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f(x) = My[f(x− y)µ(y)]

+ν ∗ h(x), x ∈ R
(1)

µ ∈ ap(R), h ∈ AP (R), ν ∈ mF (R)



Consider the case

µ = gλ, ν = ϕλ

g ∈ AP (R), ϕ ∈ L1(R)

f(x) = lim
t→∞

1

2t

∫ t
−t
f(x− y)g(y) dy

+
∫ +∞

−∞
ϕ(y)h(x− y) dy, x ∈ R

(2)



µ ∈ mB(G) : (∀A ⊆ G)

(
sup
x∈G
| µ | (xA) <∞

)

DEFINITION 1. The measure µ ∈ mB(G) is
said to be an almost periodic measure, if for
every f ∈ K(G), f ∗ µ ∈ AP (G)


(
ap(G), {‖ · ‖f}f∈K(G)

)
‖µ‖f = ‖f ∗ µ‖, f ∈ K(G), µ ∈ mB(G)



∃M : ap(G)→ C

M(δx ∗ µ) = M(µ), x ∈ G, µ ∈ ap(G)

M(λ) = 1
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f ∈ AP (G), µ ∈ ap(G) =⇒ fµ ∈ ap(G)


Φ : G→ C,

Φ(x) = My[f(xy−1)g(y)µ(y)]
(3)

|My(f(xy−1)g(y)µ(y)) |2≤

≤My(| f(xy−1) |2 µ(y))M(| g |2 µ)
(4)



Denote by Ĝ the dual of G

Ĝ ⊂ AP (G) (5)

cγ(f) = M(γf), γ ∈ Ĝ, f ∈ AP (G) (6)

{γ ∈ Ĝ|M(γf) 6= 0} = {γn ∈ Ĝ| n ∈ N} (7)

f ∼
∞∑
n=1

cγn(f)γn (8)


µ ∈ ap(G), γ ∈ Ĝ,

cγ(µ) = M(γµ).
(9)



L(y) =
∫
A
f(x− y) dλ(x), y ∈ R (10)

∫ t
−t
My[f(x− y)µ(y)] dx

= My

[(∫ t
−t
f(x− y) dx

)
µ(y)

] (11)

Φ(x) = My[f(x− y)µ(y)], x ∈ R (12)

M(Φ) = M(f)M(µ) (13)

cγ(Φ) = cγ(f)cγ(µ), γ ∈ R̂ (14)



f(x) = My[f(x− y)µ(y)]

+ν ∗ h(x), x ∈ R
(15)

h ∼
∞∑
n=1

cγn(h)γn (16)

ν ∈ mF (R),
∞∑
n=1

|ν̂(γn)|2 <∞. (17)

(∃δ > 0)(∀n ∈ N)( cγn(µ)− 1 > δ) (18)

f ∼
∞∑
n=1

ν̂(γn)cγn(h)

1− cγn(µ)
γn (19)



µ = gλ, ν = ϕλ

g ∈ AP (R), ϕ ∈ L1(R)

f(x) = lim
t→∞

1

2t

∫ t
−t
f(x− y)g(y) dy

+
∫ ∞
−∞

h(x− y)ϕ(y) dy, x ∈ R
(20)

f(x) = lim
t→∞

1

2t

∫ t
−t
f(x− y) dy

+
∫ 2π

0
h(x− y) dy, x ∈ R

(21)



f(x) = My

[
fp
(
xy−1

)
µ(y)

]
, x ∈ G (22)



f ∈ AP ◦+(G)⇐⇒

(∃η > 0)(∀x ∈ G)(f(x) ≥ η)
(23)

Proposition 1 AP ◦+(G) is a complete metric
space with respect to the metric

d(f, g) = max

{
lnM

(
f

g

)
,− lnm

(
f

g

)}
(24)

where

M

(
f

g

)
= inf{β > 0 | f ≤ βg}. (25)

m

(
f

g

)
= sup{α > 0 | αg ≤ f}. (26)

A.C.Thompson,
On certain contraction mappings
in a partially ordered vector space,
Proc. Amer. Math. Soc.,
14 (1963), p. 438-443



T : AP ◦+(G)→ AP+(G)

Tf(x) = My

[
fp
(
xy−1

)
µ(y)

]
(27)

f ∈ AP ◦+(G) =⇒ Tf ∈ AP ◦+(G) (28)

d (Tu, Tv) ≤ p d(u, v). (29)

f(x) = My

[
fp
(
xy−1

)
µ(y)

]
, x ∈ G (30)



f2(x) =

= lim
n→∞

1

λ(Hn)

∫
Hn

f(xy−1)h(y)dλ(y)
(31)

ϕ(x) =

= lim
n→∞

1

λ(Hn)

∫
Hn

ϕ
1
2(xy−1)h(y)dλ(y)

(32)

h ∈ AP+(G), M(h) > 0 =⇒
µ = hλ ∈ ap+(G)

(33)

My

[
ϕ

1
2
(
xy−1

)
µ(y)

]
= lim

n→∞
1

λ(Hn)

∫
Hn

ϕ
1
2(xy−1)h(y)dλ(y)

(34)



G =
∞⋃
n=1

Hn

lim
n→∞

λ(xHn∆Hn)

λ(Hn)
= 0, x ∈ G.

(35)



f(x) = g(x) + ν ∗ f(x)+

+My[f(xy−1)µ(y)].
(36)

ν(G) +M(µ) < 1 (37)

U : AP (G)→ AP (G),

Uf(x) = g(x) + ν ∗ f(x) +My[f(xy−1)µ(y)],

f ∈ AP (G), x ∈ G.
(38)


f0 = g,

fn = Ufn−1, n ∈ N∗.
(39)

inf
x∈G

g(x) > 0 =⇒ inf
x∈G

f(x) > 0 (40)



M(f) =
M(g)

1− ν(G)−M(µ)
(41)

M(ν ∗ f) = ν(G)M(f). (42)

M(ν ∗ f) =

= lim
n→∞

1

λ(Hn)

∫
Hn

∫
G
f(xy−1)dν(y)dλ(x).

(43)

lim
n→∞

∫
G

[
1

λ(Hn)

∫
Hn

f(xy−1)dλ(x)

]
dν(y) =

=
∫
G

[
lim
n→∞

1

λ(Hn)

∫
Hn

f(xy−1)dλ(x)

]
dν(y) =

= ν(G)M(f).
(44)



L(x) = My[f(xy−1)µ(y)], x ∈ G (45)

M(L) = M(f)M(µ). (46)

f ∈ Ĝ, f ∈ [Ĝ], f ∈ AP (G) (47)



f(x) = g(x) +
∫ β

0
f(x− y)dy+

+ lim
t→∞

1

2t

∫ t
−t
f(x− y)h(y)dy

(48)

f(x) = g(x) + ν ∗ f(x)+

+My[f(xy−1)µ(y)].
(49)



∫ β
0
f(x− y)dy = ν ∗ f(x), x ∈ R (50)

ν = 1[0,β]θ (51)

lim
t→∞

1

2t

∫ t
−t
f(x− y)h(y)dy =

= My[f(xy−1)µ(y)]

(52)

µ = hθ (53)

ν(R) +M(µ) = β +M(h) < 1 (54)

M(f) =
M(g)

1− β −M(h)
> M(g). (55)


