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Short history & motivation

o Reflected Stochastic Differential Equations were first studied by Skorohod (1961)
and, after that, for general domains, by Lions, Sznitman (1984), Saisho (1987).
The reflected diffusion processes give us a probabilistic interpretation of the
solution of eliptic and parabolic PDE with Neumann boundary conditions.
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@ The Euler approximation for forward RSDE was considered by Chitashvili,
Lazrieva (1981) and the Euler-Peano approximation was used by Saisho (1987) to
solve RSDEs with Lipschitz conditions.

@ In order to approximate the solution of RSDEs the penalization method was also
useful (see Menaldi, 1983).

@ Asiminoaei, R3scanu (1997) and Ding, Zhang (2008) combined the penalization
method with the splitting-step idea and propose new schemes for SDE with
reflection at the boundary of the domain.

@ Moreover, the penalization method was used for the existence of a solution in the
case of backward SDE with a maximal monotone operator of subdifferential type
(Pardoux, Rascanu, 1998 and Maticiuc, Riscanu, 2007).

o Euler-type approximations for backward stochastic differential equations were
introduced by Bouchard, Touzi (2004) and Zhang (2004).
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Backward Stochastic Variational Inequalities

First, we remind the problem of the existence and uniqueness of the solution for the
backward stochastic differential equation involving an subdifferential operator:

dXe = b(Xe)dt +(X)dW, , t € [0, T],
dYe + F (£, X2, Ye, Ze) dt € 99 (Ye) dt+ Zed W, , £ € [0, T], )
Xo=x, Yr =g (X7).

Here (W¢),5 is a standard Brownian motion defined on a complete right continuous
stochastic basis (Q), F, P, Fy).

We will make the following assumptions on the coefficient functions:
The functions

b:RY - RY, o:RY— RI*M,

F:[0,T] x R? x RK x Rk*4 — Rk, g:RY — R¥

are continuous and
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there exist « € R and L, B,y > 0 such that the coefficients satisfy:
(i) Ib(x)=b(E)|<L|x=x|,
i)y |lo(x)—c @) <Llx—x

(
(iii
(

(y=9.ft.x,y,2) = f(t,x,7,2)) <aly —y]?,
[f(t,x,y,2) = f(t.x,y,2)| < Bllz -2,

v

)
)
forallt €0, T], x,x €RY, y,7 € R, z,z € Rk*9,

There exist some constants M > 0 and p, q € IN such that:

(i) |gC) <M1 +x]7),
(i) |F(tx,y,0)] < M(1+[x]” +1y]),

forallt €0, T], x € RY, y € R¥.

The function ¢ : RF — (—oo, +oo] is a proper convex l.s.c. function, and there exist

M >0 and r € IN such that

lp(g(x))] < M(1+]|x|"), ¥x € RY

(5)
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Theorem (see [Pardoux, R3scanu, 98])

Under the assumptions (2)-(5), there exists a unique triple of F;-progressively
measurable stochastic processes (Yt, Zt, Ut)c|o, ), Solution of the BSVI:

T T T
Vet [ Usds—g(Xr)+ [ s, Yo Z)ds — [ Zoaws,
Jt Jt Jt (6)
for all t € [0, T|, P-a.s.,
with (Y¢, Us) € 09, P (dw) ® dt. Moreover we have the following properties of the
solution of Eq.(6):

Q Y el2(0;C(0,T];R¥)), Z e L2,(0;L2([0, T]; R**9)) and
UeL2,(0;L2([0, T];RY)).
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Under the assumptions (2)-(5), there exists a unique triple of F;-progressively
measurable stochastic processes (Yt, Zt, Ut)c|o, ), Solution of the BSVI:

T T T
Y+ / Usds = g(X7) + / F(s) X, Ve, Zs)ds — / Z,dWs,
Jt Jt Jt (6)
for all t € [0, T|, P-a.s.,
with (Y¢, Us) € 09, P (dw) ® dt. Moreover we have the following properties of the
solution of Eq.(6):
QO Yel2(0C(0T];RY), Ze2,(L2([0, T]; Rk*?)) and
UeL2,(0;L2([0, T];RY)).
@  There exists some constant C > 0, such that, for all t,T € [0, T], x,% € R :

() E sup [Ye> < C(L+|x]%)
tel0,T]

. X X 2
(i) E sup |Y¥—=YE&P2< CIEUE(X'T') —g(X3)]
te[0,T]

T N
+/ |F(s, X2, Y2, 22) = (s, XE, vZ, 22) as].
0
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The existence result for (6) is obtained via Yosida approximations. Define for ¢ > 0
the convex Cl-function @ by

@e (v) ::inf{%&|y—v|2+g0(v):veIRk}

We denote by .
Je(y) := (I +209) " (y)

and we have that
—J,
Vo () = 2=, Ve (y) €39 (Jey).
1
e y) =5, Iy = Jey? + ¢ (Jey), Yy € R,

For an arbitrary (t,x) € [0, T] x R?, & € (0,1), by a classical result there exists
(Y£, Zf)tg[tvﬂ the unique solution of the following approximating BSDE:

T T
Y:+/ Vgog(Yf)dr:g(XT)-i-/ F(r X,, YE, Z8)dr
JSs JSs

T
—/ ZEdW, , Vs > t, P-as.,
s

solution that converges to the solution of Eq.(6).
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Approximation schemes for BSVI

We introduce an approximation scheme for the solution of Eq.(6):

o Consider a grid of [0, T]: m = {t; = ih, i < n}, with h:=T/n, n € N¥,
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We introduce an approximation scheme for the solution of Eq.(6):
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Further, we define an Euler-Yosida type approximation for Y* (suggested by
[Bouchard, Touzi, 2004]).
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fit1

—h [t XT YE ZE) = Ve (YE)] = ZE (Ws
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[Bouchard, Touzi, 2004]).
o Let Yy :=g(XF) and, fori=n—-1,0,

W)  (9)

i1 i

Vi~ YE, —h (6, X YE ZE) = Voe(YE)] = ZE (W,
@ We take the conditional expectation E77 :

YE~ETI(YE ) = h [F(t, XTYE ZE) = Ve (YE)]

tir1
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Further, we define an Euler-Yosida type approximation for Y* (suggested by
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o Let Yy :=g(XF) and, fori=n—-1,0,
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fit1

—h [t XT YE ZE) = Ve (YE)] = ZE (Ws We)  (9)

i1 i
@ We take the conditional expectation E77 :

YE~ETI(YE ) = h [F(t, XTYE ZE) = Ve (YE)]

tir1

o We multiply (9) with Wi, — W, and we take Ei :

1
Zi ~ SETu (Y

h tit1

( Wfi+1 - Wfi ))
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For the above Euler-Yosida approximation scheme, we consider the step of the grid
h = ¢€3 and we define, fori=n—1,0:

Vi = B (YT, ) 4 h (6 XE, YL ZE) = Vg (YD)
Y7 = g(XF),

Zr = %[Efﬂ (YE, Wy, — W), (10)
Ul == Vs (E i(Y{f_l)).
Consider now a continuous version of (10). From the martingale representation
theorem there exists a square integrable process Z such that
Yr, =ES (Y] )+ / Zds,
and, therefore, we define, for t € (t;, ti+1]
Y= VI — (= 1) [F(t XE YT ZE) = Vs (Y] + tt'“ ZodWs.
From the isometry property we notice that
7y = %lpﬁ U;’“ stws] , fori=0,n—1. (11)
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An error estimate of the approximation is given by the following result.

Under the assumptions (2)-(5), there exists C > 0 which depends only on the
Lipschitz constants of the coefficients, such that:

.,
sup E|Y; — Y{? +]E/ |z, — zI P dt < Ch.
te[0, 7] J0

Proof (sketch).

For i =0,n—1 let denote: 6Y; :=Y: — Y[, 6Z; :== Z; — Z['. Applying the Energy
equality, using the relation (11) and the properties of the Yosida approximation, we
obtain, by standard calculus:

1 rtita tit1 -
1E|5Yt,.|2+§/t_+ ]E|zszs|2dsg(1+Ch){h2+1E|§Yt,.+1|2+/r+ E|zs—zg}|2ds},
g ! (12)

where . .
727 = TEF {/ i sts}
i h .

is the best approximation in L2 of Z by a process which is constant of each interval
[t tit1)- O

V.
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Proof (cont.)

Iterating (12) and summing upon i, we deduce:
1 /7 n=l ety -
]E|5Yt,.|2+§/ E|5Z,|>ds < C{ h+ Z/ YE|z, - 27| ds
0 i=0 /i '

Since we have

=l t -
max_ sup E|Yi— Yy’ + Z]E/t "z - 272 de < ch,
i=0 i

i=0,n~1 telt; ti)

the conclusion of the theorem follows. O
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Generalized BSVI

Consider now the following generalized backward stochastic variational inequality (in
the Markovian case):

dYy + F (t, Xe, Ye, Ze) dt + G (t, Xe, Ye) dA: €
€0 (Ye)dt+ZedWe, 0 <t <T, (13)
Yr=g(Xr).
Throughout this section we suppose that F, G satisfies the same assumption as F

from the first section. It is proved (see [Maticiuc, R3scanu, 2010]) that the above
equation admits a unique solution, i.e.

T T
Yt+/ Usds :g(XT)Jr/ F (s, Xs,Ys, Zs) ds
t t
T T
+/ G (s, Xs, Ys) dAs 7/ ZsdWs, forallt €0, T] as.,
t t

where
U €0¢(Y:), a.e.on O x [0, T].

More detailed, let D be a open bounded subset of RY of the form
D={xeR?:0(x) <0}, Bd(D)={xecR?:((x)=0},

where ¢ € C3 (RY), |V (x)| =1, for all x € Bd (D).
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It follows, (using the paper of [Lions, Sznitman, 1984]), that for each (t,x) € Ry x D
there exists a unique pair of progressively measurable continuous processes

(X{ AZX) >0,

with values in D X R4, solution of the reflected SDE:

sVt sVt sVt
Xt = x + / b(r, X¥)dr + / o(r, XEX)dW, — / VO(XE¥)dALX,
Jt Jt Jt

s — ALY s increasing

sVt
A;X:/ 1t oy IAL.

t
(14)
Moreover, it can be proved that

E|( sup ‘X;’X—X;/'X’
s€[0,T]

p) <C (|x—x'|p+|t—t/|%),

and for all u >0
E {e”AtT’X} < oo,
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Theorem

Under the assumptions (2)-(5), the generalized BSVI (13) admits a unique solution
(Ye, Z¢, Ue) of Fe-progressively measurable processes. Moreover, for any
0<s<t<T, we have, for some positive constant C:

—~
L)

t 2 2 tL 2
) E| [ (VPP )dr+ [ i dA| < oy
(b) E sup |Y,|? < CMy,
s<r<t (15)
(c) E(p(Yr)) < My,
t
(d) IEU |Ur\2dr]§CM2,

where -
M; =E {|§\2+/0 (|F(s,o,0) *ds + |G (s,0) |2dAs)] ,

My =E([2+9(2)).
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The main idea for the proof of the existence for (13) consists in taking the
approximating equation

T T
Y;+/ Ve (Yf)dr = g (X&) +/ F(r, XX, YF ZE) dr
s S
(16)
T T
+/ G (r, X', YE) dA, 7/ ZEdW,, Vs > t, P-as.
s s

Essential for the estimates of the process (Y¢),. is the stochastic subdifferential
inequality given by:

Lemma (see [Pardoux, Riscanu, 1998])

Let U,Y be k-dimensional c.p.m.s.p. (continuous progressively measurable stochastic
processes) and V' be a real c.m.s.p. If

o Y is a semimartingale,

e V is a positive bounded variation stochastic process,

@ :R¥ — ]—o00, +-0] is a proper convex l.s.c. function,
U, €99 (Y,) then

T T
| ViU v+ vie (v + [ o (v)dv, < vre(vr).
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Consequently, we can derive, for some constants A, u sufficiently large, that
T sina 2
(a) 15/ A Vg, (YE) [Pds < CM,
0

T
(b) 1E/0 A (S (YE) )ds < CMy,

(c) Berstris|ye— J, (Y£)|? < eCMs,
(d) EeMTp(f (YE)) < CMy.

and, that (Y*, Z%),., is a Cauchy sequence, i.e.:

2
E | sup e)‘tﬂ‘A‘|YtS — Y{S{
0<t<T

;
+E [/0 | zE - 28 Pdr| < C(e+0).

The unique solution (Y, Z, U) of Eq.(13) is obtained as the limit of the approximating
sequence (Y&, ZE, V. (YE)).
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Applications to PVI

As usual, if we consider the deterministic function u(t,x) = Y%,
(t,x) €0, T] x D, we will obtain a reprezentation for the solution of the following

PVI:

du(t, x)

B Ta Leu(t,x)+9¢(u(t,x)) 3 F(t,x,u(t,x), (Vuo)(t, x)),

t>0 xeD,
(17)

E)u(ai;x) E G(t,x, u(t,x)), t>0, xe€ Bd(D),

u(0,x) =g(x), x €D,
where the operator L; is given by

1 ¢ . Rv(x) & av(x) 2 5d
Lev(x) = szz:l(aa )ij (t,x) 3xi0x, +i;b,-(t,x) o for v € C*(IR?).

The functions that appear in (17) satisfy the conditions imposed in the previous slides
(for k =1).
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We have the following result.

Theorem

Under the considered hypotesis on b, o, F, G and g, the ParabolL'c Variational
Inequality (17) admits at least one viscosity solution u : [0,00) X D — R, such that
u(0,x) =h(x), Vx €D and

u(t,x) € Dom (@), Y(t,x) € (0,00) x D.

Moreover, if
r— G(t,x,r)

is a non-increasing function, for t > 0, x € Bd (D) and there exists a continuous
function m : [0,00) — [0,00), m (0) =0, such that

|F(t.x,r,p) = F(t,y,r.p)| Sm(|x—y|(1+]p])),
Vt>0 x,y€eD, peRq,

then the uniqueness holds.
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Approximation schemes for Generalized BSVI

For the generalized system considered above, we propose a mixed Euler-Yosida type
approximation scheme.

For the simplicity of the presentation, we consider the case ¢ =0

o Consider the grid of [0, T]: w = {t; = ih, i < n}, with h:=T/n, n € N*,
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Approximation schemes for Generalized BSVI

For the generalized system considered above, we propose a mixed Euler-Yosida type
approximation scheme.

For the simplicity of the presentation, we consider the case ¢ =0
o Consider the grid of [0, T]: 7w = {t; =ih, i < n}, with h:=T/n, n € N*,
o Define X™ the Euler scheme for the reflected process X :

o Xff=x, Af=0,
Xﬂ

tiv1

(e}

= X7+ b(ti, XI) (tiyr — ;) + o (t;, X)Wy, — Wy),

Considering the projection to the domain we define
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For the generalized system considered above, we propose a mixed Euler-Yosida type
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o Consider the grid of [0, T]: 7w = {t; =ih, i < n}, with h:=T/n, n € N*,
o Define X™ the Euler scheme for the reflected process X :
o Xff=x, Af=0,

XE = XE+ b6, X (tin — ) + 0t XT) (W, — We),

(e}

tiv1
Considering the projection to the domain we define
Xr ., XX €D,
° Xg;[+1 _ i+1 i+1 and
Prf(xf?;[ﬂ) ! f+1 ¢ D
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Approximation schemes for Generalized BSVI

For the generalized system considered above, we propose a mixed Euler-Yosida type
approximation scheme.

For the simplicity of the presentation, we consider the case ¢ =0
o Consider the grid of [0, T]: 7w = {t; =ih, i < n}, with h:=T/n, n € N*,
o Define X™ the Euler scheme for the reflected process X :
o Xff=x, Af=0,

o Xtﬂ“ = Xg’r + b(t,‘,X{/_T)(t,url — t,‘) +U(t[,X§)(Wfi+1 — Wt’.),
Considering the projection to the domain we define
Xr ., XX €D,
° Xg;[+1 _ i+1 i+1 B and
Prf(xf?;[ﬂ) ' Xt?r:»l ¢ D,
AL, X €D,
° Ag+1 _ i R i+1
Ag+|‘Pr§(Xg+1) anﬂ” ! f+1 QD
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o Let YJ:=g(X%) and, for i=n—1,0:

Y~ Yo — G(th,il' Yti+1)

DAT — Z, AW,
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o Let YJ:=g(X%) and, for i=n—1,0:

Yo ~ Yoo, — GXE,| Ve, )AAT — Zy AW,

o We take the conditional expectation E7 :

Yy, ~EFi(Y,,,) — BN [G(XT

tiy1’

Yff+1 )AAQ]

r'+1)
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o Let YJ:=g(X%) and, for i=n—1,0:

Yo ~ Yoo, — GXE,| Ve, )AAT — Zy AW,

o We take the conditional expectation E7 :

Yf/ ~ IEE(Yff+1) —E”i [G(Xn

Lip1?

Yt )AAT]
This suggest us to define the following approximation scheme:

Y;j::]Efl[Yf —G(XT,, Vs

tit1’

AA’Z], YT = g(XF),

1)

AWy — G(XT |, Ve, )AATAW, ],

iyl

7 F,
25 = TETIVE,
The proof of the convergence for the defined approximation scheme is still in

progress.
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Thank you for your attention!
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