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1. Analysis of a system of implicit variational inequalities

Let (V,(,.) 1), and (H,(, ), | - |lg) be two real Hilbert. Let F :
V xV — R be a Gateaux differentiable functional on V and assume
that there exist two constants «, 8 > 0 for which

allv — ul|® < (F'(v) = F'(u),v — u) (1)
and

IF'(v) = F'()llyr < Bllv — ull (2)

for all u,v € V, where F’ is the Gateaux derivative of F. Let K
be a closed convex cone contained in V with its vertex at O and let
(K(g))4ev be a family of nonempty closed convex subsets of K satis-
fying the following conditions: 0 € K(0) and

if goh g inV, v, € K(gp) and vy, —vinV then ve K(g). (3)




We assume that for all g € V there exists an operator ~(g,-) : K(g) — H
such that ~(0,0) =0,

if go g INV, v, € K(gn) and v, v in V

4
then (g, vn) — ~(g,v) in H )
and for all g; € V, v; € K(g;),1 =1, 2,
1v(g1,v1) — (g2, v2) g < k1(llg1r — g2l + |lvi — val]). (5)
j(g,v,-) is sequentially weakly continuous on V.. Vge V, v € K(g),
(6)
j(g,v,-) is sub-additive for all g€ V, v e K(g), that is (7)
i(g,v,w1 + w2) < j(g,v,w1) + j(g,v,w2) Vg, wis€eV,ve K(g),
j(g,v,-) is positively homogeneous for all ge V, v € K(g), (8)

that is j(g,v,0w) = 0j(g,v,w) Vg, weV,ve K(g),0=>0,

i(0,0,w) =0 YweV, (9)




and there exists ko, > 0 such that

7 (g1, v1,w2) + j(92,v2,w1) — j(g1,v1,w1) — (g2, v2, w2)]
< ko(llg1 — g2l + [[7(g1,v1) — v(g2,v2) || ) [Jw1 — wa]] (10)
\V/g@', w; € V7 v; € K(gz)7 1= 17 2.
We assume that k1 and ko satisfy the following condition:
ki1ko < a. (11)

For all g € V, we consider a functional b(g,-,-) : K(g) x V — R which
satisfies the following conditions:

VgeV,ve K(g), b(g,v,-) is linear and continuous on V (12)
and
b(g1,v1, w) — b(g2,v2, w)| < ky(llgr — g2
+lvr —v2|Dllwl Vg, we Vv € K(g;), i =1, 2,

Let f € W12(0,T; V) be given and ug € K(f(0)) be the unique solution
of the following implicit elliptic variational inequality:

(13)

(F'(up),w — ug) + 5(f(0),ug,w) — j(f(0),up,up) >0 Vwe K. (14)




We consider the following evolution system of coupled variational in-
equalities.

Problem P: Find v € W12(0,T; V) such that

[ u(0) =ug, u(t) € K(f(t)) Vte€lo,T],

(F'(u(t)),v —ua(t)) + j(f(t),u(t),v) — 5(f(£),u(t),w(t))
>b(f(t),u(t),v—u(t)) VveVae on]0O,T],

| b(f(®),u(t),w —u(t)) >0 VYweK, Vt€]0,T].

We approximate problem P by using an implicit time discretization

scheme. For v e N* we set At :=T/v, t,:= 1At and K'":= K(f(t,)),

t = 0,1,...,v. If 8 is a continuous function of ¢ € [0,T] valued in some

vector space, we use the notations 6* := 6(¢,) unless 6 = u, and if
¢, Vee {0,1,...,v}, are elements of some vector space, then we set

_ Cb—l—l . CL

(P) A

oct Vie {0,1,...,v—1}.

At




We denote 40 = ug and we approximate (P) using the following se-
quence of incremental problems (P}),—=0.1,.. -1 -

Problem P.: Find w*t1 ¢ K**1 such that

( <F,(’U,L+1>,’U T 8U’L> _I_j(fb—l_l?ub—'_lav) T j(fL—I_lauL_I_la auL)
(P)) < > (el wttl v —out) Veev,
\ b(fetl ot w—uwth)y >0 vVweK.

It is easily seen that for all . € {0,1,...,v—1} the problem P} is equiva-
lent to each of the following variational inequalities: find wtl e getl
such that

<F,(ub+1)7 w — ub+1> _I_ j(fb—l_la uL—I_law o ub)
_j(fb+17ub+17ub+1_ub) 20 ‘v’wEK,

(@) {




Lemma 1 Let u‘T1 be the solution of (Q%), +€{0,1,...,u—1}. Then

[P < Mo||[F'(0)|| + M||fPll, llu‘tt| < Mol F'(0)| + My £, (15)

T — )| < My || fTE = (16)

il 12 2 I 2
> it -2 < MRat [ F)R dr, (17)

=0 0
where

1 k 1)k
Mg = | M1:(1‘|‘ )2. (18)

a — kiko a — kiko

Now, if we define

( uy(0) = @,(0) = w0, £,(0) = f9 and

S Vee{0,1,...,v—1}, Vtelt,t,11],

uw(t) = uTh G, (t) = ut 4 (¢t —t,)ou, fu(t) = frri,

\




then for all v € N* the sequence of inequalities (P}),=0.1....,—1 IS equiva-
lent to the following incremental formulation: for almost every ¢t € [0, T]

y

uy(t) € K(fu(t)), (F’(UV(t)),’v - iﬂu(t» + 5 (fv(8), uu(t),v)

PN 00, w0, L) > b0, w0~ Ta() Vo eV
\ b(fu(t),ur(t),w — uy(t)) >0 VYwEeK.

Also, the sequence (Q%),—0.1

1....v—1 implies the following inequality: for
almost every t € [0,T]

(Rv)  (F'(w®), w —w(®)) +5(fu(t), uw(t),w —u(t)) >0 VYweK,

which is clearly equivalent to the following inequality: for almost every
t €[0,T]

(Ry) F(w)—F(uy(t))+3(fo(t), uw(t), w—uu(t)) > %ll’w—fuz/(lﬁ)l\2 Vw e K.




Lemma 2 There exist a subsequence of (uy, Uy )y, denoted by (uv,, Uv,)p
and an element w e WH2(0,T;V) such that

uy,(t) —u(t) in V. Vtel[0,T], (19)
iy, —u in WH2(0,T; V), (20)
d L 5
auypéu in L<(0,T;V). (21)

Also, for all se€ [0,T], we have u(s) € K(f(s)) and

liminf O/ ERORTC) %aupm) dt > ! JCF@), u®), a()) dt. (22)




We can prove the following strong convergence and existence result.

Theorem 1 Under the assumptions (1)-(14) every convergent sub-
sequence of (uy,uy)y, Still denoted by (uy,uy),, and its limit u €
wl2(0,T;V), given by lemma 2, satisfy the following properties:

uy(t) —u(t) in V Vtel0,T], (23)

i, —u in L2%0,T;V), (24)

and u is a solution of problem P.




2. Internal approximation and convergence analysis

We prove a convergence result for a method based on an internal ap-
proximation and a backward difference scheme.

First, we consider a semi-discrete approximation of (P), which extends
some classical internal approximations. Let (V}); be an internal ap-
proximation of V, that is a family of finite-dimensional subspaces of V
which satisfies:

there exist U C V such that U =V and (25)
VveU, dJvuy, €V, for each h, such that vy, — v in V.

Let (K});, be a family of closed convex cones with their vertices at O
such that K3 C V, for all h and (K});, is an internal approximation of
K, i.e.

if v;, € Ky for all h and vy, — v then v € K, (26)

Vv € K, Ju, € K;, for each h, such that v, — v in V. (27)




Let (K;,(9))gev be a family of nonempty closed convex subsets of K,
such that 0 € K;(0) for all h, satisfying the following conditions:

if gn—g in V, vy, € Kp(gn) and wvy,, — vy, in V3, then v, € Ky(g),
(28)
if v, € Ky(g) for all h and vj, =~ v then v € K(g) VgeV. (29)

We assume that for all g € V there exists an operator ~4(g,-) : K;,(g) —
H such that ~4(0,0) =0 and for all g; € V, vy; € K;,(g;), 1 =1, 2,

170 (91, v81) — Y (g2, vp2) |l < k1(llg1 — g2l + llvp1 — va2ll)- (30)
For all g e V, let j,(9,-,-) : K;(g) x V}, — R be a functional satisfying
the following conditions for all g € V.

if v, € Kp(g) forall h, v, v inV and w, ~w in V

then Aimojh(gavh,wh) = j(g,v,w),

(31)

for all h and vy, € K;,(g9) 71,(g,vp,-) is sub-additive, (32)




for all h and vy, € K;(g) ju(g,vy,-) is positively homogeneous, (33)

7n(0,0,wp) =0 Vuwy € Vy, (34)

and

if v,(t) € K;,(g(t)) for all h and t € [0,T], v, — v in W2(0,T; V)

then Ilmlnf/jh(g(t) o (), o (1)) dt > /j(g(t) o(t), (1)) dt  (35)

for all g € C([0,T];V),
7R (91, Vp1, wh2) + Jr(92; Vo, wh1) — 3n(91, VR1, Wh1) — Jr(92, Uho, who)|

< ko(llgr — 92|l + 791, vn1) — YR(92, v2) | @) ||lwh1 — wpol| (36)

Vg, €V, vy € Kp(g;), wp; € Vp, 1 =1, 2.

Now we consider the following semi-discrete problem.




Problem

(Pr)

Py,: Find uj, € WH2(0,T;V3,) such that

[ up(0) = ugp, up(t) € Kp(f(¥)) Vte€lo, T,
(F'(up(t)), v, — ap(t)) + Jp(f (@), up(t),vp) — g (f (), up(t), wp(t))

> b(F(1), up(t), vy —ap,(£)) Vo, €V, a.e. on ]0,T],

| 0(f(8)sup(t),zp —up(t)) 20 V2, € Ky, Vt€]0,T],

The full discretization of (P;) is obtained by using an implicit scheme
as in Section 2 for (P). For u? := ug, and ¢ € {0,1,..,v — 1}, we
define u;l"'l as the solution of the following problem.

Problem

(Pp,) <

P{ . Find u’,’l’"l = K;L"'l such that

( 1 . 1 . 1
(F/(ubt ), o — 0ub) + p(FFLab T o) — G (L ub Tt oub)
> b(fb+1,u§l+1,vh —Ouy) Vv €V,

\ b(fL+1,u§l+1,zh — u;j—l) >0 Vz, € Ky,

where K:T1:= K, (frt1).




If we define the functions

[ up,(0) = 4y, (0) = ugp, and
vVee{0,1,....,v—1}, Vit G]tb,tb+1],

\ 1
uhu(t) — u?j‘

[ Up () = uj + (t —t,)0u;,

then for all v € N* the sequence of inequalities (Pﬁ’/),/:o,lmy_l IS
equivalent to the following incremental formulation:

Y

for almost every t € [0,T]

(

un (1) € KRG, (F'Cuny (80, o = (D) + 30 (o0, g (1), o)

(Phy) < _jh(fV(t)a uhu(t)a %ahy(t)) > b(fl/(t)a uhl/(t)a Up — %ﬂhu(t)) \V/Uh S Vha
| b (@), upy (8), wp —upy () 2 0 Vwy € Ky,

We have the analogue to theorem 1 in the finite dimensional case.




Theorem 2 Assume that (1), (2), (12), (13), (28), (30), (32)-(34),
(36) hold. Then there exists a subsequence of (uy,,, 4y, )v, Still denoted
by (uyp,,up, ), Such that

up,(t) = up(t) in Vo Ytelo,T), (37)
Un, — up in L2(0,T; V), (38)

where wuy, is a solution of (Py).

Theorem 3 Under the assumptions (1)-(14), (25)-(36) there exists a
subsequence of (uy)p such that

up(t) - u(t) in V Vtel[0,T], (39)
up, —w in  L2(0,T;V), (40)
ap, = in  L%(0,T;V), (41)

where wu is a solution of (P).




Theorem 4 Under the assumptions of theorem 3, there exists a sub-
sequence of (uy, )y, Such that

up,(t) —u(t) in 'V Vtel0,T], (42)

wn, — 1w in L2(0,T;V), (43)
where w € W12(0,T;V) is a solution of (P).

Furthermore any cluster point of (uy, )y, iS a solution of (P).




3. Subspace correction approximation

Let Vq,---, Vi, be some closed subspaces of V. We consider a convex
subset I C V satisfying the following assumption.

Assumption 1 There exists a constant Cy such that for any w,v € K
and w; € V; with 'w—I—Z] qw; € K, ¢ =1,---,m, there exist v; € V;,
1=1,---,m, satisfying
i—1
w4+ Y witv, €K fori=1,---,m, (44)
=1

m
vV—w = Z v;, (45)
=1

and

m

> llvill < Co (HU —wll+ > HwiH) -
i=1

1=1




Let o : K X K — R be a convex and lower semicontinuous functional
with respect to the second variable such that

lo(v1, w2) + p(vo, w1) — (v, w1) — @(vo, wr)] (47)
< kiko||lvy — vol|||w1 — wa|| Vvi,vo, w1, we € K

and suppose that

Assumption 2

m 1—1 1—1
d letuw,w+ D> wi+v) —e(u,w+ > w4 w;)]
=1 1=1 - j=1 (48)
< SO(UH U) — QO(’U,, w + Z wz)
1=1

for any w € K, and for v,w € K and v;,w; € V;, + = 1,...,m, as in

Assumption 1.

We consider the problem of finding u € IC, the solution of the following
quasi-variational inequality
<F’(’LL),’U—’U,>—|—Q0(’U,,’U)—QD(’U,,’U,) >0 Vo e K.

(49)




Algorithm 1 We start with an arbitrary u© € K and at iteration
n+ 1, having v € K, n > 0, we compute, for + = 1,---,m, the local

1—1
corrections wn"'l eV, u" T m + w;H'l e K satisfying

<F/(un—|——_|_,wn—|-1> v; — n—|—1>_|_90(un—|-—_|_wn-|-17 n—l——_|_vz)
—go(un+zm + wn+1, T + wn_H) >0, Yv; € V, W —|— v; € IC,
and then we update

i i—1
WTm ="t + w,?_H.

Algorithm 2 We start with an arbitrary u° € K and at iteration
n + 1, having u" € K, n > 0, we compute, for i = 1,---,m, the local

1—1
corrections w7-7’+1 c V., u"Tm + " € K satisfying
¢ 1

ﬂ i—1
(F' (w5 w0 v = w T (T u T+ v)
—p(u T un_l_m —|—wn+1)>0 Vv, €V, u i + v; € K,




and then we update

7 1—1
n+— __ un_l_W 14 w;z—|—1.

U m =

Theorem b Let us assume that Assumptions 1 and 2 are satisfied.
Then, if u is the solution of problem (49), u" T, n >0,:1=1,...,m,
are its approximations obtained from one of Algorithms 1 or 2 and

5 = mkika +/2m(25C0 + 8)Bk1 ko, (50)
then we have the following error estimations

E(u") 4+ ¢(u,u") — F(u) — ¢(u,u) <

(Cf—ll—l)n [F(uo) + C,D(u,uo) _ F(u) . SO(u,u)] 7 (51)
o —ull? < 2 (5%)"- (52)

F(u®) 4 ¢(u, u®) — F(u) — p(u,u)|

where the constant C'{ > 0 depends on «, 3, ki, ko, the number of
subspaces m, and on the constant Cy introduced in Assumption 1.




In the case of Algorithm 1, the constant €1 can be written as,

C1=Cr/C3 - e
Co = pm(1 + 2Co + ) + k1kom(1 + 2Ch + %) (53)
C3 =35 —kiko(1 +e3)m
where
2k kom 2 _ kykym
5 — k1kom 2k1kom

Algorithms 1 and 2 can be viewed as multiplicative Schwarz method
if the solution space is a Sobolev space and subspaces are associated
to the subsets in a domain decomposition 2 = U;”zl ;. If the convex
set I has the property

Property 1 If v,w € K, and if 6 € CO(Q2), 0 € C1(Q), i = 1,...,m,
with 0 < 0 < 1, then 0v + (1 — 0w € K,

then Assumption 1 is satisfied with a Cy depending on 1/, the over-
lapping parameter of the domain decomposition. The convex set Ktl
has the above property.




Since ftT1 and w* are fixed in problem (Q), taking

¢(’UJ7’U) :j(fb+17ualv _ub) (54)
this functional has the properties of ¢ in problem (49), i.e. it is lower

semicontinuous and convex in the second variable, and satisfies (47)
but does not satisfy Assumption 2.

The one- and two-level methods are directly obtained from Algorithms
1 or 2. We can prove that Assumption 1 holds for closed convex sets
K; satisfying a similar property with that given in Property 1, and
also for the discretized form of K*T1. We are able to explicitly write
the dependence of Cp on the overlapping and mesh parameters. Also,
we can give some numerical approximations ¢ of the functional 5 for
which Assumption 2 holds. Therefore, from Theorem 5, we conclude
that these methods globally converge for the discrete form of (Q%) if
conditions (1) and (2) on F', and condition (10) on j hold. Moreover,
from the dependence of Cpy on the mesh and domain decomposition
parameters, we conclude that the convergence rate is optimal, i.e. it
is similar with that of linear equations.




4. Applications to contact mechanics

=0 / / ///“J

We consider a linearly elastic body which occupies the domain €2 of
Rd, d = 2 or 3, such that the solid is initially in contact with nonlocal
bounded friction on [ 3.

We assume that 0Q2 =T Ul>,UTl3 and meas(l"1) > 0.




Let
u = (uq,...,ug) be the displacement field,
e = <€ij (u)) be the infinitesimal strain tensor,

o= (aij (u)) be the stress tensor,

€ be the elasticity tensor, with the components & = (a;;x1),

¢ and 1 be the given body forces and tractions.

Onli1 w=0 andin €2 the initial displacements are denoted by ug.
We use the classical decompositions into the normal and tangential
components of the displacement vector and stress vector u = uyn—+up
with uy =u-n, on =oyn + op with oy = (on) -n, where n is the
outward normal unit vector to ' with the components n = (n;).




The classical formulation of the quasistatic problem is as follows.
Problem P.: Find a displacement field u = u(ax,t) which satisfies the
initial condition w(0) = ug in 2 and for all ¢t €]0,T [, the following
equations and boundary conditions:

(diveo(u)=—-¢ in Q,
o(u) =Ee(u) in €,
u=0 on [,
(P) < on =1 on [,
’ uy <0, ony<0, unyony=0 on I3,
lor| < plRon| on T3
and lor| < p|Ron| = up =0,
\ |0'T| =,LL|RO'N| = dA > 0, up = —\oT,

where p is the coefficient of friction and Roj is a regularization of the
normal contact force.




In order to obtain a variational formulation for this problem, we adopt
the following hypotheses:

¢ € Wh2(0,T; [L2(2)]D), v € W2(0,T; [L2(I2)]9),
ikl c LOO(Q), 1,9, k,l=1,....d, ue& LOO(I_3), u>0a.e onlg.

We use the following notations:

Voi={ve[H(D)%; v=0a.e. on T} (,)= o )
Kp = {’U e Vo, vy <0 a.e. on |_3},

1 1
H§(|_3) = {w : |_3 — R w & Hj(r), w =0 a.e. on r1}7

VL eV, Sy :={weVp: /Qa(w) e(n)dz = (L,n) Vn € Vp such
that n =0 a.e. on I3}.

1
For all L € Vy and v € S; we define o(v)n € ([HZ(I3)]%) by

Vaw € [H2(I3)]? <a(v)n,w>=/Qa(v).e(w)dx—(1:,m), (55)

where w € Vy satisfies w = w a.e. on [3, and we define the normal




1
component of the stress vector on(v) € (H2(IM'3))" by

Vwe H2(M3)  (on(®),w) = /Qa(fv) .e(w)dz — (L, W), (56)

where w € Vy satisfies wyr =0 a.e. on '3, wy =w a.e. on [ 3.

For all L € Vi we introduce the functional Jg : S x Vg — R by
J(v,w) = [ uRoy(@)|wrlds VveSpweVo,  (57)
3
1
where R : (H2(I3)) — L2(3) is a linear and compact mapping.

Let L € Vy be given by the relation

(L,v) = (¢av>[L2(Q)]d + ("pyv)[LQ(rQ)]d Vv eV (58)
and let ug € Ko satisfying the following compatibility condition:

/Q o(ug) - e(w — ug)dz + J0y(uo, w) — Jg,0)(uo, up) (59)
> (L(0),w —ug) Vw e Ko.




A primal variational formulation of P. is as follows.

Problem Py: Find uw € WhH2(0,T; V) such that
(u(0) =ug, u(t) e Ko Vte]0, T,
| o u®) - e(v —a(®))dw + 1) (), v) = Iy (), al®)

> (L(t),v—u(t)) + (ony(u(t)), vy —un(t)) Vv € Vy a.e. on |0, T |
X <0N(u(t)),zN—uN(t)> >0 Vze Kg,Vt 6] O,T[.

(FPo) <

Let us define a:Vp x Vg — R by

a(v, w) =/Qaijkleij(v)akl(w)dxz/Qa'(fv)-s(’w)d:c Vo, w € Vy. (60)
The bilinear form a(-,-) satisfies

338 > 0 such that |a(v,w)| < B||v]|||w|| Vv,w € V),
Ja > 0 such that a(v,v) > af|v||? Vv eV,

where || - || = || - ||[H1(Q)]d-




Let G1, G2 € Vy and wvy,vo be such that vy € Sg,, v2 € Sg,- Then
from the properties of opn, R and a it follows that the mapping J has
the following property: 3C,C’ > 0 such that

|Jg, (v, w2) + Jg,(v2,w1) — Jg, (v, w1) — Jg,(v2, w2)
< CR [ [Roy(v1) = Ron (v2)|[wy — wolds (61)
3
< C'u(|Gy — Ga|l + Ml|vy — v [lwy — w2
for all G;, w; € Vg, v; € SGi’ 1= 1,2, where u = ||,LL||Loo(|—3).

An incremental formulation can be written by using a time discretiza-
tion of (Py) as previously. Therefore we obtain the following sequence
of incremental problems (P}, ),=0.1,..0-

Problem P} : Find u‘t! € Kq such that

( a(u“"l, v — out) + JLL+1(uL+1, v) — JLL+1(u"+1, ou')
(P5,) =@ o —0ou) 4+ (on(uth), oy —ouy) Vo eV,
\ <O‘N(’U,L+1),ZN — ul]’\_[|_1> >0 Vze Kp.




Then w, € L2(0,T; V) and
Uy € Wl’Q(O,T; Vo) satisfy the following incremental problem:

’

0 500+ 10
(PO V) ) —JL (t)(Uy(t) du,/(t)) > (Ly(t) v — diul/(t))

Hon (D), ox — LA (D) Vo e Vo, Vie [0,T],
\ (on(up(t)),zy —u,ny(@)) >0 Vze Ko, Vte [0,T].

We have the following existence and approximation result.

Theorem 6 Under the above assumptions and if p < g/ there exists
a subsequence (uy,)p Of (uy)y such that wu,,(t) — u(t) in Vo Vit €

N . d _ o
[0,T], @, — u in L?(0,T;Vp) and —y, = @i L2(0,T;Vp), as
p — oo, Where u is a solution of (Py).




Proof.
Taking V =V, K = Ko, H = L?("'3) and

j(L,v,w) = Jp(v,w) — (L,w), b(L,v,w) = (ocn(v),wn),
K(L)=KonSy, p(L,v) = ulRony(v)| Vv e S, wel,
we see that (Py) can be written in the form (P) with f = L, where L
is defined by (58). Using the properties of J and Green’'s formula, it
can be easily seen that the hypotheses of theorem 1 are satisfied and
the theorem therefore follows. [
- Using a similar approach, one can study the quasistatic unilateral con-
tact problem with nonlocal friction between two linearly elastic bodies.
- The previous abstract results can be equally applied to frictional con-
tact with normal compliance, to bilateral contact problems or, more
generally, to contact interface problems.




Perspectives

e Generalizations to: viscoelasticity, monotone operators,...

e Study of the local friction laws

e Study of the corresponding dynamic cases,...




