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�
dX t ,x ,us = b (s,X t ,x ,us , us ) ds f+σ (s,X t ,x ,us , us ) dWsg , t � s � T ,
X t ,x ,ut = x 2 RN ,

h semicontinuous,

V (t, x) = inf E
�
h
�
X t ,x ,uT

��
,
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An example
Main result

T > 0 �nite time horizon

t0 2 [0,T ] ,
U compact metric space

admissible control u 2 U : Lebesque-measurable, U-valued�
dx t0,x0,ut = b

�
t, x t0,x0,ut , ut

�
dt, t0 � t � T ,

x t0,x0,ut0 = x0 2 RN ,
(1)
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Which de�nition?

reachable set R (T , t0) x0 =
�
x t0,x0,uT : u 2 U

	

either de�ne

V (t0, x0) = inf fh (x) : x 2 cl (R (T , t0) x0)g ? (V1)

or
Λ (t0, x0) = inf

u2U
h
�
x t0,x0,uT

�
?

if convexity Frankowska �93, Plaskacz, Quincampoix �01,
V = Λ
if h is u.s.c., V = Λ
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An example

R2,U = f�1, 1g,

f : R3 � U �! R

f (t, x , y , u) =
�
u, x2 ^ 1

�
,

8t, x , y 2 R, u 2 U.
h : R2 �! R

h (x , y) =
�
1, if (x , y) 6= (0, 0) ,
0, if (x , y) = (0, 0) .

(0, 0) 2 cl (R (T , t0) (0, 0)) and (0, 0) /2 R (T , t0) (0, 0) =)

inf
u2U

h
�
x t0,0,0,u(�)T , y t0,0,0,u(�)T

�
= 1 6= V (t0, 0, 0) .
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V (t0, x0) = inf fh (x) : x 2 cl (R (T , t0) x0)g (V1)

�
∂tV (t, x) +minu2U h∂xV (t, x) , f (t, x , u)i = 0,
if t 2 (0,T ) , x 2 RN ,

(HJ Mayer)
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Main Result

Theorem

(a) h l.s.c., V is the smallest l.s.c. supersolution of (HJ Mayer) s.t.
V (T , �) � h (�) .
(b) h u.s.c., V is the largest u.s.c. subsolution of (HJ Mayer) s.t.
V (T , �) � h (�) .

Lemma

If ϕ is a l.s.c. supersolution of (HJ Mayer), s.t. ϕ (T , �) � h (�) ,
then

ϕ (t0, x0) � inf fϕ (T , x) : x 2 cl (R (T , t0) x0)g ,

8 (t0, x0) 2 (0,T )�RN .
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Linear formulation in Lipschitz case
Discontinuous setting
Weak control formulation

(Ω,F ,P) complete probability

a �ltration F = (Ft )t�0 satisfying the usual assumptions
W be a standard, d-dimensional Brownian motion

admissible (strong) control u 2 U : U-valued, progressively
measurable�
dX t ,x ,us = b (s,X t ,x ,us , us ) ds + σ (s,X t ,x ,us , us ) dWs , t � s � T ,
X t ,x ,ut = x 2 RN ,

(2)
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Linear formulation in Lipschitz case
Discontinuous setting
Weak control formulation

Main assumptions

b : R�RN � U �! RN , σ : R�RN � U �! RN�d

(i) b, σ bounded, uniformly continuous

(ii) 9c > 0 s.t.
jb (t, x , u)� b (t, y , u)j+ jσ (t, x , u)� σ (t, y , u)j � c jx � y j
and
jb (t, x , u)� b (s, x , u)j+ jσ (t, x , u)� σ (s, x , u)j �
c jt � s j

δ0
2 ,

8 (t, s, x , y , u) 2 [0,T ]2 �R2N � U.
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Linear formulation in Lipschitz case

Assume: h : RN �! R is bounded and Lipschitz-continuous.

Value function Vh (t, x) = infu2U E
�
h
�
X t ,x ,uT

��
.

Vh is he unique viscosity solution in the class of linear-growth
continuous functions of8<:
�∂tVh (t, x) +H

�
x ,DVh (t, x) ,D2Vh (t, x)

�
= 0,

for all (t, x) 2 (0,T )�RN , (HJB)
Vh (T , �) = h (�) on RN ,

,

H (t, x , p,A) =
supu2U

�
� 1
2Tr (σσ� (t, x , u)A)� hb (t, x , u) , pi

	
,
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Linear formulation in Lipschitz case
Discontinuous setting
Weak control formulation

(Finite horizon) Occupational measures 1

Linear programming tools: Stockbridge (90), Bhatt, Borkar
(�96), Kurtz, Stockbridge (�98), Borkar, Gaitsgory (�05)

(t, x) 2 [0,T )�RN , u 2 U ,
γt ,x ,u (A� B � C �D) =
1

T�tE
hR T
t 1A�B�C ((s,X

t ,x ,u
s , us )) ds

i
P
�
X t ,x ,uT 2 D

�
,

A� B � C �D � [0,T ]�RN � U �RN , Borel sets.R
[t ,T ]�RN�U�RN

�
jy j2 + jz j2

�
γt ,x ,u (ds, dy , dv , dz) �

C0
�
jx j2 + 1

�
.

γt ,x ,u 2 P
�
[t,T ]�RN � U �RN

�
: 8φ 2

C 1,2b
�
[0,T ]�RN

�
,R

[t ,T ]�RN�U�RN

�
(T � t)Lvφ (s, y)
+φ (t, x)� φ (T , z)

�
γ (ds, dy , dv , dz) =

0 (Itô�s formula).
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Linearized formulation

h�(t, x) = infγ2Θ(t ,x )
R

RN h (z) γ
�
[t,T ] ,RN ,U, dz

�
,

dual formulation:
η� (t, x) =

sup

8<:
η 2 R : 9φ 2 C 1,2b

�
[0,T ]�RN

�
s.t.

8 (s, y , v , z) 2 [t,T ]�RN � V �RN ,
η � (T � t)Lvφ (s, y) + h (z)� φ (T , z) + φ (t, x) ,

9=; ,
(t, x) 2 [0,T )�RN .

In in�nite horizon (discounted) setting : Buckdahn, G.,
Quincampoix (preprint)

Theorem

h Lipschitz, bounded =) Vh (t, x) = h� (t, x) = η� (t, x) ,
8 (t, x) 2 [0,T )�RN .
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R

RN h (z) γ
�
[t,T ] ,RN ,U, dz

�
,

(t, x) 2 [0,T )�RN ,
Vh (T , �) = h (�) .

Theorem

(L) Vh is the smallest lower semicontinuous viscosity supersolution
and

Vh (t, x) = η� (t, x) ,

8 (t, x) 2 [0,T )�RN .
(U) Vh is the largest upper semicontinuous viscosity subsolution of
(HJB).

(L) inf-convolution hn (x) = infy2RN (h (y) ^ n+ n jy � x j)
+ compactness.
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What about the dual formulation? 1

�
dX t ,xs = 0, for 0 � t � s � T = 1,
X t ,xt = x 2 R.

, h (�) = 1f0g (�) .

Vh (t, �) = h (�) , for every t 2 (0,T ]
In particular, Vh

� 1
2 , 0
�
= 1.

η�
� 1
2 , 0
�

= sup

8<:
η 2 R : 9φ 2 C 1,2b ([0, 1]�R)
s.t. 8 (s, y , z) 2

� 1
2 , 1
�
�R2,

η � 1
2∂tφ (s, y) + h (z)� φ (1, z) + φ

� 1
2 , 0
�
9=; =

0.
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Weak control formulation. U.s.c. case

π =
�
Ω,F , (Ft )t�0 ,P,W , u

�
,

Uw ,
V wh (t, x) = infπ2Uw Eπ

�
h
�
X t ,x ,uT

��
.

Proposition

If h is u.s.c., then Vh (t, x) = V wh (t, x) , (t, x) 2 [0,T ]�RN .
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Weak control formulation. L.s.c. case

V wh (t, x) = infπ2Uw Eπ
�
h
�
X t ,x ,uT

��

fσσ� (t, x , u) , b (t, x , u) : u 2 Ug is convex.

Proposition

If convexity and h is l.s.c., then Vh (t, x) = V wh (t, x) .

Idea of the proof: use inf-convolution + control rules
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Thank you !
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