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Introduction

Introduction

Problem. Quantize a coadjoint orbit of a nilpotent Lie group (Rn with a
polynomial law of composition), in the sense

functions on the orbit
Op−→ operators

such that
• One gets a law # on functions with Op(a#b) = Op(a)Op(b)
• π representation associated to O, dπ(X ), X ∈ g is in the image of Op.

Done by N. V. Pedersen (Inventiones Mat. 118 (1994))

Aim. Find continuity properties of Op(a) with a is in certain symbol
classes.

• I. Beltiţă, D. Beltiţă, Modulation spaces of symbols for representations
of nilpotent Lie groups. J. Fourier Anal. Appl. (to appear).
• I. Beltiţă, D. Beltiţă, Algebras of symbols associated with the Weyl
calculus for Lie group representations. arXiv:1008.2935.

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 3 / 15



Introduction

Introduction

Problem. Quantize a coadjoint orbit of a nilpotent Lie group (Rn with a
polynomial law of composition), in the sense

functions on the orbit
Op−→ operators

such that
• One gets a law # on functions with Op(a#b) = Op(a)Op(b)
• π representation associated to O, dπ(X ), X ∈ g is in the image of Op.

Done by N. V. Pedersen (Inventiones Mat. 118 (1994))

Aim. Find continuity properties of Op(a) with a is in certain symbol
classes.
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Weyl-Pedersen calculus Coadjoint orbits, preduals, and Fourier transform

Coadjoint orbits, preduals, and Fourier transform

• G connected, simply connected, nilpotent Lie group, Lie algebra g

(expG : g→ G is a diffeom.) , g∗ linear dual space to g

Adg (X ) = (d/dt)(g exp(tX )g−1)|t=0, X ∈ g, g ∈ G
〈·, ·〉 : g∗ × g→ R the natural duality pairing

• ξ0 ∈ g∗ with coadjoint orbit O := Ad∗G (G )ξ0 ⊆ g∗

• Isotropy Lie algebra: gξ0 = {X ∈ g | ξ0 ◦ adgX = 0}; z ⊆ gξ0 .
• Fix a sequence of ideals in g,

{0} = g0 ⊂ g1 ⊂ · · · ⊂ gn = g

pick Xj ∈ gj \ gj−1 for j = 1, . . . , n Jordan-Hölder basis
• Jump indices of O with respect to the (Xj):

e := {j ∈ {1, . . . , n} | gj 6⊆ gj−1 + gξ0}
• Predual of the coadjoint orbit O,

ge := span {Xj | j ∈ e} ⊆ g.
Note g = gξ0 u ge .

• The mapping f → f̂ (X ) =
∫
O e−i〈ξ,X 〉f (ξ)dξ is invertible, and extends to

unitary L2(O)→ L2(ge).
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Weyl-Pedersen calculus Irreducible representations

Irreducible representations

π : G 7→ B(H) irreducible representation associated to O.
• H∞ space of smooth vectors for π – nuclear Fréchet space.
• H−∞ continuous antilinear functionals on H∞.

H∞ ↪→ H ↪→ H−∞

• B(H)∞ space of smooth vectors for the unitary representation
π ⊗ π̄ : G × G → B(S2(H)), (π ⊗ π̄)(m1,m2)T = π(m1)Tπ(m2)−1.
• B(H)∞ ' H∞⊗̂H∞
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Weyl-Pedersen calculus Ambiguity function and Wigner distribution

Ambiguity function and Wigner distribution

• Ambiguity function
• f ∈ H, φ ∈ H or f ∈ H−∞ and φ ∈ H∞:

Aπφf : ge → C, Aπφf (X ) = (f | π(expG X )φ)

• f , φ ∈ H ⇒ Aπφf : ∈ L2(ge), and
(Aπφ1

f1 | Aπφ2
f2)L2(ge) = (f1 | f2)H(φ2 | φ1)H

• φ ∈ H∞.
Aπφf ∈ S(ge) when f ∈ H∞
Aπφf ∈ S ′(ge) ∩ C (ge) when f ∈ H−∞

•Wigner distribution

Wπ(f , φ) ∈ L2(O), Ŵπ(f , φ) = Aπφf .

• Nuclearity ⇒ Wπ extends cont. H∞⊗̂H∞ ∼= B(H)∞ → S(ge).
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Weyl-Pedersen calculus Weyl-Pedersen calculus: Definition and first properties

Weyl-Pedersen calculus: Definition and first properties
N.V. Pedersen (1994)

• Opπ(a) = Op(a) =
∫
ge

â(X )π(exp X )dX

Op : S(O)→ B(H)∞ linear, topological isomorphism

Tr(Opπ(a)) =
∫
O a(ξ)dξ

Opπ(ā) = Opπ(a)∗

Tr(Opπ(a) Opπ(b)) =
∫
O a(ξ)b(ξ)dξ

Op extends to S ′(O)→ B(H)−∞ cont. isom., and

Tr(Opπ(a) Opπ(b)) = 〈a, b〉

when a ∈ S ′(O) and b ∈ S(O)

• a#b the symbol of Opπ(a) Opπ(b)
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Weyl-Pedersen calculus Weyl-Pedersen calculus: Further properties

Weyl-Pedersen calculus: Further properties

• (Op(a)f | g) = 〈a,W(g , f )〉, a ∈ S ′(O), f , g ∈ H∞.

• Covariance property
Opπ(a ◦Ad∗G (g−1)|O) = π(g)Op(a)π(g)−1

• The set {W(f , g) | f , g ∈ H} is total in L2(O)
• Op : L2(O)→ S2(H) is continuous and unitary
• Op(Wπ(f1, f2)) = f1 ⊗ f̄2 = (· | f2)f1
• In particular, when H = L2(Rd) for some d ,

Op(Wπ(K )) = K ∀ K ∈ L2(Rd × Rd)
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Continuity properties of the Weyl-Pedersen calculus Group square

Group square

• G n G semi-direct product defined by the action of G on itself by inner
automorphisms.

(g1, g2)(h1, h2) = (g1h1, h
−1
1 g2h1h2)

• µ : G n G → G × G , (g1, g2) 7→ (g1g2, g1) isomorphism of Lie groups
with tangent map L(µ) : g n g→ g× g, (X ,Y ) 7→ (X + Y ,X ).
• expGnG : gng→ G nG , (X ,Y ) 7→ (expG X , expG (−X ) expG (X +Y )).
• Continuous unitary representation

πn : G n G → B(S2(H)), πn = (π ⊗ π̄) ◦ µ
πn(expGnG (X ,Y ))T = π(expG (X + Y ))Tπ(expG (−X ))

• Aπn
satisfies the orthogonality condition on ge × ge

• φ1, φ2 ∈ H∞, f1, f2 ∈ H−∞, ∀X ,Y ∈ ge ,
(Aπn

φ1⊗φ̄2
(f1 ⊗ f̄2))(X ,Y ) = (Aπφ1

f1)(X + Y ) · (Aπφ2
f2)(X )
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Continuity properties of the Weyl-Pedersen calculus Modulation spaces of symbols

Modulation spaces of symbols

• π# : G n G → B(L2(O)) , π# = (Opπ)−1 ◦ πn ◦Op

• π#(expGnG (X1,X2))a = ei〈·,X1+X2〉#a#e−i〈·,X1〉 , a ∈ L2(O).
• φ1, φ2 ∈ H∞, f1, f2 ∈ H−∞, ∀X ,Y ∈ ge ,

(Aπ#

W(φ1,φ2)(W(f1, f2)))(X ,Y ) = (Aπφ1
f1)(X + Y ) · (Aπφ2

f2)(X )
⇒

(Op(a)f | g) =
∫

(Aπ#

W(φ1,φ2)a)(X ,Y ) · (Aπφ1
g)(X + Y ) · (Aπφ2

f )(X )dXdY

• Lr ,s(ge × ge) : f such that

‖f ‖Lr,s(ge×ge) =
(∫

ge

(∫
ge

|f (X1,X2)|rdX1

)s/r
dX2

)1/s
<∞

• φ ∈ H∞ \ 0 window function:

M r ,s
φ (π#) := {f ∈ H−∞ | Aπ

#

φ (f ) ∈ Lr ,s(ge × ge)}
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Kurbatov property

Kurbatov property

a ∈ S ′(O), φ ∈ H∞,

K (X ,Y ) = 〈a, e i〈·,Y 〉#Wπ(φ, φ)#e−i〈·,X 〉〉

• (Aπ#

W(φ,φ)a)(X ,Y ) = K (X ,X + Y )
hence

(Op(a)f | g) =

∫
K (X ,Y ) · (Aπφg)(Y ) · (Aπφf )(X )dXdY

• a ∈ M∞,1Wπ(φ,φ)(π#) if and only if K satisfies the Kurbatov property:

Y → supX∈ge
|K (X ,X + Y )| ∈ L1(ge)
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Continuity results

Continuity results

Theorem

If φ ∈ H∞, then the following assertions hold:

1 The mapping
M∞,1Wπ(φ,φ)(π#) 3 a⇒ Op(a) ∈ B(H)

is continuous: ‖Op(a)‖ ≤ ‖a‖
M∞,1Wπ(φ,φ)

(π#)
.

2 # makes the modulation space M∞,1Wπ(φ,φ)(π#) into an involutive
associative Banach algebra.

3 If a0 ∈ 1 + M∞,1Wπ(φ,φ)(π#) and Op(a0) is invertible in B(H),

⇒ ∃ b0 ∈ 1 + M∞,1Wπ(φ,φ)(π#), Op(a0)−1 = Op(b0).
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Square integrable representations

Modulation spaces of symbols: square integrable
representations

• G nilpotent Lie group, Z its centre, g its Lie algebra, z, z∗ = sp{ξ0}.
• Assume O = Oξ0 = ξ0 + z⊥ ⇒ corresp. representation π : G → B(H)
square integrable mod z, predual ge : ge + z = g.
• π# is square integrable modulo centre, O# = ζ⊥ ×O, ge × ge predual

1 ≤ p, q ≤ ∞, Φ ∈ S(O) (any!)

Mp,q(π#) = {F ∈ S ′(O) | A#
Φ F ∈ Lp,q(ge × ge)}.
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Examples The Heisenberg group

Example: Heisenberg group
• Heisenberg group H2n+1 = Rn × Rn × R, with

Heisenberg algebra h2n+1 = Rn × Rn × R

[(q, p, t), (q′, p′, t ′)] = [(0, 0, p · q′ − p′ · q)].

• ξ0 = (0, 0, 1), O = Rn × Rn × {1}, ge = Rn × Rn.
• Schrödinger representation: π : H2n+1 → B(L2(Rn)),

π(q, p, t)f (x) = ei(px+ 1
2
pq+t)f (q + x)

Then

(Opπ(a)f )(q) =

∫∫
Rn×Rn

a

(
q + q′

2
, p

)
ei(q−q′)pf (q′)dq′dp′.

• Mp,q(π#) coincides with the modulation spaces defined in
time-frequency analysis (modulation space for the Heisenberg group of
dimension 4n + 1). In part, M∞,1(π#) is the Sjöstrand algebra,
BC∞(Rn × Rn) ⊂ M∞,1(π#), and one recovers Sjöstrand’s results.
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Examples Convolution operators on Lie groups

Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logG : G → g.
• FG := span R({λg (ξ ◦ logG ) | ξ ∈ g∗, g ∈ G}),
Then
• FG is a finite dim. linear subspace of C∞(G ), invariant under the left
regular repres. contains the constant functions.
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g∗×g ǎ(ξ,X )π(expM(ξ,X ))f d(X , ξ), f ∈ L2(g).

When a = a(ξ)
(Op(a)f )(X ) =

∫
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