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(Ricci) curvature bounds on metric measure spaces
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geodesic balls are the extremal sets

if vol(A) > vol(B), B geodesic ball

then vol(A,) > vol(B,), r>0

vol (+)

normalized volume u(:) = oL (S
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metric measure space (X, d, 1)
(X,d) metric space

(o Borel measure on X, pu(X)=1
concentration function
a(r) = o(x,am(r) =sup {1 — p(A); w(A) > 1/2}, r>0
Ar={xeX;d(x,A)<r}

i uniformon S"CR™L:  a(r) < e (D2 5
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F: X — R 1- Lipschitz

m= mg median of F for pu

N =

w(F < m), w(F > m) >

A={F<m} = A C{F<m+r}

p({|F—=ml<r}) >1-2a(r), r>0
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ObsDiam,(X,d) = sup PartDiam,,(R)
F 1-Lip

i state on the configuration space (X, d)

F: X — R observable
yielding the tomographic image p — purp on R

pr(m=r,m+r)) =p({|IF—m| <r}) > 1-20a(r)
ObsDiam,, (X, d) ~ a (k)

)

ObsDiam,,(S") = O (
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dimension free concentration inequalities

model : Gaussian measure

dx
(27T)k/2

dy(x) = e /2 on (B[ -)

concentration property

Sk au(r) < e~ (n=1)r*/2R?

R~ /n
n
n

4 uniform on S\/ — 7 Gaussian

Gauss space : curvature 1 dimension oo
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Gaussian concentration . (r) < e /2

if ACRK (A >

N -

then v(A,) >1—e /2 r>0
ObsDiam.,(R¥) = O(1)

isoperimetric inequality

C. Borell, A. Ibragimov, V. Sudakov, B. Tsirel’son (1974-75)

independent of the dimension

infinite dimensional analysis (Wiener space)
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triple description of Gaussian concentration o (r) < e /2

e geometric
e functional

¢ measure/information theoretic

notion of curvature bound in metric measure spaces

complementary to PDE and calculus of variations viewpoint
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Prékopa-Leindler theorem

0e<[0,1], wu,v,w:R" =R,

if w(fx+(1-0)y) > u(x)?v(y)t? x,y eR"

won [wse = ( foa) ([ra)”

u=xa, v=xg multiplicative form of Brunn-Minkowski

vol, (A + (1 — 0)B) > vol,(A)’vol,(B)~?
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dx — dvy(x) = e X2

if W(QX + (1 _ H)y) > e—0(1—9)|X—y\2/2U(X)Bv(y)l—G’ x,y € R"

wen [wa> (foo) ([oar)”

concentration: 0 =1/2, w=1 v=xa u= ed(A)?/4

d(A2/agy < 1
e
/ 7= 50

WA) > 1-2e77/ (A) >

N~

extension : du = e_vdx, V'>c>0
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functional description : logarithmic Sobolev inequality

f>0 smoothonR”,/fd7:1
1 f|?
/flogfd7§2/|vf| dvy

[ flogfdy = H(fdvy|dy) entropy

f 2
/Wf’ dv  Fisher information

f—f: /f2logf2dfy§2/]Vf\2d’y

A. Stam (1959), L. Gross (1975)



concentration via the logarithmic Sobolev inequality (I. Herbst)

F:R" — R 1-Lipschitz, [Fdy=0
f=e/[eNdy, NeR
differential inequality on [ e d~y
/e/\de < M2 AeR

Y{F<r}) > 1—e "2 r>0
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measure/information theoretic description :

transportation cost inequality

v probability measure on R", v << v

Wa(v,7)? < H(v|7)

Hv|v) = /IogZ:dV

relative entropy

Wa(v,~)? W'?LW// x — y|*dn(x, y)

Kantorovich-Rubinstein-Wasserstein distance

M. Talagrand (1996)



concentration via the transportation cost inequality (K. Marton)

ABCR", d(AB)>r>0

ya = v(-1A), 8 = (-|B)

Wa(va,v8) < <|og 7(1/4))1/2+ (|0g,y(15)>1/2

< Wa(yame) < (log 7(1/\))1/2+ (log 7(13))1/2

v(A) > 1/2, B = complement of A,

S

v(A) > 1— e7’2/4, r>n
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Prékopa-Leindler inequality

fosr= (fon) (o)

logarithmic Sobolev inequality

1 [|VF|?
flogfdy < = d
/ ogfdy < 2/ o dy

transportation cost inequality

Wa(v,7)* < H(v[7)



Prékopa-Leindler inequality

fooe ([ (o)

logarithmic Sobolev inequality

C f|?
/flogfdug 2/]Vf| du

transportation cost inequality

Wa(v,1n)? < CH(v|p)

[ probability measure on R”

or more general spaces
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4

transportation cost inequality

F. Otto, C. Villani (2000)

PDE and transportation methods

hypercontractivity of Hamilton-Jacobi equations
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dimension free measure concentration
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parametrisation methods
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heat kernel parametrisation
logarithmic Sobolev inequality [ flog f dy < %fw dvy

generator Lf = Af —x-Vf, P;,=et" semigroup

invariant and symmetric for - (Gaussian measure)

d 1 |Cltf‘2
— [ P:f log Pf = —=
dt/ tf log Pf dy 2/ P.f dy

commutation  |[VP:f| < e 'P,(|Vf])

equivalent to a curvature condition
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extensions
o du=eVdx on R", V'>c>0

¢ Riemannian manifolds Ric > ¢ >0
Bochner's formula
%A(|Vf|2) — Vf - V(Af) = Ric(VF,VF)+ ||[Hess (f)||2 > c|VF[?
equivalent to  [VPf| < e “*P,(|Vf|)  D. Bakry (1986)

(Gauss space : curvature 1 )

¢ manifolds with weights

dp=eVdx, Ric+ Hess(V)>c>0
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extensions
o second order differential operators
D. Bakry, M. Emery (1985)
> curvature principle

analogue of Bochner's formula for Markov operator

diffusion processes, statistical mechanics,

geometric functional inequalities

Markov chains, discrete structures

Y. Ollivier (2008)
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c-convexity property of entropy along geodesic 19 = Ty(po)

H(uo | 1) < (1= 0)H(uo | 1) + OH(p1 | ) — c O(1 — ) Wa(po, p1)?

characterizes V" > ¢

reference measure  du = e Vdx

extends to (weighted) manifolds

characterizes Ric 4 Hess(V) > ¢

K. Th. Sturm (2005)
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J. Lott - C. Villani, K.-Th. Sturm (2006-09)
definition of lower bound on curvature
in metric measure space
H(uo | 1) < (1= 0)H(po | 12) + OH(pua | 12) — € 0(1 — 0) Wa(pao, 111)?
¢ generalizes Ricci curvature in Riemannian manifolds

¢ allows for geometric and functional inequalities

(transportation cost, logarithmic Sobolev inequalities)
¢ main result : stability of the definition by Gromov-Hausdorff limit

analysis on singular spaces (limits of Riemannian manifolds)
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