
On the relaxed Saint–Venant’s problem for transversely
isotropic porous elastic circular cylinder1

Ionel–Dumitrel Ghiba

“Octav Mayer" Mathematics Institute, Romanian Academy of Science &
“Al.I.Cuza" University of Iasi, Departament of Mathematics

10ème Colloque Franco-Roumain de Mathématiques Appliquées,
Poitiers, 2010

1This work was supported by CNCSIS -UEFISCSU, project number 15 PNII - IDEI code
ID–401/2007



J.W. Nunziato and S.C. Cowin, A nonlinear theory of elastic materials with
voids, Arch. Rational Mech. Anal. (1979) 72, 175–201.

S.C. Cowin and J.W. Nunziato, Linear elastic materials with voids,
J. Elasticity (1983) 13, 125–147.



Basic equations of the theory

The theory of elastic materials with voids has been established by Nunziato
and Cowin (1979).

In this theory, the bulk density is written as the product of two fields, the
matrix material density field and the volume fraction field

ρ = νρ̂. (1)

This representation has been previously used by Goodman and Cowin
(1972) to establish a theory of granular material.



We consider a right circular cylinder of length L and radius a, occupied by a
porous elastic material.

We denote by B the interior of cylinder, by ∂B the boundary of B and by
D ⊂ R2 the interior of the bounded cross section.

We choose a rectangular cartesian system Ox1x2x3 so that the Ox3 axis is
parallel with the generator of the cylinder and O is the center of one of ends.
The lateral boundary of the cylinder is Π = ∂D × (0, L) and D0 and DL are,
respectively, the cross sections located at x3 = 0 and x3 = L.



Let u be the displacement field over B and ϕ the volume distribution function.
We denote by U the four–dimensional vector (ui , ϕ).

In the theory of porous materials introduced by Cowin and Nunziato, the
equations of equilibrium are

tji,j + fi = 0,

hi,i + g + ` = 0.
(2)



The components of the stress tensor, the components of the equilibrated
stress vector and the intrinsic equilibrated body force for anisotropic porous
material [1] are

tij (U) = Cijrsers + Bijϕ+ Dijrϕ,r ,

hi (U) = Drsiers + diϕ+ Aijϕ,j ,

g(U) = −Bijeij − ξϕ− diϕ,i ,

(3)

where eij is the linear strain measure given by

eij (u) =
1
2

(ui,j + uj,i ), (4)

Cijrs, Bij , Aij , Dijk , di and ξ are the constitutive coefficients which satisfy the
symmetry relations

Cijrs = Crsij = Cjirs, Aij = Aji , Bij = Bji , Dijk = Djik . (5)



To these equations we adjoin the following boundary conditions

ui = ũi on S1, tjinj = t̃i on S2,

ϕ = ϕ̃ on S3, hini = h̃ on S4,
(6)

where Sr , (r = 1, 2, ..., 4), are parts of ∂B such that S1 ∪ S2 = S3 ∪ S4 = ∂B,
S1 ∩ S2 = S3 ∩ S4 = ∅, ũi , t̃i , ϕ̃ and h̃ are prescribed functions.



The necessary and sufficient conditions for the existence of a solution of the
traction problem (S1 = ∅) are given by∫

B
fidv +

∫
∂B

t̃ida = 0,∫
B
εijr xj fr dv +

∫
∂B
εijr xj t̃r da = 0.

(7)



The generalized plane strain state

Following Ieşan (1987) and Chiriţă (1979) we define the state of generalized
plane strain for the interior of the cross section domain, D ⊂ R2, of the
considered cylinder to be the state in which the displacement field w and the
volume distribution ψ depend only on x1 and x2

wi = wi (x1, x2), ψ = ψ(x1, x2), (x1, x2) ∈ D. (8)

In this case, the components of the stress tensor, the components of the
equilibrated stress vector and the intrinsic equilibrated body force are function
of x1 and x2, i.e. Tij = Tij (x1, x2), Hi = Hi (x1, x2) and G = G(x1, x2).
Moreover, we have

Tij (W) = Cijkαwk,α + Bijψ + Dijαψ,α,
Hi (W) = Aiαψ,α + Drαiwr,α + diψ,
G(W) = −Biαwi,α − ξψ − dαψ,α,

(9)

where W = (wi , ψ).



Given the body force fi (x1, x2) and the extrinsic equilibrated force (Goodman
and Cowin, 1972) `(x1, x2) on D, the boundary force T̃i (x1, x2) and the
boundary equilibrated force H̃(x1, x2) on ∂D the plane strain problem for
D ∪ ∂D consists in finding a solution w, ψ of the boundary value problem S
defined by the equations

[Ciαkβwk,β + Biαψ + Diαβψ,β ],α = −fi ,
[Aαβψ,β + Drβαwr,β + dαψ],α − Biαwi,α − ξψ − dαψ,α=−` in D, (10)

and the boundary conditions

Pi (W) ≡ [Ciαkβwk,β + Biαψ + Diαβψ,β ]nα = T̃i ,

D(W) ≡ [Aαβψ,β + Drβαwr,β + dαψ]nα = H̃ on ∂D.
(11)



We assume that fi , ` ∈ C∞(D) and T̃i , H̃ ∈ C∞(∂D). The necessary and
sufficient conditions for the existence of a solution of the generalized plane
problem (Ieşan and Ciarletta, 1993) are given by∫

D
fi da +

∫
∂D

T̃i ds = 0,
∫

D
ε3αβxαfβ da +

∫
∂D
ε3αβxαT̃β ds = 0, (12)

where εijk is the alternating symbol. This implies that, for the existence of
solution, the resultant and torque of the supply loads must be zero.



Transversal isotropic elastic materials with voids

We suppose that the axis Ox3 is an axis of elastic symmetry and the planes
normal on this axis are planes of isotropy. In the case of transverse isotropy,
the mechanical response of the body remains unaffected due to arbitrary
rotations about the direction of Ox3 and due to reflections about the planes
perpendicular to this direction.

For this class of materials we have only ten non-zero independent
constitutive coefficients

cij ≡ Ciijj , i, j ∈ {1, 2, 3} (not summed), c11 = c22, c13 = c23,

c44 ≡ C2323 = C1313, b1 ≡ B11 = B22, b3 ≡ B33,

a1 ≡ A11 = A22, a3 ≡ A33 and ξ.

(13)

We note that in the case of isotropic materials with voids, the number of
independent constitutive coefficients is five [1].



The constitutive equations (3), in the case of transversely isotropic materials
are reduced to

t11(U) = c11e11 + c12e22 + c13e33 + b1ϕ,

t22(U) = c12e11 + c22e22 + c13e33 + b1ϕ,

t33(U) = c13e11 + c13e22 + c33e33 + b3ϕ,

t12(U) = (c11 − c12)e12,

t13(U) = 2c44e13,

t23(U) = 2c44e23,

h1(U) = a1ϕ,1,

h2(U) = a1ϕ,2,

h3(U) = a3ϕ,3,

g(U) = −b1(e11 + e22)− b3e33 + ξϕ.

(14)



Throughout this paper we assume that the internal energy density

W(U)=
1
2

c11e2
11 + c12e11e22 + c13e11e33 +

1
2

c11e2
22 + c13e22e33+

+
1
2

c33e2
33 + 2c44e2

23 + 2c44e2
13 + (c11 − c12)e2

12 + b1e11ϕ+ b1e22ϕ+

+b3e33ϕ+
1
2
ξϕ2 +

1
2

a1ϕ,1ϕ,1 +
1
2

a1ϕ,2ϕ,2 +
1
2

a3ϕ,3ϕ,3

(15)
is a positive defined quadratic in terms of eij , ϕ and ϕ,i . This is true if and only
if

c11 > 0, c33 > 0, c55 > 0, ξ > 0, a1 > 0, a3 > 0,

|c12| < c11, |c13| <
√

1
2 (c11 + c12) c33,(

c13 −
b1b3

ξ

)2

<

(
c33 −

b2
3

ξ

)[
1
2 (c11 + c12)− b2

1

ξ

]
.

(16)



For a state of generalized plane strain W=(wi (x1, x2), ψ(x1, x2)), (x1, x2) ∈ D,
we define the operators

S1(W) = c11w1,11 + c12w2,21 +
1
2

(c11 − c12)(w1,22 + w2,12) + b1ψ,1,

S2(W) = c11w2,22 + c12w1,12 +
1
2

(c11 − c12)(w2,11 + w1,21) + b1ψ,2,

S3(W) = w3,αα,

C(W) = a1ψ,αα − b1wα,α − ξψ,

H1(W) = (c11w1,1 + c12w2,2 + b1ψ)n1 +
1
2

(c11 − c12)(w1,2 + w2,1)n2,

H2(W) =
1
2

(c11 − c12)(w2,1 + w1,2)n1 + (c11w2,2 + c12w1,1 + b1ψ)n2,

H3(W) = w3,αnα,
D(W) = a1ψ,αnα.

(17)



Construction of solution of the extension, bending and torsion problem

In this section we give the solution of the extension, bending and torsion
problem. This problem for the porous elastic cylinder B consists in the
determination of a solution U = (ui , ϕ) of the equilibrium equations that
satisfies the boundary lateral conditions

ti (U) = 0, h(U) = 0 on ∂D × (0, L), (18)

and ∫
D

t3α(U) da = 0
∫

D
t33(U) da = −R3,∫

D
εijk xj t3k (U) da = −Mi , h(U) = 0 on x3 = 0,

(19)

where R3 and Mi are given. We have similar condition on the end x3 = L.
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Let us consider W(s) = (w(s), ψ(s)), s = 1, 2, 3 solutions of the problems
characterized by the equations

Si (W(s))+f (s)
i = 0, C(W(s)) + `(s) =0 in D, (20)

and the boundary conditions

Hi (W(s)) = T̃ (s)
i , D(W(s)) = H̃(s) on ∂D, (21)

where
f (γ)
α = c13δαγ , f (β)

3 = 0, f (3)
i = 0,

`(γ) = −b3xγ , `(3) = −b3,

T̃ (γ)
α = −c13xγnα, T̃ (i)

3 = 0,

T̃ (3)
α = −c13nα, H̃(i) = 0,

(22)

According to the existence results presented above, these generalized plane
strain problems have solutions.



We find a solution of the extension, bending and torsion problem to be

UI =
4∑

s=1

αsU(s) (23)

where the vectors U(s) = (u(s), ψ(s)), s = 1, 2, 3, 4 are defined by

u(β)
α = −1

2
x2

3 δαβ + w (β)
α (x1, x2),

u(β)
3 = xβx3 + w (β)

3 (x1, x2),

u(3)
α = w (3)

α (x1, x2), u(3)
3 =x3 +w (3)

3 (x1, x2),

u(4)
α = ε3βαxβx3, u(4)

3 = 0,
ϕ(i) = ψ(i), i = 1, 2, 3, ϕ(4) = 0

(24)



and the unknown constants αs, s = 1, 2, 3, 4, are solutions of the following
algebraic system

4∑
s=1

αsDαs = ε3αβMβ ,
4∑

s=1

αsD3s = −R3,

4∑
s=1

αsD4s = −M3.

(25)

with
D3s =

∫
D

t33(U(s)) da,

Dβs =

∫
D

xβ t33(U(s)) da,

D4s =

∫
D
ε3αβxαt3β(U(s))da.

(26)

Because the internal energy is positive definite, we can prove [6] that

det(Drs) 6= 0, (27)

so that the system (25) uniquely determines the constants αs, s = 1, 2, 3, 4.



In what follows, we solve the three problems defined by relations (20)–(22).
First, it is easy to see that W(3) defined by

w (3)
1 = −ν1x1, w (3)

2 = −ν1x2, ψ(3) = −ν2, w (3)
3 = 0, (28)

with
ν1 =

c13ξ − b1b3

(c11 + c12)ξ − 2b1
, ν2 =

(c11 + c12)b3 − 2c13b1

(c11 + c12)ξ − 2b2
1

, (29)

is solution of the third problem.



Next, we search a solution W(1) of the first problem in the form

w (1)
1 = v (1)

1 −
1
2
ν1(x2

1 − x2
2 ),

w (1)
2 = v (1)

2 − ν1x1x2,

w (1)
3 = 0,

ψ(1) = φ(1) − ν2x1,

(30)

where V(1) = (v (1)
1 , v (1)

2 , φ(1)) is solution of the problem defined by the
equations

Sα(V(1))= 0, C(V(1))=0 in D, (31)

and the boundary conditions

Hα(V(1)) = 0, D(V(1)) = a1ν2n1 on ∂D. (32)



We rewrite this problem in the polar coordinates (r , θ). We denote by u and v
the components of the vector v(1) = (v (1)

1 , v (1)
2 ) in polar coordinates.

The constitutive equations in polar coordinates are

trr (V(1)) = c11err (v(1)) + c12eθθ(v(1)) + b1φ
(1),

tθθ(V(1)) = c12err (v(1)) + c11eθθ(v(1)) + b1φ
(1),

trθ(V(1)) = (c11 − c12)erθ(v(1)),

hr = a1
∂φ(1)

∂r
, hr = a1

∂φ(1)

∂r
,

hθ = a1
1
r
∂φ(1)

∂θ
,

g = −b1

[
1
r
∂

∂r
(ru) +

1
r
∂v
∂θ

]
− ξφ(1),

(33)

where

εrr =
∂u
∂r
, εθθ =

1
r

(
∂v
∂θ

+ u
)
, εrθ =

1
2

(
1
r
∂u
∂θ

+
∂v
∂r
− 1

r
v
)
. (34)



The equilibrium equations become

∂trr
∂r

+
1
r
∂trθ
∂θ

+
1
r

(trr − tθθ) = 0,

∂trθ
∂r

+
1
r
∂tθθ
∂θ

+
2
r

trθ = 0,

1
r
∂

∂r
(rhr ) +

1
r
∂hθ
∂θ

+ g = 0,

(35)

and the boundary conditions (21) become

trr = 0, trθ = 0, hr =
1
a

a1ν2cosθ. (36)



Let us introduce the quantities

c1 =
1
2

(
1− c12

c11

)
, c2 =

b1

c11
. (37)

As in [13], we search a solution of the above problem in the following form

u(r , θ) = U(1)(r) cos θ, v(r , θ) = V (1)(r) sin θ, φ(r , θ) = Ψ(1)(r) cos θ. (38)

where U(1),V (1) and Ψ(1) are solution of the following system of differential
equations

r 2 d2U(1)

dr 2 + r
dU(1)

dr
− (1 + c1)U(1) + r(1− c1)

dV (1)

dr
−

−(1 + c1)V (1) + c2r 2 dΨ(1)

dr
=0,

c1

(
r 2 d2V (1)

dr 2 + r
dV (1)

dr

)
− (1 + c1)V (1) − r(1− c1)

dU(1)

dr
−

−(1 + c1)U(1) − c2rΨ(1) =0,

a1

[
1
r

d
dr

(
r

dΨ(1)

dr

)
− 1

r 2 Ψ(1)

]
− b1

[
1
r

d
dr

(rU(1)) +
1
r

V (1)

]
− ξΨ(1) =0.

(39)



For this type of system, Ieşan and Nappa (1995) give the following solution

U(1) = A1 + Q1A2r 2 − c2

2p
A3[I0(pr) + I2(pr)],

V (1) = −A1 −Q2A2r 2 +
c2

2p
A3[I0(pr)− I2(pr)],

Ψ(1) = A3I1(pr) +
8b1c1

α(1− 3c1)p2 A2r ,

(40)

where In is the modified Bessel functions of order n and

p2 =
ξ

a1
− b2

1

c11a1
,

Q1 =
1

1− 3c1

(
1− 3c1 −

3c1c2b1

a1p2

)
,

Q2 =
1

1− 3c1

(
3− c1 −

c1c2b1

a1p2

)
.

(41)

We note that in view of relation (16) it follows that the real number p is well
defined.



From the boundary conditions (36) the unknown constants A2 and A1 have
the expression

A2 = − 2c1b1I2(pa)ν2p2a1(1− 3c1)

Γa2p4(1− 3c1)a1I′1(pa)− 16c2
1b2

1aI2(pa)
,

A3 =
1

apI′1(pa)

(
ν2 −

8b1c1a
a1p2(1− 3c1)

A2

)
,

(42)

where

Γ = (2c11 + c12)Q1 − c12Q2 +
8b2

1c1

a1(1− 3c1)p2 . (43)



From the above discussion we can conclude that

w (1)
1 =

(
U(1)(r)− 1

2
ν1r 2

)
cos2 θ −

(
V (1)(r)− 1

2
ν1r 2

)
sin2 θ,

w (1)
2 = (U(1)(r) + V (1)(r)− r 2) sin θ cos θ,

w (1)
3 = 0,

ψ(1) = (Ψ(1)(r)− r) cos θ.

(44)

is solution of the first problem defined by (20)–(22).

Similarly, we can find the solution of the second problem to be

w (2)
1 = (U(1)(r) + V (1)(r)− r 2) sin θ cos θ,

w (2)
2 =

(
U(1)(r)− 1

2
ν1r 2

)
sin2 θ −

(
V (1)(r)− 1

2
ν1r 2

)
cos2 θ,

w (2)
3 = 0,

ψ(2) = (Ψ(1)(r)− r) sin θ.

(45)



From relations (24), (26), (28), (44) and (45) we obtain the components of the
matrix (Dij )4×4

D11 = D22 = J, D33 = Eπa2, D44 =
c13πa4

2
,

D12 = D21 = Dβ3 = D3β = Dβ4 = D4β = D43 = D34 = 0,
(46)

where

J =
π

4
a4Q +

πa
p2 (b3 − c13c2)A3 (apI0(pa)− 2I1(pa)) ,

Q = E + c13(3Q1 −Q2)A2 +
8b1b3c1

a1p2(1− 3c1)
A2,

E = −2ν1c13 − b3ν2 + c33.

(47)

From the algebraic systems (25) we find the unknown constants αs to be

α1 =
M2

J
, α2 = −M1

J
, α3 = − R3

Eπa2 , α4 = − M3

c13πa4 . (48)

With these, we have the complete expression of solution of the problem (P1).
In view of the constitutive equations (14) we can observe that the solution
constructed in this section corresponds to the null equilibrated stress vector’s
values on the ends of cylinder.



Solution of the flexure problem

We solve in the following the flexure problem. The flexure problem consist in
finding a solution U = (ui , ϕ) of the equilibrium equation which satisfy the
following boundary conditons

ti (U) = 0, h(U) = 0 on ∂D × (0, L), (49)

and ∫
D

t3α(U) da = −Rα,
∫

D
t33(U) da = 0,∫

D
εijk xj t3k (U) da = 0, pe x3 = 0, L,

h(U) =


α

J
(Ψ(1)(r)− ν2r)(R1 cos θ + R2 sin θ), x3 = 0

−α
J

(Ψ(1)(r)− ν2r)(R1 cos θ + R2 sin θ), x3 = L.

(50)

where Rα are prescribed functions and J,Ψ(1)(r) and ν2 are quantities
defined in the above section.



Using the results established in the previous section, we propose the
following simplified expression for a solution, UII = (uII , ϕII), of the problem
(P2)

uII
α = −1

6
βαx3

3 +
∑
γ=1,2

x3βγw (γ)
α ,

uII
3 =

1
2
βρxρx2

3 + w∗3 ,

ϕII =
∑
γ=1,2

x3βγϕ
(γ),

(51)



where W(s) = (w(s), ψ(s)) are solutions of the generalized plane strain
problem defined in the previous section, βγ are unknown constants which will
be determined, while the function w∗3 is solution of the following problem

∆w∗3 = −
∑
γ=1,2

βγ t33(U(β))− c44

∑
γ=1,2

βγw (γ)
α,α in D,

w∗3,αnα = −c44

∑
γ=1,2

βγw (γ)
α nα on ∂D

(52)

where ∆ =
∂

∂x2
1

+
∂

∂x2
2

is the Laplace operator in two dimensions.

We can observe that, in view of (26), (46), the necessary condition for the
existence of solution of the above Neumann type problem holds.



With the help of relations (23), (44) we can rewrite this problem in the polar
coordinates (r , θ)

∆w∗3 = (Mr + NI1(pr))(β1 cos θ + β2 sin θ) in D,
∂w∗3
∂r
|r=a = −(U(1)(a)− 1

2
ν1a2)(β1 cos θ + β2 sin θ),

(53)

where

M = −
{(

1 +
c13

c44

)
[(3Q1 −Q2)A2 − 2ν1] +

8b1c1

a1(1− 3c1)c44p2 A2 +
c13

c44
c33 +

b3

c44

}
,

N =

[(
1 +

c13

c44

)
c3 −

b3

c44

]
A3.

(54)



In [6], Ghiba gives the expression of solution of this type of problem in the
form

w∗3 = W (r)(β1 cos θ + β2 sin θ), (55)

with

W (r) = M
r 3

8
+N

I1(pr)

p2 −
[

3
4

Ma2 + 2N
I′1(pa)

p2 + 2(U(1)(a)− 1
2
ν1a2)

]
r
2
. (56)



On the other hand, in view of the end conditions characteristic to the flexure
problem (see also Remark 4.2 from the paper [6]), the unknown constants βα
must satisfy the equations ∑

γ=1,2

βγDαγ = −Rα. (57)

Thus, we obtain

β1 = −R1

J
, β2 = −R2

J
. (58)

The solution of the problem (P2) corresponds to the following equilibrated
stress on the ends of cylinder

h=
a1

J
(Ψ(1)(r)−ν2r)(R1 cos θ + R2 sin θ) on D0,

h=−a1

J
(Ψ(1)(r)−ν2r)(R1 cos θ + R2 sin θ) on DL.

(59)

and we can observe that the resultant flux of porosity vanishes on the ends of
cylinder.
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