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Basic equations of the theory

The theory of elastic materials with voids has been established by Nunziato
and Cowin (1979).

In this theory, the bulk density is written as the product of two fields, the
matrix material density field and the volume fraction field

p=vp. (1)
This representation has been previously used by Goodman and Cowin
(1972) to establish a theory of granular material.



We consider a right circular cylinder of length L and radius a, occupied by a
porous elastic material.

We denote by B the interior of cylinder, by 9B the boundary of B and by
D C R? the interior of the bounded cross section.

We choose a rectangular cartesian system Oxi x2x3 so that the Ox; axis is
parallel with the generator of the cylinder and O is the center of one of ends.
The lateral boundary of the cylinder is N = 8D x (0, L) and Dy and D, are,
respectively, the cross sections located at x3; = 0 and x3 = L.



Let u be the displacement field over B and ¢ the volume distribution function.
We denote by U the four—dimensional vector (u;, ¢).

In the theory of porous materials introduced by Cowin and Nunziato, the
equations of equilibrium are

lij+fi=0,
h,-,,-—|—g—|—€=0.



The components of the stress tensor, the components of the equilibrated
stress vector and the intrinsic equilibrated body force for anisotropic porous
material [1] are

j(U) = Cijsérs+ Bjpo+ Dip.r,
hi(U) = Drsiers + dip + Ajo 3)
g(U) = -Bjej—¢&p—dy,,
where g; is the linear strain measure given by
1
ej(u) = 5 (uij + Ui, 4)

Cirs, Bjj, Ajj, D, di and ¢ are the constitutive coefficients which satisfy the
symmetry relations

Cirs = Crsij = Gjis, Aj = Aji, Bj = Bji, Dix = Dijk. (5)



To these equations we adjoin the following boundary conditions

Uy = U on Sy, tinj=t onSy, )

¢ = @ on S, hn=h on S
where S, (r = 1,2, ..., 4), are parts of 9B such that S1US =8;US8, =088,
S$1NS =8NS, =0, u, t;, p and h are prescribed functions.



The necessary and sufficient conditions for the existence of a solution of the
traction problem (S; = @) are given by

/f,-dv+/ tda=0,
B oB

/e,-,,x,-f,dv—i— / ejrxitrda=0.
JB JoB

~



The generalized plane strain state

Following lesan (1987) and Chirita (1979) we define the state of generalized
plane strain for the interior of the cross section domain, D C R?, of the
considered cylinder to be the state in which the displacement field w and the
volume distribution ) depend only on x; and x,

Wi = Wi(x1, X2), ¥ = (X1, x2), (x1,X) € D. (8)

In this case, the components of the stress tensor, the components of the
equilibrated stress vector and the intrinsic equilibrated body force are function
of X1 and X2, i.e. T,'j = T,']'(X1,X2)7 H,’ = H,'(X1 s Xg) and G = G(X1 s Xg).
Moreover, we have

Ti(W) = CikaWk,a + Bjtp 4+ Djat,a,
HI(W) - Aiaw,a + DraiWr,a + diwa (9)
G(W) = _B/a VVi,a - 51/) - daw,(,w



Given the body force f;(x1, x2) and the extrinsic equilibrated force (Goodman
and Cowin, 1972) ¢(x, x,) on D, the boundary force T(x1, x.) and the
boundary equilibrated force Fl(x1 , X2) on 9D the plane strain problem for

D U 0D consists in finding a solution w, ¢ of the boundary value problem S
defined by the equations

[CiaksWk,g + Bia®) + Diagh gl,a = —Ff,

[Aait.5 + Do Wes + datd].c — BiaWio — €6 — datha——tinD,  10)

and the boundary conditions

[Ciaks Wk, + Bia® + Diapt) p]Na = T,

11
[Aas®,5 + DrgaWrs + datb]n. = H on aD. (1)
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We assume that f, ¢ € C*(D) and T;, H € C>(8D). The necessary and
sufficient conditions for the existence of a solution of the generalized plane
problem (lesan and Ciarletta, 1993) are given by

/f,-da+ T.ds =0, /ssagxafgda—i—/ conpxaTsds =0,  (12)
D abD D oD

where e is the alternating symbol. This implies that, for the existence of
solution, the resultant and torque of the supply loads must be zero.



Transversal isotropic elastic materials with voids

We suppose that the axis Oxs is an axis of elastic symmetry and the planes
normal on this axis are planes of isotropy. In the case of transverse isotropy,
the mechanical response of the body remains unaffected due to arbitrary
rotations about the direction of Ox; and due to reflections about the planes
perpendicular to this direction.

For this class of materials we have only ten non-zero independent
constitutive coefficients

Cj = C,','jj, i,j € {1,2,3} (not summed), Cy1 = Cpp, Ci3 = Cp3,
Cia = Cozoz = Ci313, by = By = Boz, b3 = Bag, (13)
a; = A = A22, a3 = Az and £.

We note that in the case of isotropic materials with voids, the number of
independent constitutive coefficients is five [1].



The constitutive equations (3), in the case of transversely isotropic materials

are reduced to

C11€11 + C12822 + C13€33 + b1,
C12€11 + Co2822 + C13€33 + by,
Ci3€11 + C13622 + C33€33 + b3y,
(c11 — ci2)esa,

2C41 €43,

2C44€03,

apa,

ap,z,

asp,s,

—bi(e11 + ex) — bsesz + Ep.



Throughout this paper we assume that the internal energy density

1 1
W)= *0119121 + Ci2€11€22 + Ci3€11€33 + 7011952 + Ci3€22€33+

2 2
1
+§Csse§3 + 2C44633 + 20449123 + (¢ — C12)6‘122 + bier1p + brexp+
1., 1 1 1
+bseszp + 280 T paivapn tsdiveve + 5a0a0s

(15)
is a positive defined quadratic in terms of ej, ¢ and ¢ ;. This is true if and only
if

ci1 >0, s3>0, ¢55>0, £€>0, a4>0, a3 >0,

1
[Ci2| < c11, |ci3| <4/ 3 (Ci1 + Ciz) Cas, (16)

2 2 2
(013 - %) < (033 - %) {%(Cn + Ci2) — %} .



For a state of generalized plane strain W= (w;(x1, X2), ¥ (X1, X2)), (X1, X2) € D,
we define the operators

1
S1(W) = ci11Wi 11 + CraWa o1 + E(Cﬁ — C12) (W1 20 + W2 12) + b1t 1,

1
So(W) = Ci1Wa,22 + CraWi 12 + E(Cﬁ — C12)(Wa,11 + Wi 21) + b1t 2,
SS(W) = W3, qa,

C(W) == a‘lw,aa - b1 Wao,oo — 51/]7

1
H1(W) = (craiwy 1 + CraWa2 + b1yp)ny + E(Cﬂ — Cr2)(Wi2 + Wa,1)n2,

1
Ha (W) = E(Cﬁ — C12)(Wa,1 + Wy 2)n + (C11Wa2 + CraWq 1 + biy) o,

Ha(W) = wz o Na,
D(W) = a1t,aNa.

(17)



Construction of solution of the extension, bending and torsion problem

In this section we give the solution of the extension, bending and torsion
problem. This problem for the porous elastic cylinder B consists in the
determination of a solution U = (u;, ) of the equilibrium equations that
satisfies the boundary lateral conditions

t(U) =0, h(U)=0 on 8D x (0, L), (18)

and
/ tga(U) da=0 / t33(U) da= —Ra,
JD JD

(19)
/ eirXjtac(U) da= —M;, h(U) =0 on x; =0,
D

where R; and M; are given. We have similar condition on the end x3 = L.



R.C. Batra and J.S. Yang, Saint-Venant’s principle for linear elastic porous
materials, J. Elasticity, 39, 265-271, 1995.



Let us consider W® = (w®, (), s = 1,2, 3 solutions of the problems
characterized by the equations

Si(WE =0, c(W®)) + ¢ =0 in D, (20)

and the boundary conditions

H(WE) = T, DW) = H® on 9D, (1)
where
fc(x’\/) = C13504W7 féﬁ) = 07 fl(S) = 07
) — _pax , @) — _ ,
) o =) " (22)
Ta” = —CisXyNa, 13" =0,
T® = —cun., HY =o,

According to the existence results presented above, these generalized plane
strain problems have solutions.



We find a solution of the extension, bending and torsion problem to be
4
u'=>3 asl® (23)
s=1

where the vectors U® = (u®, (), s = 1,2, 3, 4 are defined by

1
ul? = —560a5 + Wl (%1, %),

uém = XgXs + Wa(ﬁ)()ﬁ , X2),

u® = wd (x1, x2), Uéa) =X3+W3(,3)(X17X2)7 (24)

uff) = €33aXX3, ué") =0,
=90, i=123 ¢ =0



and the unknown constants as, s = 1,2, 3, 4, are solutions of the following
algebraic system

4 4
Z asDas = €3aﬁMﬁ7 Z aSDSS = _RS,
s=1 s=1 (25)

4
Z CZSD45 = —Ms.
s=1

with

Dgs = /tga(u(s))da,
D

Dy = /thgg(U(s))da, (26)
JD

D4s = /53aﬁxat3ﬁ(U(s))da.
D

Because the internal energy is positive definite, we can prove [6] that
det( Drs) # 07 (27)

so that the system (25) uniquely determines the constants as, s = 1,2, 3, 4.



In what follows, we solve the three problems defined by relations (20)—(22).
First, it is easy to see that W® defined by
W1(3) = =X, W2(3) = —UXz, 1/1(3) = —1, W3(3) =0, (28)
with
C13§ — bibs Vs — (c11 + ci2)bs — 2¢i13b4 (29)
(c11 + cr2)€ —2by” (C11 + Ci2)§ —2b% 7

is solution of the third problem.

1=



Next, we search a solution W(") of the first problem in the form

]
wi) = v = S ),
W) = i, 30)
W3(1) =0,
P = —vax,

where V(U = (v{" v{") 4(1y is solution of the problem defined by the
equations
S (VY =0, ¢(V")=0in D, (31)

and the boundary conditions

Ho (VD) =0, D(VY) = ayveny on dD. (32)



We rewrite this problem in the polar coordinates (r, #). We denote by u and v
the components of the vector v(") = (v1(1), vé”) in polar coordinates.
The constitutive equations in polar coordinates are

tr(V) = cr1ex (V") + cr2000(v()) + b1 o1,

too (V) = croen(v") + cr1e0s (v) + brg!,

to (V™) = (c11 — cr2)ero(V1),

oM oM
h,:a1%7 h = a gr , (33)
_ 19
he = a1 — 90
_ 19 Tovl
g b {rar(r“Hrae} &

ou 1 /0ov 1/10u  ov 1
5rr:§7590:?<7+u)75r0: (77"'_7_7‘/)' (34)



The equilibrium equations become

or 10ty 1 _
W—F?E)ﬁ +7(trr_t09) — 07

O 10bn 2

or Tree T =0
10 1 0h, B
rarM* g t9 = 0

and the boundary conditions (21) become

1
tr =0, ty =0, hr = 531 12C0S80.

(35)



Let us introduce the quantities

c1:1(1—%),c2=ﬁ. (37)

2 Ci Ci1
As in [13], we search a solution of the above problem in the following form
u(r,0) = UV (r)cos 6, v(r,0) = VI (r)sing, ¢(r,0) = w(r)cosd. (38)

where UM, V() and w() are solution of the following system of differential
equations

a?u™ aut dV(1
r? a7 g —(1+e)U" +r(1 —¢)

d\IJ
_ (1) 2 _
(1+c)VW +cor o 0,

du™

_ (1) _ _ _
) (14+c)V r(1 —c1) o
—(1+e)U" — eru® =0,

1d [/ dw 1.0 1d, an 1o "
(39)

2 A2V dv®
01( dr? +r ar




For this type of system, lesan and Nappa (1995) give the following solution
UD = Ay + QAo — 20—;A3[Io(pr) + b(pr)],
C
VD = —Ay — QeAer® + ?;AS[/O(Pf) = k(pr)], (40)
8bsc
(1) _ 141
\J A3I1(pr)+7a(1 _301)p2A2r:

where I, is the modified Bessel functions of order n and

e _ £ B

Fo= ar  cna’
_ 1 3C1Cgb1

Q = T30, <1 -3¢y — a1 ) , (41)
N 1 C1Cgb1

@ = m(?’ C‘ a1p2)'

We note that in view of relation (16) it follows that the real number p is well
defined.



From the boundary conditions (36) the unknown constants A, and A have
the expression

2C1 b1 Ig(pa)u2p2a1 (1 — 3¢y )

A = —
2 ra?p*(1 — 3ci)ai I (pa) — 16c2b?ah(pa)’ (42)
A . 1 (l/ _ 8b1c1a )
’ apli(pa) \"* " apP(1—3c1)" ")
where )
M= (2c11 + C12)Q1 — c12Qx + 80; ¢ (43)

ai(1—3c)p?



From the above discussion we can conclude that

W1(1) _ (Um(,) _ %w ,2> cos? 6 — (V(‘)(r) — %w r2> sin? 0,

Wi = (UN(r)+ VO(r) = r?)sinfcos o, (44)
W3(1) = 07

M = (W (r) = r)cosé.

is solution of the first problem defined by (20)-(22).

Similarly, we can find the solution of the second problem to be

w® = (UD(r)+ vO(r) - r?)sinfcoso,

1 . 1
WP = (U“’(r) — 5 r2) sin 6 — (V("(f) ~a” ’2) 00 4
W:gz) - 07

p@ = (W(r)—r)sing.



From relations (24), (26), (28), (44) and (45) we obtain the components of the
matrix (D,'/‘)4><4

C137|'a4

Dyt = Dep = J, Do = End’, Dua = =5, (46)
Di2 = Dyt = D3 = Dag = Dga = Dag = Dag = D34 = 0,
where
a
J = %a“Q + %(bs — Ci3C2)As (aph(pa) — 2h(pa))
8bibscy (47)
Q = E+ci(BQi — QA+ —5 A,
(30 = QA+ e a0
E = —2vic13— bsvo + Css.

From the algebraic systems (25) we find the unknown constants «; to be

Mo M R M
a4 = C137Ta4' (48)

t ap = ——  Qa = ——>
J’ 2 J 3 Erg2’

a1 =

With these, we have the complete expression of solution of the problem (7).
In view of the constitutive equations (14) we can observe that the solution
constructed in this section corresponds to the null equilibrated stress vector’s
values on the ends of cylinder.



Solution of the flexure problem

We solve in the following the flexure problem. The flexure problem consist in
finding a solution U = (u;, ) of the equilibrium equation which satisfy the
following boundary conditons

t(U) =0, h(U)=0 on 8D x (0, L), (49)

and
/tsa(U)da:—/-?a, /t33(U)da:O7
D D

ikXitsk(U)da=0, pe x3=0,L,
/DE/k itk (U) pe X3 (50)

J

g(\IJ(1)(I‘)—I/2I')(R1 cosf + Rz sind), x3=0
h(U) = Q1) i
—5 (W) — vor)(Ri c0s 0 + Resin),  xs = L.

where R, are prescribed functions and J, W(")(r) and v» are quantities
defined in the above section.



Using the results established in the previous section, we propose the
following simplified expression for a solution, U” = (u”, '), of the problem
(P2)

1
n_ 3 (v)
u, = —éﬂax3 + E X38,We",

~y=1,2
1 "
uy = gﬂpxﬂx:g + ws, (51)
ol = Z Xsﬁwsﬁmv

y=1.2



where W) = (w(®) () are solutions of the generalized plane strain
problem defined in the previous section, 3, are unknown constants which will
be determined, while the function wjy is solution of the following problem

Aw; = =Y Bitss(UP) —cu > B wl) in D,
~y=1,2 y=1,2 (52)
WiaNo = —Ca Y B,wi'n, ondD
~=1,2
h A= 9 9 he Lapl
where A = = o + o o2 is the Laplace operator in two dimensions.

We can observe that, |n view of (26), (46), the necessary condition for the
existence of solution of the above Neumann type problem holds.



With the help of relations (23), (44) we can rewrite this problem in the polar
coordinates (r, 6)

Aw; = (Mr+ NI(pr))(8: cos 6 + B, sin) in D,
* 53
ows lreca = —(U"(a) - 1z/1<':12)(ﬁ1 cos f + (2 sin ), (53)
aor 2
where
Ci3 8b; ¢y Ci3 bs
M= —4(1458) (30 - QA —20] + —O2C p, G804 B
{( +C44>[( h — Qo)A V1]+a1(1—301)c44p2 2+ G 33+C44}

N

{(1 4 L) o — &] Ao.
Ca4 Ca4

(54)



In [6], Ghiba gives the expression of solution of this type of problem in the
form
ws = W(r)(B1cosf + B2sin0), (55)

with

h(pr) [3,,2 i (pa) 1 1 2
W(r) = Mg +N . Ma +2N1p2 +2(Uf )(a)—§u1a)

. (56)

N~



On the other hand, in view of the end conditions characteristic to the flexure
problem (see also Remark 4.2 from the paper [6]), the unknown constants 3,
must satisfy the equations

Y Doy = —Fa. (57)
~=1,2
Thus, we obtain R R
_ 1 2
B1 - J 3 ﬁQ J (58)

The solution of the problem (P.) corresponds to the following equilibrated
stress on the ends of cylinder

h= a—j(\u(ﬂ(f)fllgf)(/% cos § + Rz sin) on Dy,
(59)
hzf%(w(”(r)fuzr)(l% cos 6 + Rz sind) on D;.

and we can observe that the resultant flux of porosity vanishes on the ends of
cylinder.
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