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A duality variational approach to time-dependent nonlinear diffusion equations

1 Overview]

Formulation of nonlinear time-dependent diffusion problems

as convex minimization problems
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E—Aﬁ*(t,az,y) > f in @ =(0,T) x Q,
0P (¢, x, ‘
_ &/y):aﬁﬁwy)onZ:«MﬂxF,a>Q (ODP)

y(O,ZIf) = Yo in )
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E—Aﬁ*(t,az,y) > f in @ =(0,T) x Q,
_mggfﬂ)zcw%u%y>OnZ:%Qzjﬁ a >0, (ODP)
y(O,ZIf) = Yo in ()

B*(t, x, ) is a maximal monotone graph on R, a.e. (t,x) € Q,

ij(t,x,-) = B(t,z,") ae. (t,z) € Q.



j(t,z,-): R — (—o0, 0] proper convex l.s.c. a.e. (t,x) € Q,

(t,z) — j(t,x,r) is measurable on () for any r € R.



j(t,z,-): R — (—o0, 0] proper convex l.s.c. a.e. (t,x) € Q,
(t,z) — j(t,x,r) is measurable on () for any r € R.

Conjugate of

J (t, x,w) = sup(wr — j(t,z,r)) a.e. on Q)
reR



jt,z,r)+ 7 (t,z,w) > rwforany r,w € R, a.e. (t,x) € Q,

jt,z,r)+ 7 (t,z,w) = rwifand only if w € 0j(t,x, 1), a.e. (t,x) € Q.

W. Fenchel, 1953



x Brezis-Ekeland principle (C.R. Acad. Sci. Paris, 1976)

d_“ + 0p(u) > fae. t, u0)=ug

dt
)

Minimize J(v) forallv € K



x Brezis-Ekeland principle (C.R. Acad. Sci. Paris, 1976)

» G. Auchmuty (Nonlinear Anal. 1988)

» N. Ghoussoub, L. Tzou ( Math. Ann. 2004)

» A. Visintin ( Adv. Math. Sci. Appl. 2008)
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11

(ODP) can be reduced to a minimization problem

Minimize /Q(j(t,x, y(t,x)) + 7 (t, z,w(t, x)) — w(t, x)y(t, x)) dzdt, for (y,w) € U,
(F)

y and w connected by a certain equation !



This work: (P) optimal control problem in terms of j and j*

1. Case 1. j(t, z,-) continuous on R, a.e. on (), and has a polynomial growth

2. Case 2. j(t,x,-) continuous on R, a.e. on (),

j(t,z,r) 7 (t, v, w)
> OO
|7“‘ |7|—00 ’ ‘CU| |w|—o0

O,

3. Case 3. D(j) = (—o0,y,| and j is not continuous at y;.
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2 [Main results]|
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A duality variational approach to time-dependent nonlinear diffusion equations

o 4 Continuous case with polynomial growth

Hypotheses

7 : R — (—00, 0] continuous

Cilr|"+CY < jt,x,r) < Colr|" +CY, ae. (t,z) € Q, m > 2
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Connection with physical processes

Diffusion with time-dependent diffusion coefficients 5(¢, z, r) in heterogeneous media

5*(t,$,7“) — /Orﬁ(t,ZE,S)dS, j(t,ﬁC,T) — Arﬁ*(t,m,S)dS, re R

ﬁ*

continuous diffusion coefficient 3(t, x, -)
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Connection with physical processes

Diffusion with time-dependent diffusion coefficients 5(¢, z, r) in heterogeneous media

r ok

B (t, x,r) :/Orﬁ(tx’s)ds, jt,z,r) = O B (t,x,s)ds, reR

g

discontinuous diffusion coefficient 5(t, z, -)
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X, = {¢ e W2m(Q), 2 4 aup = 0 on r}

AQ’m . D(AO,m) — Xm C Lm<Q) — Lm<Q),

AO,mw — _Awa

17



V= Hl(Q>7

X/ is the dual of X,
A, DA, =L"Q) Cc X — X,

(Any, ¢>X7’n,Xm/ = (v, AO,m’w)Lm(Q),LW'(Q)

V' = (H'(Q))

18



Definition. Let
fel™0,T:X"), yoeV
A weak solution to (ODP)

(y,m), n(t,z) € dj(t,z,y(t,z)) a.e. on Q,

y € L™(Q) N W ([0,T); X)), n€L™(Q),

which satisfies

T d T
[ (G ar— [ asvdsde= [ (0.0, 5 a
0 X' X Q 0
forany v € L™(0,T; X,,), and the initial condition (0, z) = .

19



Jo: L™(Q) x L™(Q) — (—00, 0]

jit,x,y)+ 75 (t, z,w) — wy) dxdt, if (y,w) € Uy,
Joly, w) = {fQ y) + 5 ) ) (

o

otherwise

(y,w);y € L™(Q), w e L™(Q),
Jo itz y)dzdt < oo, [, j(t,z,y)dzdt < oo, (y, w) satisfies ()

dy

1)+ Apult) = f(t)ae. te (0,T),

y(0) = vo.

}

20
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Variational formulation

Minimization problem

Minimize Jy(y, w) for all (y, w) € U,. ()

(ODP)
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Some results

Jy is proper, convex, |.s.c. on L™(Q) x L™ (Q)

Toly,w) = /Q Gt 2, y) + 57 (¢, @, w))dadt

— / wydxdt
Q
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A duality variational approach to time-dependent nonlinear diffusion equations

Some results

Jy is proper, convex, |.s.c. on L™(Q) x L™ (Q)

Ty, w) = /Q Gt 2, y) + 57 (¢ 2, w))dad

3 (DI = ol } = [ 470, Ak}
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Theorem

Problem (F,) has at least a solution (y*, w*).
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Proof sketch: (y,,w,) a minimizing sequence

1
d < Jo(yn,wp) < d+ —,
n

—> (y,)n and (w,,),, are bounded in L™ (Q) and L™ (Q)

Yn =Y in L™(Q)
w, — w* in L™(Q)
U~ in L™(0,T; X)) — (y*, w*) satisfies (x)
Jo(y™,w*) = d
4

yn(T) — y*(T) in V' Ascoli-Arzela



Theorem

Let (y*,w*) be a solution to (F,). Then,
inf (Fy) = Jo(y",w*") =0

(yaw)EUO

and (y*,w") is the unique weak solution to (ODP).
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Theorem

Let (y*,w*) be a solution to (F,). Then,

w*(t,x) € BH(t,x,y") a.e. (t,x) € Q

and (y*,w") is the unique weak solution to (ODP).

dy*
dt

(t) + Apw(t) = f(t)ae. t e (0,T),
y(0) = 0.

27
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Proof sketch

Let (y*, w*) be a solution to (F).
JO(y*a ’U}*> < JO(ya w) for any (yv ’UJ) S UO-
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Proof sketch

Let (y*, w*) be a solution to (F).
Jo(y", w*) < Jo(y, w) for any (y, w) € Up.
Let A >0
=yt Y, wt = wt AW

Y
d—(t) + Ap W (t) = 0a.e. t € (0,7T),

dt
Y (0) = 0.
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Proof sketch

Ay [ = w))ds + (8w w) =y =0



Proof sketch

We denote

— p(t) =0foranyt € [0,T]
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Uniqueness is proved using (ODP).
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A duality variational approach to time-dependent nonlinear diffusion equations

2 9 |General continuous case

j(t,z,7) J (@, w)

7!

» 00, as |r| — oo, — 00, as |w| — oo

wl

uniformly w.r. (¢, z) € Q
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Let

(

~

Ay, ¢

~

A:LNQ) Cc X' — X', X'=(D(Ayx))

>X,7X = (y, Ao,oo¢>L1(Q),Loo(Q) , forany ¢ € X' = D(Ag).
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(

Jo Gt ,9) 4 (8,2, w)) dedt + 5 [T — § ol

Jl(y,w) = q — fQ yAa’Tln,fdﬂjdt if (y,w) c Us,
| +00, otherwise,
)y e LQ) we LIQ)
L= fQj(t,x,y)dxdt < 00, fQ 75(t, x,w)dzdt < co, y(T) € V', (y,w) verifies ( )
dy ~
a(t) + Aw(t) = f(t)a.e.t € (0,7), ()

y(0) = vo.
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i

fQ (j<t7xvy) —|—j*<t73}7w>) dxdt + % Hy(T)‘ %/’ o % HyO‘ %/’
Ji(y,w) =< — fQ yAO_’}n,fda:dt if (y,w) € Un,
| +oo, otherwise,
g { Wwhy e LNQ), we LI(Q)
L fQj(t,:U,y)da:dt < 00, fQ 7 (t, x, w)dxdt < oo, y(T) € V', (y,w) verifies ( *)
dy ~
E@) + Aw(t) = f(t)a.e. t € (0,7T), (%)

?J(O> = Yo.

The function Jy is the closure of the function J, in U,.



A duality variational approach to time-dependent nonlinear diffusion equations

Variational formulation

Minimize J,(y, w) for all (y, w) € U;.

4

A solution to (P) is called a generalized solution to (O D P)
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Theorem

Problem (P;) has at least a solution (y*, w*).
If j is strictly convex the solution is unique.
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Theorem

Let (y,w) be the minimizer such that J,(y,w) = 0. If y € [y, yu] then
w(t,z) € B7(t,x,y(t,x)) a.e. on Q)
and (y,w) is the weak solution to (ODP).
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2 3 Discontinuous case]

j not continuous

B QX <_Ooay3) — (O7+OO>
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A duality variational approach to time-dependent nonlinear diffusion equations

Connection with physical processes
j not continuous—- saturated-unsaturated flow (infiltration in porous media)

) — forﬁ(t,:c, s)ds, T <y, a.e.onqQ,
Bt @, 7) c [Ki(t,z),+00), r =1y, a.e.onQ,
¥ =¥

saturated domain

unsatgrattd ywolumetric fluid content
domain
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Connection with physical processes

o X

j(t,iIZ,T) - Orﬂ (t,SIJ’,S)dS,

+00,

10eme Colloque Franco-Roumain de Mathématiques Appliquées, 26-31 Aott 2010, Poitiers, France

r < 1ys, a.e. on (),
r =1y, a.e.on
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A duality variational approach to time-dependent nonlinear diffusion equations

Connection with physical processes

(a) fast diffusion

LB
Es

diffusion coefficient /3
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A duality variational approach to time-dependent nonlinear diffusion equations

Connection with physical processes

(b) slow diffusion

L4

¥s

diffusion coefficient 3
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¥s

44



w e (L®(Q)), w=w,+ w,

Ll(Q) > w, = continuous component, w, = singular component



w e (L®(Q)), w=w,+ w,

Ll(Q) > w, = continuous component, w, = singular component

p: L?(Q) — (—o0, 0], ¢(y) Z/Qj@,x;y(t,w))dxdt-



w e (L®(Q)), w=w,+ w,

Ll(Q) > w, = continuous component, w, = singular component

p: L?(Q) — (—o0, 0], ¢(y) Z/Qj@,x;y(t,w))dxdt-

p" (L2(Q)) — (=00, 09)

0" (w) = /Qj*(t,a:,’wa(t, x))dxdt + 05 (ws),

dc(w) = sup{w(y); 1 € C}.

C={y e L7Q);¢y) < +oo}

Rockafeller, Pacific J. Math. J., 1971
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Joo 1 L™(Q) % (L®(Q)) — (—00, 00],
[ Jo it w,y)dadt + 5 [y(T)I5 = S lwolly = 3 (F(8), Adom(®)) o,

Jooly, w) = & + [ 77t 2wy )dadt + 5¢(wy) if (y, w) € Us,

|+, otherwise,

g [ Wwhy e LMQ), y(T) € V', w e (LX(Q)), Joi(t 2, y)dudt < oo,
] of(w) = fQj*(t, x, we)drdt + 07(ws) < 0o, (y,w) verifies (x)

dv) T
_ /Q ygda?dt+<yoa¢(0)>vgv+<w7Ao,oo¢>(L°O(Q))’,L°C(Q) = /O (), (8) 5 . dit(x)

y(0> — Yo,
for any v € WH2([0,T]; L™ () N L>(0,T; X), ¥(T) = 0.
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Variational formulation

Minimize (J) for all (y, w) € Uy

4

A solution to (P,,) is called a generalized solution to (O D P)
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Theorem

Problem (P,,) has a unique solution (y*, w").
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Theorem

Let (y,w) be the minimizer such that J.(y,w) = 0. If y € L>*(Q) then (y,w) is the
weak solution to (ODP),

we(t, x) € B(t,x,y(t,x)) a.e. (t,z) € Q

Ws € NC<y)



The solution (y, w) satisfies the equations

If y € int C={y € L™®(Q);esssupy(t,z) < ys;a.e.on Q} = Ne(y) = {0} = wy; =0
% — AP (t,x,y) > f, a.e.on Q)

with initial condition and b.c.
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The solution (y, w) satisfies the equations

If y € int C={y € L™®(Q);esssupy(t,z) < ys;a.e.on Q} = Ne(y) = {0} = wy; =0
dy

= AG*(t,z,y) > f, a.e. on Q)

with initial condition and b.c.

If y € 0C= {y € L>®(Q); esssupy(t,z) = ys a.e.} then there exist

53
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3 Comments and applications
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e prove of the well-posedness of (O D P) when other methods fail
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e prove of the well-posedness of (O D P) when other methods fail

@(t) + A(t)y(t) > f(t)a.e.t € (0,T),

dt
y(O) = Yo.
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e prove of the well-posedness of (O D P) when other methods fail

@(t) + A(t)y(t) > f(t)a.e.t € (0,T),

dt
y(0) = wo.
— Theory of evolution equations with m-accretive operators

— Lions theorem

= M.G. Crandall, A. Pazy, Proc. AMS, 1979 (f = 0)
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e prove of the well-posedness of (O D P) when other methods fail

e solving a minimization convex problem involving a linear state equation

e numerical facilities.
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O(u(t, z)d)

5 —AG(0)2 finQ

e Pollutant propagation in porous saturated media

u is the absobtion-desorbtion coefficient, 6 is the pollutant concentration
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O(u(t, z)d)
ot

~AB(0)3 finQ

e Pollutant propagation in porous saturated media
u is the absobtion-desorbtion coefficient, 6 is the pollutant concentration
e Infiltration processes in porous media (water infiltration in soils)

u is the medium porosity, ¢ is the water saturation in pores
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O(u(t, z)d)

5 —AG(0)2 finQ

e Pollutant propagation in porous saturated media
u is the absobtion-desorbtion coefficient, 6 is the pollutant concentration
e Infiltration processes in porous media (water infiltration in soils)
u is the medium porosity, ¢ is the water saturation in pores
e Previous results (for u very regular)
u constant G.M. 2005-2006

ul(t) G.M. 2007
u(x) degenerate case A. Favini, G.M. 2008, 2009
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O(u(t, z)d)
ot

Vy(t,z) =ult, 2)0(t, z),

dy
ot

~AB(0)3 finQ

u >0

Y AB(tay) 3 finQ.

62



A duality variational approach to time-dependent nonlinear diffusion equations

Future interests

e Case with transport
e Control problems

e Numerical methods
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Thank you for your attention
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