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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Incompressibility of the fluid:
V.u=0 (1)

where u is a vector valued function expressing the velocity of the fluid at a
point in space.
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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Incompressibility of the fluid:
V.u=0 (1)

where u is a vector valued function expressing the velocity of the fluid at a
point in space.

@ The balance of momentum is

0
p(a—‘;Jr(u.V)u):v.T—vp (2)
where p is the density, T is the stress tensor and p is an isotropic pressure.

@ The stress tensor T represents the forces which the material develops in
response to being deformed.
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Liquid crystals-a prototypical complex fluid

Complex fluids: Basic laws

@ Incompressibility of the fluid:
V-u=0 (1)
where u is a vector valued function expressing the velocity of the fluid at a
point in space.

@ The balance of momentum is

ot

where p is the density, T is the stress tensor and p is an isotropic pressure.

p<@+(u-V)u):V~T—Vp (2)

@ The stress tensor T represents the forces which the material develops in
response to being deformed.

@ We need a constitutive relation relating T to the motion of the fluid.
@ The constitutive law for the classical Newtonian fluid is
T =v(Vu+ (Vu))
where v is the viscosity. In this case the system (1), (2) becomes the

celebrated Navier-Stokes system of equations.
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Liquid crystals-a prototypical complex fluid

In the case of Non-Newtonian fluids, of differential type of grade n
T = —p/ + F(Al,AQ, A3, ...,A,—,)7

where F is a polynome of grade n, A;,Az,...A, lare teh n tensors of
Rivlin-Erickson :

DA (V)+ (V) Ar(v) + A (V)(VV),

M) = Vv (Vo) Aca(v) = 2

where % = 0¢ + vV. The equation of second grade fluids is the
following:

Or(u— alu) —vAu+curl (u—alAu) x u+Vp="f
(Sa) S divu=0 (3)
u(0, x) = wp(x).
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In the two-dimensional case, the vorticty w = curl(u — aAu) verifies

Orw + uVw — vA(l — aA) rw = curl f

which is analogue to the 2D Euler with a damped term
Ou+ uVu+~yu=1f, 0w+ uVw—+yw = curl f.

o If ug € H3(T?) and f € L°(R;; H}(T?)), global existence of
u e Co(Ry; H¥(T2)

o If up € H*(T?) and f € L°°(R; H?(T?)), the solution belong to
C(R+, H4)

e If f = f(x), it exist a global compact attractor A, in H3(T?).
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Theorem (P., Raugel, Rekalo): 1) Let f € H™, m € N*. Then, for

a > 0 small enough, the global attractor.A, is bounded in H™*2.

2) For all &« >0 and all f € H*A | the global attractor A, is bounded in
H3*8 where 3 > 0 depend on « and the norme ||| 4.

Sketch of the proof: We split the equation in two non-autonomous
equations

Or(vn — alv,) — vAv, + curl (v, — alAv,) x u+ Vp, = f,
Va(Sn,x) =0t > sp,
Or(w, — aAw,) — vAw, + curl (w, — aAw,) x u+ Vp, =0,
Wn(Sn, X) = u(sp,x) t> s,
- by the uniqueness of the solution: v = v, + w,
- by the propagation of the regularity: v,(t) is uniformly bounded in H*,
pour t € R

- by the exponential decay in H3, we have w,(t) — 0 in H®, when
Sy — —00

[[wa(t)[l 1 < Coexp(=Ca(t = sn))l|u(sn)l| e-
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Analyticity of the solution of the second grade fluids

- We consider analytical data uy such that e™Plyy € H3 and
emPlf € [1(R).
- For 2D Euler equation it is well-known that the solution is analytical in
space but the radius of the analyticity is exponential decaying in time.
Main goal: to prove that the radius of the analyticity is bounded by
bellow for all time.
Theorem (P., Vicol) Let v, > 0, and assume that e™!Plyy € H3(T?),
and e™!PIf € [}(R), 70 > 0. There exists a unique global in time
Gevrey-class solution u(t), such that e”®IPly(t) € H3, and we have the
lower bound »

(t) > roe 7 lleollxr,

In the three-dimensional case we obtain a analytical local in time solution

T(t) > Toe_CHUJOHXTO Jo IV ul| oo ‘e [07 T*),
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Let f = 0 for simplicity. In the following, the function 7 verifies 7(t) < 0.

We remark the imprtant fact that &(t) = e™(IPlw(t) verifies a
regularized equation (with a damped term)

0o — 7(t)| D)@ + y@ + e"®IPl(uVw) = 0.
By commutators formula
(7P (uVw) — uVE; &) | < Cr(t)|[Ville~ D162
So, we obtain
—lI@l1E: = #(ODIZ&I7 + @13 < Cr(@)IVElles|||D]26] .
We chose 7 that satisfies
7+ C7|| Vi = =0, 7(t) = mpe™ Jo Vel

then we have
1d

§E|\@Hfz +7l@lz <o,
and therefore
V] < |l@(t)]| 2 < |0l 2e " and so, 7(t) > Toe_fl”‘:"’”ﬂ.
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Coupled Navier-Stokes and Q-tensor System
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Liquid crystals-a prototypical complex fluid

The additional stress tensor and energy dissipation

@ In the case of non-Newtonian fluids containing suspensions of liquid
crystal molecules the stress has an additional component
representing forces due to the liquid crystal molecules.

@ On the other hand one should have an equation for the liquid
crystals, showing how the flow affects the orientation and
distribution of the molecules.
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Liquid crystals-a prototypical complex fluid

The additional stress tensor and energy dissipation

@ In the case of non-Newtonian fluids containing suspensions of liquid
crystal molecules the stress has an additional component
representing forces due to the liquid crystal molecules.

@ On the other hand one should have an equation for the liquid
crystals, showing how the flow affects the orientation and
distribution of the molecules.

@ The additional stress tensor encodes the coupling between the flow
and the molecules.

@ The form of the additional stress tensor is directly related to energy
dissipation. More precisely the “content” of the stress tensor should
be such that the total energy of the fluid

1
E(t) = 7/ u(x, )2 dx + F(1)
~—~— 2 Jgra ~——
total energy free energy of the molecules

kinetic energy of the flow

decreases in time.
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Nematic liquid crystals: Q-tensor system and Navier-Stokes

The equations

The flow equations:
°

where we have the symmetric part of the additional stress tensor:

r=—¢ (Q+§Id) H—gH(QJr%/d)
tr(QZ)ld)
3

126(Q + %Id)QH _L (VQ@ Vo +

and an antisymmetric part o = QH — HQ where

tr(Q )

H=LAQ — aQ + b[Q? — —21d] — cQtr(Q?)

@ The equation for the liquid crystal molecules, represented by functions with
values in the space of Q-tensors (i.e. symmetric and traceless d X d matrices):

with

S(VU Q) def(

ED+Q)(Q+ %ld) +(Q+ %Id)({D -Q)—-24(Q+ %Id)tr(QVu)
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Energy dissipation and weak solutions-apriori bounds |

@ The total energy

def

lef L 2 4 2 _é 3 €. 202
E(t) /Rdg\vm +20(Q) - (@) + S1(@?) o

free energy of the liquid crystal molecules

+ 1/ |02 (£, x) dx
2 ]Rd
N

kinetic energy of the flow

is decreasing % E(t) < 0.

@ Simple proof: multiply the first equation in the system to the right by
—H, take the trace, integrate over R? and by parts and sum with the
second equation multiplied by u and integrated over RY and by parts.

@ In the process maximal derivatives are cancelled and you observe suprizing
non-trivial cancellations
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Energy dissipation and weak solutions-apriori bounds Il

iE(t) = —1// |Vul® dx
R
2
—r/ <LAQ —aQ + b[Q* - ( )ld] cQtr(Q2)> dx <0
R4
@ Note that this does not readily provide LP norm estimates.

Proposition

For d = 2,3 there exists a weak solution (Q, u) of the coupled system, with
restriction ¢ > 0, subject to initial conditions

Q(0,x) = Q(x) € H'(RY), u(0,x) = (x) € L*(RY),V -7 =0 in D'(RY) (4)

The solution (@, u) is such that Q € Li2(Ry; HY) N L% (R.; H?) and
ue LIOC(R+; L2) N L/OC(R+' )
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Some other types of complex fluids

@ Oldroyd-B:

Otu+ uVu—vAu+Vp=uV-p
Owp + uVp +ap+ pQ2 — Qp — b(Dp + pD) = p2D

@ The formal energy estimate is:

1d
5 gz Wllu@ll2 + palle())ll 2) + v Vu(@)ll,2 + apallp(t)ll 2
< 1BID(t) oo lo(t)l 2
@ Smoluchowski Navier-Stokes systems

% 4+v-Vv—vAv+Vp V-r in Qx(0,T)

%+va+vg.(Wf)_Agf = 0 in Qx(0,T)
Vv = 0 in  Qx(0,T),
where L )
Tij = Ju %‘5- )(m)f(t, x,mydm+ [, [y 7:5‘ )(mh mp)f(t, x, m)f(t, x, mz)dm and
= caa V.

@ The energy E(t) = %fRd lu(t, x)1> dx + [ga [y, flog f dx dm decreases in time.
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Regularity difficulties: the maximal derivatives and “the
co-rotational parameter”

@ Recall the system:
(0 +u-V)Q+ (£D(1) + Qu))(Q + 3/d) +(Q + 31d) (<D (u) — Q(u)
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQx(Q?).
@ Worse than Navier-Stokes

@ Where's the difficulty?
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Regularity difficulties: the maximal derivatives and “the
co-rotational parameter”

@ Recall the system:
(0 +u-V)Q+ (£D(1) + Qu))(Q + 3/d) +(Q + 31d) (<D (u) — Q(u)
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

2
with H = LAQ — aQ + b[@2 — X 1d] — cQtr(Q?).
@ Worse than Navier-Stokes
@ Where's the difficulty?

@ If £ = 0 maximal derivatives only
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Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:
(0 +u-V)Q+ (£D(1) + Qu))(Q + 3/d) +(Q + 31d) (<D (u) — Q(u)
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQx(Q?).
@ Worse than Navier-Stokes
@ Where's the difficulty?
@ If £ = 0 maximal derivatives only

@ If £ # 0 maximal derivatives+high power of Q
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Regularity difficulties: the maximal derivatives and “the

co-rotational parameter”

@ Recall the system:
(0 +u-V)Q+ (£D(1) + Qu))(Q + 3/d) +(Q + 31d) (<D (u) — Q(u)
- =TH

Bt + uVu = vAug + Vp+ V- (QH— HQ)

+ —LV-(VQOVQ+ 5tr(Q@?))
V.-u=0

with H = LAQ — aQ + b[Q? — @) 1] — cQx(Q?).
@ Worse than Navier-Stokes
@ Where's the difficulty?
@ If £ = 0 maximal derivatives only

@ If £ # 0 maximal derivatives+high power of Q
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Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...
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Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...

@ The cancellation lemma:
Lemma

For any symmetric matrices Q', Q € RYX¢ and Q,p = %(uaﬁ — ug,o) € RI*d
(decaying fast enough at infinity so that we can integrate by parts, in the formula
below, without boundary terms) we have:

/Rd r((2Q' — @)AQ) dx — /Rd 05(Qluy AQy 5 — AQuy @ 5)tte dx = 0
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Energy dissipation revisited |

@ Cancellations that appear in the energy dissipation destroy some high
derivatives...

@ The cancellation lemma:
Lemma

For any symmetric matrices Q', Q € RYX¢ and Q,p = %(uaﬁ — ug,o) € RI*d
(decaying fast enough at infinity so that we can integrate by parts, in the formula
below, without boundary terms) we have:

/Rd r((2Q' — @)AQ) dx — /Rd 05(Qluy AQy 5 — AQuy @ 5)tte dx = 0

@ Idea: differentiate the equations and to the highest derivatives the equations will
keep the same structure (as the initial system) plus lower-order derivatives
perturbation; thus we can use the high-derivatives cancellations available for the
initial system to avoid the maximal derivatives

@ Unlike in previous approaches (in complex fluids) we do not estimate the two
equations separately but always together.
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Energy dissipation revisited |l

o Littlewood-Paley language: take take x € D(B(0, 1)) such that
x =1on B(0,1/2) and let ¢(&) = x(£/2) — x(§). Define

Dgu = F N p(279)Fu), Squ=F ' (x(2~%¢)Fu)

@ Then we have in the sense of distributions u = Sou + .o Qg

@ Bony's paraproduct decomposition:

Aq(ab) = Sq_laAqb + z\q’—q\ﬁS[Aqa Sq/_la]Aq/b
g —qi<5(Sq' 18 = S5q-18) A Dg + Lqr5q-584(Sq' 1260 )

@ In our case, the equation in @ becomes:
0elqu — vAAGu = AgVp+ LV - (5,21 QAGAQ — AjAQS,-1Q)
—Ag(uVu) — LV - Ay <VQ OV - %tr(VQ ©) VQ))
+ perturbative (lower derivatives) terms
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The rate of increase of the high norms- the Brezis-Gallouet
trick and beyond

o Let y(t) = [|u(t)l[}ie + [VQE)Fnre and £(t) = [|u(t)|[in + IV Q(E) 7
An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))

and [; f < Ce' would give y(t) < Ce* .
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The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond

o Let y(t) = [|u(t)l[}ie + [VQE)Fnre and £(t) = [|u(t)|[in + IV Q(E) 7
An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))
and [; f < Ce' would give y(t) < Ce* .
@ The logarithm come from Brezis-Gallouet trick-logarithmic embedding]!
el g2y < Nl (1 -+ In(e + ullie)) ~ F(£)In(L + y)

@ This works in the co-rotational case £ = 0 after “peeling out” the
maximal derivatives.

o If turns out that we can obtain an estimate of the form:

y'(£) < F(E)y () (1 + Clog(1 + y(£)(1 + In(1+ In y)))
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The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond

o Let y(t) = [|u(t)l[}ie + [VQE)Fnre and £(t) = [|u(t)|[in + IV Q(E) 7
An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))
and [; f < Ce' would give y(t) < Ce* .
@ The logarithm come from Brezis-Gallouet trick-logarithmic embedding]!
el g2y < Nl (1 -+ In(e + ullie)) ~ F(£)In(L + y)

@ This works in the co-rotational case £ = 0 after “peeling out” the
maximal derivatives.

o If turns out that we can obtain an estimate of the form:

y'(£) < F(E)y () (1 + Clog(1 + y(£)(1 + In(1+ In y)))

@ One logarithm is produced through through the logarithmic embedding.
But the “double logarithm”?
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The rate of increase of the high norms- the Brezis-Gallouet

trick and beyond

o Let y(t) = [|u(t)l[}ie + [VQE)Fnre and £(t) = [|u(t)|[in + IV Q(E) 7
An estimate of the form

y'(t) < f(t)y(t) log(1 + y(t))
and [; f < Ce' would give y(t) < Ce* .
@ The logarithm come from Brezis-Gallouet trick-logarithmic embedding]!
el g2y < Nl (1 -+ In(e + ullie)) ~ F(£)In(L + y)

@ This works in the co-rotational case £ = 0 after “peeling out” the
maximal derivatives.

o If turns out that we can obtain an estimate of the form:

y'(£) < F(E)y () (1 + Clog(1 + y(£)(1 + In(1+ In y)))

@ One logarithm is produced through through the logarithmic embedding.
But the “double logarithm”?
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The regularity result, in 2D

Theorem

(P., Zarnescu): Let's >0 and (Q,7) € H1(R?) x H5(R?). There
exists a global a solution (Q(t,x), u(t,x)) of the coupled system, with
restriction ¢ > 0, subject to initial conditions

Q(0,x) = C_)(x), u(0,x) = o(x)

and Q € 2 (R, HF2(R2)) N L2 (R, ; HHL(R?)),

loc
u€ L2 (Ry; HSTH(R?) N L3S (Ry; H). Moreover, we have:

loc

Ct
o€

= e
He(re) < C(e+ | QU 1 (w2 + ”D”HS(R?)>
i} (5)
where the constant C depends only on Q. 1, a,b,c, I and L. If§ =0
the increase in time of the norms above can be made to be only doubly
exponential.

LIVQ(t, )l

%—IS(RZ) +u(t, )]
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The difference between & = 0 (co-rotational) and & # 0

@ Recall the system:
(O +u-V)Q— ( +Qu))(Q+ F1d) + (Q + 11d)( - Q(u))
—2¢(Q + 3d)tr(QVu) =TH

Oty + uVu=vAua +Vp+V - (QHf HQ)

+ - LV (VQO V@ + 3tr(Q?)
V-u=0

with H = LAQ — aQ + b[Q? — "@) 1] — cQux(Q?).
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A technical trick-how the “double logarithm” appears |

@ We want to obtain y’ + ¥ [ Vul|?s + TL1AQI%s < yln(e+y)<1+\n (e+|n(e+y>)> withy = [[ull%s + 17 QII1%s-
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A technical trick-how the “double logarithm” appears |

@ Wewant toobtain y’ + ¥ [ Vul|s + L 18QI2s < yln(e+y)<1+\n (e+|n(e+y))> withy = [[ull%s + 17 QII1%s-
@ Attempt to estimate

def
TS s,y (V@) Ay ull 211Q1 o0 116240l 2

lq’ —q| <5
(Z ~ Ag( worst term) so we want to estimate 22057 ~ y)
@ We have
IZI< 30 1Sy _1VQl 2 lIRlselagull 2 [1884QI 2 (6)
o’ —ql<5 Le Li=e

@ Using the interpolation inequality
1 1
1

11,20 < CVBIFI L IFI 5 P

with p = 72— € [1, 2], we obtain:
1—
IZI<c 3 1SqVeIl 2 1@l oo 1Aqull;y € 18gVull2 189AQI 2,
lg’ —ql <5 Le

where C > 0 is constant independent of = € (0, 3).
@ Using Young's inequality we obtain:

2 re2
= 2 v 2 2
izZi<c 2 (159901 2 1Qloe ) TF aqulldy + = l18gVull?s + ~— 18480117, )
o' “al<s LE 100 100

2 re2
72qs( = 2 v 2
<2 C(lISgVRll 2 IRl oo Ellullys + — IVullys + — 1AQII ys
(Isq (2 ) H> " 100 LT H
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A technical trick -how the “double logarithm” appears Il

@ We have obtained:

2
v < (Ivell 2 lIQlijeo) 7= y(1) ™
Le

@ On the other hand using again the interpolation inequality

1 _1
gl 2p < CvAllgll 51Vell 5 7

we get:
22 e e 2 i 2 2
Ivel’z® < (2) == ival 5= iael?, < (=) =2 a+ Ivaik)iaal?,
= € €
Le —
Alre)

where for the last inequality we assumed 0 < & < % Then (7) becomes:

e N
Y10 < e+ A)IaQI [+ Aoyt + v T (=) 1%y
€

Observing that the constants in the interpolation inequality do not depend on the space LP that we work with and denoting

N def In(e + y) we choose

e @pimt
) 141 ) ) '
and observing that [N(1 + In N)]" " In N < CN(1 + In N) for some constant C independent of N, the last inequality becomes:

&0 <+ M) 180N el (¢4 o) (1+ (e + n(e(0) + ) )
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Current and future work

@ Uniqueness of weak solutions
@ Asymptotic behaviour

@ Non-newtonian effects
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Current and future work

@ Uniqueness of weak solutions
@ Asymptotic behaviour

@ Non-newtonian effects

Challenging open problems

@ The optimal rate of increase of high norms: one, two, three
exponentials? No exponential, polynomial growth?

@ Are there regimes where the system is “better” than 3D
Navier-Stokes?
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