by

1 when n = 2,

oy
% when n = 3.

(20) 5 € L2(0,T; (L7 (Q)™) for o > {

The linearized Navier—Stokes system around y:

X vy GV VTP =[x 0 Q,
(21) divy =0 in Q,
y=0 on X,
y(,0) = yo in Q.

The adjoint of system (21):

7] -

£+VAZ+(VZ+t Vz)y+Vg=h inQ,
(22) divz=0 in Q,

z=0 on X.

The equation of ¢:
(23) Aq =div h —div (Vz +¢ V2)7) in Q.

9 /11
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V. THE CONTROLLABILITY OF THE

MAGNETOHYDRODYNAMIC (MHD) EQUATIONS

Let n = 3. Consider

ot

B
9B +n curl(curlB) + (y - V)B — (B - V)y = P(x,v)
ot
(29)
divy =0,div B=20
y=0,B-N=0,(curlB) x N =0
y('70) = yOvB(WO) = Bo

Let (7, B) satisfy

o o 1
8*‘7;*VAy+(y-V)yf(B~V)B+Vp+V(5B2> =f
B -

(25) ot + 7 curl(curlB) + (3 - V)B — (B-V)y =0

divy=0,divB=0

§:0,§~N:O,(cur1]§)><N:O

; controllability for

7] 1
—yquy+(y-V)yf(B-V)B+Vp+V(§BQ> =f+x,u inQ,

in Q,
in Q,

on 3,

in Q.

in Q,

in Q,
in Q,

on X.




Problem 4.

Find (u,v) € (L?(Q))® and a corresponding weak solution (y, B) of system (24) which also
satisfy

(26) y(-,T) = §(-,T) and B(-,T) = B(-,T) a.e. in €.

Theorem 4 (T. Havarneanu, C. Popa, S.S. Sritharan)

Let f € (L2(Q))3. If (¥, E) is a weak solution of (25) which satisfies

- = o oy OB s
(27) (H,B) € (L=(Q))° and (m’m) € L*(0,T; (L™ (2))%),

then there exists r > 0 such that, for any (yo, Bo) € (H N (L*(2))3)? satisfying

lyo — F(-s0)l(La(aye + 1Bo — B(,0)|(Lacayyz <

Problem 4 is solvable.
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