Homogenizing media containing a
highly conductive honeycomb
substructure.

Isabelle Gruais* and Dan Polisevski**
* |.R.M.A.R, Université de Rennes 1
**|.M.A.R., Bucarest

Homogenizing media
containing a highly
conductive
honeycomb
substructure.

Isabelle Gruais™ and
Dan Polisevski**

Contents

Setting of the problem
The control-zone
homogenization
method

The reticulated case

The gridwork case



Contents

@ Setting of the problem

@ The control-zone homogenization method

© The reticulated case

O The gridwork case

Homogenizing media
containing a highly
conductive
honeycomb
substructure.

Isabelle Gruais™ and
Dan Polisevski**

Setting of the problem
The control-zone
homogenization
method

The reticulated case

The gridwork case



Setting of the problem

11
B yg__ 1
Q=P 1] 2,2[ and neN.
1
= — = <
c=goq Z={keZ |k<n}
K=ck+el, keZ.
Remark

Obviously, cardZ. = 1/¢ and x € I if and only if there exists
k € Z. such that x € I-.
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For any i € {1,2,3}, we consider r. > 0, rl << ¢, that is
i

L 0 whene — 0.

3

Tei’k = {X = (X1,X2,X3) €Q, |X,‘—€k| < I’Ei}7 Tel = Ukez. Tai’k (1)

T.=U3. T, TI=TInT, for 1<i<j<3 (2

is defined for any k € Z..

Homogenizing media
containing a highly
conductive
honeycomb
substructure.

Isabelle Gruais™ and
Dan Polisevski**

Contents

The control-zone
homogenization
method

The reticulated case

The gridwork case



The problem

together with the natural transmission conditions on the
interface 97. \ 99Q.

—alAu, = f.
- —Au. =
T

u-=0 on 09,
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Variational formulation

Assuming that f. € H~'(Q), the variational formulation of our
problem is :

To find u. € H}(Q) such that
a/ Vu.Vv + b][ Vu.Vv = (f.,v), VYveH(Q), (6)
Q\T. T.
where we have used the notation
1
][ - = —/ - for any measurable E C Q (7)
e |ElJe

and (-, -) is the duality product between H='(Q) and H} (Q).
Applying the Lax-Milgram theorem we obtain :

Proposition
The variational equation (6) has a unique solution u. € HJ ().
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Aim

The aim of this paper is to describe the asymptotic behaviour
of the temperature u. as ¢ — 0, assuming that the source term
is weakly convergent :

3fe H'(Q) suchthat £ —~f in H'(Q). (8)

We have to remark here that the boundedness of (f.). implies
immediately :
Proposition

(u:)- is bounded in H}(2) and there exists C > 0, independent
of e, such that

][T Vul? < cC. ©)
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The control-zone homogenization method

In order to obtain further results, specific to the thin
substructure considered here, we have to introduce the
following operators :

Definition
To any u € H'(Q) we associate G.(u) € L?(Q) defined by the
following :

GL(U) (%1, %2, %8) = D> GL(U)(Xi)1 (),

keZ.
Xi= (-, 4, )eP
i 1 1
Gs,k(u) = Eu |X,‘:5k7ré + Eu |X,-:ek+r; 3 k e Zs

where u ‘x,-:ekir; are the traces of u on the corresponding
faces of T ,
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Specific operators

These operators have three basic properties :

Proposition

Forany u € H'(Q) and i € {1,2,3}, we have

i 2 i|ou
1,6t —u < |52
F 1€ WP = Gk

] ou

/
= < —_—
|GL(u) —ulg <€ %

Q
where | - |q is denoting the norm of L2(Q).

2
T
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Homogenizing media
containing a highly
. . . conductive
The first important consequence is honeycomb

substructure.

Isabelle Gruais™ and

Theorem Dan Polisevski**
There exists C > 0, independent of ¢, such that

Contents

Setting of the problem

][ ul? < CIVul3, Vue Hy(Q). (13) -
TE

The reticulated case

The gridwork case

3 3
Fupy f we<2y f (6w - uf+i6iw?).
T =17 T =17 T

2
0P < 2(max ) Vo + 4 (1GH(W) - uf+ lu)

Te i=1



As the techniques of [F. BENTALHA, |. GRUAIS, D. POLISEVSKI,
Diffusion in a highly rarefied binary structure of general periodic
shape, Applicable Analysis, 87(6), 2008, 635-655.] can be
used to the domain T (i < j), then, according to [M. BELLIEUD,
G. BOUCHITTE, Homogenization of elliptic problems in a fiber
reinforced structure. Non local effects, Ann. Scuola Norm. Sup.
Pis CI. Sci.(4), 26(3), 1998, 407—436.], we have :

Theorem
There exists C > 0, independent of ¢, such that

1, 1
][rff|u|2 = Cmax<1’ I 77, &5l _'> IVulg, Vue Hy(Q).

/
(14)

£ E
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Homogenizing media
containing a highly
conductive

e,
Finally, we remind an estimation of the same type which is tsablle Gruais and
1 an Polisevski
associated to
i Contents
TEO — 0?21 TEI (1 5) Setting of the problem
Theorem -
. . The reticulated case
There exists C > 0, independent of ¢, such that The gridork case

3
][ lul? < Cmax<1, ’Sr—) |Vul3, Yue Hl(Q). (16)
0 €

See :[F. BENTALHA, I. GRUAIS, D. PoLISEVsKI, Diffusion in a
highly rarefied binary structure of general periodic shape,
Applicable Analysis, 87(6), 2008, 635-655.]



First, let us introduce the tools of this method. Denoting

R={(R)., r' <<R <<e,i=1,238},

then, for any (R.). € R we define the control-zone of the

present problem by

s . .
Ce = UiLiCL,  Cl = Ukez.Cl,

ie {172’3}7

where for any k € Z. and i € {1,2,3} we have

= {x = (x1, %, x3) € Q,

X — ek| < RL}.
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Homogenizing media
containing a highly

The test-functions associated to this control-zone are defined conductive
by using the following capacitary functions w/ € W'->°(Q) substracture.
(f=1,2,3), given by e
rl- Contents
_ ﬁz |f X = (X1 , )(27 X3) c TEI Setting of the problem
W)= | ookl B
1— . f ! ! .
Ré ! X E (Cs,k \ TE’k)7 k E z The reticulated case
O |f X € Q \ Cé, The gridwork case
(20)
and the step approximation operators introduced by
Definition
To any ¢ € D(R) we associate p. € L*(Q) (i=1,2,3):
oL(X1, %2, X8) = Y ¢ |x=ek(Xi) 1y, (i), (21)

keZ.

where [, := ek + 2RL1.



These operators have the following basic properties :

VW |e < 2 \"*
el = \eRL

o — @Lli(c1) < RLVe|ie()-

L 1)2
. 2R
Vel < (T) IVlre ()

Homogenizing media
containing a highly
conductive
honeycomb
substructure.

Isabelle Gruais™ and
Dan Polisevski**

Contents

Setting of the problem

The reticulated case

(23) The gridwork case

(24)



The reticulated case

Forany i € {1,2,3} let us denote m; > 0 as the limit of

m; = lim

Obviously, we have

7]
e—0 |TE|

my+my+mg=1.

In this section, we consider the case when

m; > 0,

that is the case when all the three parameters r! have the

Vi e {1,2,3},

(26)

same order of magnitude with respect to . This geometry is
called sometimes as the box-structure case.
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We can present now the preliminary convergence results :

Proposition

There exists u € H}(£2) such that, on some subsequence,
there hold

u. —u in Hi(Q) (27)
Gl(u.)—u in L3Q), Vie{1,2,3} (28)
][ UEVH/UV, Yv € HI(Q). (29)

s Q

Moreover, for any i € {1,2,3} we have :

ou, ou 1 , .
][Téaxj‘/*/m%% Vv e Hy(Q), vie{1,2,3}, j#I
(30)
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In order to prove these inequalities we remark that

T
][ u.v ===
T- | €

T

€

| Tel

7

S

| Tel

U.
7!

0|

w3 1T
e 7.

1<i<j<3
3
( ) ‘VV|Q — O

f s <l
To .

i €V+Z|T|

7]
<Ci=
— T

][ usv—>/uv, Vv € HI(Q).
Ti Q

(31)

<1 Ezln—, e2In— ) [Vv|q — 0.

(32)
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Next, let ¢ € D(Q) and i € {1,2,3}. Denoting by v = (v1,v2,v3)
the outward normal to 7. we obviously have ¢v; = 0 on 0T/

][ ou, ][u
Y=
7 0X; T

Rady
0x,

(j # i) and hence :

It follows

Efa% H,/JE_ ou
nox” T o on o dx”

The proof is completed by continuity

%

ou
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Now we can present our main result.

Theorem
(u:)- is weakly convergent in H} (). Its limit, u € H} (), is the
only solution of the equation

ox?

> b 02u
— E a+—-(1-m) =f in Q (33)
i=1 ( 3 )
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Forany i € {1,2,3}, let (R!). € R and ¢ € D(Q).

We denote

Then we set

a
Q\ TE

v = V.(¢) in (6) and it follows

Vu.Vv.(p) + b][T Vu.Vv.(p) = (f:, ve(p)).

(34)
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3 i
r
a Vu.Vv.(p) =a < 5.) VuVo+
o\T. () ; RL) JaT.

Vu.(Vel — V)w!
é\TE

3 3
+a2/ VUEVW£(¢2—¢)+32/
i=1 i=1

IE\TE

—>3/VUV<,0+0
Q

3 i
r
a 1- = vu.vV 3a| VuVe.
;( Ré) ae. 0T /Q v
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Contents
f Setting of the problem
b VUE V V;_- b E VUEV 1 - _I + The control-zone
| T | RE homogenization
method

3
1 i The gridwork case
= v
+b ;:1 7 VU VVi(p)

cinT,

3
ou dp
~bym ([vuve- [ Seme)+o



3 3
() =Y (1= ) (o DR (el — 3o,

i=1 i=1

Resuming, we can say that if we pass to the limit, then we
obtain :

3
oudyp
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Homogenizing media
containing a highly
conductive

honeycomb
Remark substructure.
. q q Isabelle Gruais™ and
In spite of the vanishing volume of the rectangular honeycomb Dan Polisevski**
structure the homogenized behaviour is anisotropic, except the
1 Contents
case when my = m, = ms = —. Setting of the problem
3 The control-zone
homogenization
method
Remark The reticulated case

The reticulated domain occupied by all the intersections of the Rlelditeoicess
layers has no distinct influence upon the asymptotic distribution
of the temperature. For i < j and k € {i, j}, this follows from

1 . 1
‘ Vu Vot <C|VSD|L<>°(Q)( 1 / |VUs|2>2 <T€U>2 <
|TE| 7! |Te| Ti . |Te|
r-\ 2
< =
<c)(T)" -0

(35)



The gridwork case

Using the notations and definitions of the previous sections, the
gridwork case corresponds to the situation when the horizontal
layers are missing and the other two layers have the same
order of magnitude with respect to «.

It follows that

T.=T'UT? (36)
and there exist
T
m; = I|m0 .| (i=1,2), suchthat my+my=1. (37)

For consistency with the honeycomb case, we also define here

ms = 0. (38)

Obviously, for i € {1,2} the properties of the corresponding
operators are still valid. Then we prove similar results.
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The homogenization result in this case is the following :

Theorem

(u:)- is weakly convergent in H} (). Its limit, u € H} (), is the
only solution of the equation :

ox?

3
-y <a+ 2(1 - m,-)) PU_t i o (39)
i=1

Remark

Assuming that the quantity | 7| is the same in the both cases
that we considered, the significant difference between the limit
equations shows how important is the internal geometry of the
vanishing superconductive material.
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