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Introduction

Introduction
Problem. Quantize a coadjoint orbit of a nilpotent Lie group (R” with a

polynomial law of composition), in the sense

. .. O
functions on the orbit —> operators
such that

e One gets a law # on functions with Op(a#b) = Op(a)Op(b)
e T representation associated to O, dn(X), X € g is in the image of Op.
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Problem. Quantize a coadjoint orbit of a nilpotent Lie group (R” with a
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functions on the orbit Op, operators
such that
e One gets a law # on functions with Op(a#b) = Op(a)Op(b)
e T representation associated to O, dw(X), X € g is in the image of Op.

Done by N. V. Pedersen (Inventiones Mat. 118 (1994))

Aim. Find continuity properties of Op(a) with a is in certain symbol
classes.
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Introduction

Introduction

Problem. Quantize a coadjoint orbit of a nilpotent Lie group (R” with a
polynomial law of composition), in the sense
. .. Op
functions on the orbit — operators
such that
e One gets a law # on functions with Op(a#b) = Op(a)Op(b)
e T representation associated to O, dw(X), X € g is in the image of Op.

Done by N. V. Pedersen (Inventiones Mat. 118 (1994))

Aim. Find continuity properties of Op(a) with a is in certain symbol
classes.

o |. Beltita, D. Beltitd, Modulation spaces of symbols for representations
of nilpotent Lie groups. J. Fourier Anal. Appl. (to appear).

o |. Beltita, D. Beltitd, Algebras of symbols associated with the Weyl
calculus for Lie group representations. arXiv:1008.2935.
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Coadjoint orbits, preduals, and Fourier transform

e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g

Adg(X) = (d/dt)(gexp(tX)g ™ )le=0, X €9, 8 € G
(,-): g* x g — R the natural duality pairing
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e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g
Adg(X) = (d/dt)(gexp(tX)g " )|t=0, X €9, £ € G
(-,-): g* x g — R the natural duality pairing
o o € g* with coadjoint orbit O := Adg(G)é C g*
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Coadjoint orbits, preduals, and Fourier transform

e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g

Adg(X) = (d/dt)(gexp(tX)g ')|t=0, X €9, 8 € G

(-,-): g* x g — R the natural duality pairing
o o € g* with coadjoint orbit O := Adg(G)é C g*
e Isotropy Lie algebra: g¢, = {X € g | & oadgX =0}; 5 C ge,.
e Fix a sequence of ideals in g,

{0}=goCorC---Cagn=9

pick Xj € g; \ gj—1 for j =1,..., n Jordan-Holder basis

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 4 /15



Weyl-Pedersen calculus Coadjoint orbits, preduals, and Fourier transform

Coadjoint orbits, preduals, and Fourier transform

e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g
Adg(X) = (d/dt)(gexp(tX)g ')|t=0, X €9, 8 € G
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e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g
Adg(X) = (d/dt)(gexp(tX)g ')|t=0, X €9, 8 € G
(-,-): g* x g — R the natural duality pairing
o o € g* with coadjoint orbit O := Adg(G)é C g*
e Isotropy Lie algebra: g¢, = {X € g | & oadgX =0}; 5 C ge,.
e Fix a sequence of ideals in g,
{0}=goCorC---Cagn=9
pick Xj € g; \ gj—1 for j =1,..., n Jordan-Holder basis
e Jump indices of O with respect to the (X;):
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e Predual of the coadjoint orbit O,
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Coadjoint orbits, preduals, and Fourier transform

e G connected, simply connected, nilpotent Lie group, Lie algebra g
(expg: g — G is a diffeom.) , g* linear dual space to g
Adg(X) = (d/dt)(gexp(tX)g ')|t=0, X €9, 8 € G
(-,-): g* x g — R the natural duality pairing
o o € g* with coadjoint orbit O := Adg(G)é C g*
e Isotropy Lie algebra: g¢, = {X € g | & oadgX =0}; 5 C ge,.
e Fix a sequence of ideals in g,
{0}=goCorC---Cagn=9
pick Xj € g; \ gj—1 for j =1,..., n Jordan-Holder basis
e Jump indices of O with respect to the (X;):
e:={j€{l,...,n}| 9 L gj-1 +g§0}
e Predual of the coadjoint orbit O,
ge :=span{Xj|jce} Cg.
Note g = g¢, + ge.
e The mapping f — f f e~ €)d¢ is invertible, and extends to
unitary L%(0) — Lz(ge)
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Irreducible representations

m: G — B(H) irreducible representation associated to O.
e Ho space of smooth vectors for m — nuclear Fréchet space.
e H_ . continuous antilinear functionals on H.

Hoo — H—H_o
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Irreducible representations

m: G — B(H) irreducible representation associated to O.
e H, space of smooth vectors for m — nuclear Fréchet space.
e H_ . continuous antilinear functionals on H.
Hoo — H — H_o
e B(H)~ space of smooth vectors for the unitary representation
TR7: Gx G — B(Ga(H)), (r@7)(my,m)T =na(m)Tr(my) L.
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Irreducible representations

m: G — B(H) irreducible representation associated to O.
e H, space of smooth vectors for m — nuclear Fréchet space.
e H_ . continuous antilinear functionals on H.
Hoo — H — H_o
e B(H)~ space of smooth vectors for the unitary representation
TR7: Gx G — B(Ga(H)), (r@7)(my,m)T =na(m)Tr(my) L.
e B(H) oo =~ Hoo®Hoo
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Ambiguity function and Wigner distribution
e Ambiguity function

efcH, peHorfeH_and ¢ € Heo:

ATf: ge = C, ATF(X) = (F | 7(expg X)¢)
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Ambiguity function and Wigner distribution

e Ambiguity function
efcH, peHorfeH_and ¢ € Heo:

ATF: g — C, ATF(X) = (F | n(expe X))
of,pe H=Alf: € L?(ge), and

(AZ f [ AG,R)12(g) = (A | (b2 | d1)m
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Ambiguity function and Wigner distribution

e Ambiguity function
efcH, ¢pcHorfeH o and ¢ € Ho:

ATF: ge — C, ATF(X) = (F | 7(expg X)0)
of,pe H=Alf: € L?(ge), and

(AZ f [ AG,R)12(g) = (A | (b2 | d1)m
o e Hy.

AGf € S(ge) when f € Hoo
AZf € §'(ge) N C(ge) when f € H_o
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Ambiguity function and Wigner distribution

e Ambiguity function
efcH, ¢pcHorfeH o and ¢ € Ho:

ATF: ge — C, ATF(X) = (F | 7(expg X)0)
of,pe H=Alf: € L?(ge), and

(A%, f | A, R)12(g) = (| R2)r(d2 | d1)n
) Hy.

AGf € S(ge) when f € Hoo
AZf € §'(ge) N C(ge) when f € H_o
o Wigner distribution

W(F,6) € L2(0), WR(F, 6) = A3f.
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Ambiguity function and Wigner distribution
Ambiguity function and Wigner distribution

e Ambiguity function
efcH, ¢pcHorfeH o and ¢ € Ho:
ATF: ge — C, ATF(X) = (F | 7(expg X)0)
ef,peEH= AYf: € L?(ge), and
(AZ | AL R)12(g) = (| R2)1(d2 | d1)m
o )€ Hy.
AGf € S(ge) when f € Hoo
AZf € §'(ge) N C(ge) when f € H_o
e Wigner distribution

—

WT(f,¢) € L2(0), Wr(f, ¢) = AGF.
e Nuclearity = W™ extends cont. Hoo@Hoo = B(H)oo — S(ge)-
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Weyl-Pedersen calculus: Definition and first properties
N.V. Pedersen (1994)

* Op™(a) = Op(a) = [, a(X)m(exp X)dX
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Weyl-Pedersen calculus: Definition and first properties
N.V. Pedersen (1994)

« 09 (2) = Op(3) = [, 30X)r(exp X)X |
e Op: S(0) — B(H)x Iinear, topological isomorphism
e Tr(Op”(a)) = [pa(¢
 Op™(a) = Op”(a)"
e Tr(Op™(a) Op"(b)) = Jo a(§)b(£)dE
@ Op extends to §'(O) — B(H)—_ cont. isom., and

Tr(Op™(a) Op™ (b)) = (a, b)
when a € §’(O) and b € S(O)

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 7 /15



WWEY R ENWETITEN  \Weyl-Pedersen calculus: Definition and first properties

Weyl-Pedersen calculus: Definition and first properties
N.V. Pedersen (1994)

« 09 (2) = Op(3) = [, 30X)r(exp X)X |
e Op: S(0) — B(H)x Iinear, topological isomorphism
e Tr(Op”(a)) = [pa(¢
 Op™(a) = Op”(a)"
e Tr(Op™(a) Op"(b)) = Jo a(§)b(£)dE
@ Op extends to §'(O) — B(H)—_ cont. isom., and

Tr(Op™(a) Op™ (b)) = (a, b)

when a € §’(O) and b € S(O)

v

e a#b the symbol of Op™(a) Op”(b) J
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Weyl-Pedersen calculus: Further properties

* (Op(a)f | g) = (a,W(g,f)), a€ §(0), f, g € Hoo.
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Weyl-Pedersen calculus: Further properties

* (Op(a)f | g) = (a, W(g.f)), a€ S'(0), . g € Ho.
e Covariance property

Op™(ao Adg(g1)|o) = (g)Op(a)m(g) !
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Weyl-Pedersen calculus: Further properties

* (Op(a)f | g) = (a, W(g.f)), a€ S'(0), . g € Ho.
e Covariance property

Op™(ao Adg(g™)|o) = (g)Op(a)m(g)
e The set {W(f,g) | f,g € H} is total in L?(O)
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Weyl-Pedersen calculus: Further properties

* (Op(a)f | g) = (a, W(g.f)), a€ S'(0), . g € Ho.
e Covariance property

Op™(ao Adg(g™Y)lo) = 7(g)Op(a)m(g)
e The set {W(f,g) | f,g € H} is total in L?(O)
e Op: L?(0) — G,(H) is continuous and unitary
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Weyl-Pedersen calculus: Further properties

* (Op(a)f | g) = (a,W(g,)), a€ S'(0), f, g € Heo-
e Covariance property
Op™(ao Adg(g™)|o) = (g)Op(a)m(g)
e The set {W(f,g) | f,g € H} is total in L?(O)
e Op: L2(O) — &,(H) is continuous and unitary
e Op(W™(fi, k) =h @ h = (| R)A
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Weyl-Pedersen calculus: Further properties

o (Op(a)f | g) = (a,W(g,f)), a€ S'(0), f, g € Heo.
e Covariance property
Op™(ao Adg(g H)lo) = m(g)Op(a)m(g)~*
e The set {W(f,g) | f,g € H} is total in L?(O)
e Op: L?(O) — &,(H) is continuous and unitary
e Op(W7(f, ) =A@ =(-| R)A
e In particular, when H = Lz(Rd) for some d,

OpW™(K)) =K VK e L?(RY x RY)
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Group square
automorphisms.

e G X G semi-direct product defined by the action of G on itself by inner

(g1,82)(h1, h2) = (g1h1, hy *gah1ho)
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Continuity properties of the Weyl-Pedersen calculus

Group square

e G X G semi-direct product defined by the action of G on itself by inner
automorphisms.

(g1,82)(h1, h2) = (g1hy, hy ' gahihy)
eu:GXxG—GxG, (g1,8)— (g182,81) isomorphism of Lie groups
with tangent map L(p): gxg—gxg, (X,Y)— (X+Y,X).
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Continuity properties of the Weyl-Pedersen calculus

Group square

e G X G semi-direct product defined by the action of G on itself by inner
automorphisms.

(g1,82)(h1, h2) = (g1hy, hy ' gahihy)
eu:GXxG—GxG, (g1,8)— (g182,81) isomorphism of Lie groups
with tangent map L(p): gxg—gxg, (X,Y)— (X+Y,X).
®expoyg: X9 — GG, (X, Y) = (expg X, expg(—X) expg(X+Y)).
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Continuity properties of the Weyl-Pedersen calculus BNE[CII R TENS

Group square

e G X G semi-direct product defined by the action of G on itself by inner
automorphisms.
(g1, &) (1, h2) = (g1hy, hy 'gahihy)
eu:GxG— GxG, (g1,8)+— (g142,81) isomorphism of Lie groups
with tangent map L(p): gxg—gxg, (X,Y)— (X+Y,X).
e expong: X8 — GX G, (X,Y)— (expg X,expg(—X) expg(X+Y)).
e Continuous unitary representation
™ G X G— B(62(H)), m¥=(m®@7T)on
T (expen (X, V)T = m{expa(X + Y)) Tr(expe(—X)
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Continuity properties of the Weyl-Pedersen calculus BNE[CII R TENS

Group square

e G X G semi-direct product defined by the action of G on itself by inner
automorphisms.
(g1.82)(h1, h2) = (g1h1, by ' gahy o)
eu:GxG— GxG, (g1,8)+— (g142,81) isomorphism of Lie groups
with tangent map L(p): gxg—gxg, (X,Y)— (X+Y,X).
® expgug: X8 — GX G, (X, Y) = (expg X, expg(—X) expg (X +Y)).
e Continuous unitary representation
™ G X G—>B(62(H)), ™ = (7T®7T')OM

X (exParc (X, V)T = n(expg(X + ¥)) Tr(expe(~X))

o A™ satisfies the orthogonality condition on ge X ge
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Continuity properties of the Weyl-Pedersen calculus BNE[CII R TENS

Group square

e G X G semi-direct product defined by the action of G on itself by inner
automorphisms.
(g1.82)(h1, h2) = (g1h1, by ' gahy o)
eu:GxG— GxG, (g1,8)+— (g142,81) isomorphism of Lie groups
with tangent map L(p): gxg—gxg, (X,Y)— (X+Y,X).
® expgug: X8 — GX G, (X, Y) = (expg X, expg(—X) expg (X +Y)).
e Continuous unitary representation
™ G X G—>B(62(H)), ™ = (7T®7T')OM

X (exParc (X, V)T = n(expg(X + ¥)) Tr(expe(~X))
o A™ satisfies the orthogonality condition on ge X ge
® 01,02 € Hoo, f1,120 € Hooo, VX, Y € ge,

(A7 o5, (@ B))(X,Y) = (A7 A)X + V) - (A7, R)(X)
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Modulation spaces of symbols

o7 G x G — B(L*(0)), n# = (Op™) L o™ 0 Op
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Modulation spaces of symbols

o7 G x G — B(L*(0)), n* = (Op™) L ox™ 0 Op
o 1 (expg (X1, Xo))a = el XTI hademI0X) 5 € 12(0).
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Modulation spaces of symbols

o7 G x G — B(L*(0)), n* = (Op™) L ox™ 0 Op

o T (expgr (X1, Xo))a = X1 XN gaghe™i0X0 g € 12(0).
® P1,02 € Hoo, 1,2 € Hooo, VX, Y € ge,
=

(ATp0.60) V(L BD)X, Y) = (AT A)(X + Y) - (A7, B)(X)

(Op(@)f | 8) = [ (A4, 42X, V) - (AF,8) (X + V) - (AF,F(X)AXAY |
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Modulation spaces of symbols

o7 G x G — B(L*(0)), n* = (Op™) L ox™ 0 Op

o T (expgr (X1, Xo))a = X1 XN gaghe™i0X0 g € 12(0).
® P1,02 € Hoo, 1,2 € Hooo, VX, Y € ge,
=

(ATp0.60) V(L BD)X, Y) = (AT A)(X + Y) - (A7, B)(X)

(Op(@)f | 8) = [ (A4, 42X, V) - (AF,8) (X + V) - (AF,F(X)AXAY |
e ["*(ge X ge) : f such that

Ge

s/r 1/s
11l s (gexge) = (f (f !f(Xl,Xz)!'dxl) dXz) < 0
Je
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Modulation spaces of symbols

o7 G x G — B(L*(0)), n* = (Op™) L ox™ 0 Op

o T (expgr (X1, Xo))a = X1 XN gaghe™i0X0 g € 12(0).
® P1,02 € Hoo, 1,2 € Hooo, VX, Y € ge,
=

(ATp0.60) V(L BD)X, Y) = (AT A)(X + Y) - (A7, B)(X)

(Op(@)f | 8) = [ (A4, 42X, V) - (AF,8) (X + V) - (AF,F(X)AXAY |
e ["*(ge X ge) : f such that

Ge

s/r 1/s
1 £1lLrs(gexge) = (f(f !f(Xsz)!'Xm) dXz) < o0
Ge
® ¢ € Hy \ 0 window function:

Ingrid Beltita (IMAR)
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R oV prop ey
Kurbatov property
ae S(0), ¢ € Hoo,

K(X,Y) = (a, VI (, p) e 0X))
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R oV prop ey
Kurbatov property

ae S(0), ¢ € Hoo,

K(X,Y) = (a, eI HWT (6, 9)#e 1 (X))
° (Aﬁw,(ﬁ)a)(x: Y)=K(X,X+Y)
hence

Op(a)f | &)= [ K(X.¥) - TATN(V) - (A5)(X)dxdY
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R oV prop ey
Kurbatov property

ae S(0), ¢ € Hoo,

K(X,Y) = (a, el
® (AW(¢ $)? a)(X,Y)
hence

VIHWT (6, ¢)#e X
K(X,X +Y)

X))

W) (™

Op(a)f | &)= [ K(X.¥) - TATN(V) - (A5)(X)dxdY
0ac M}

#) if and only if K satisfies the Kurbatov property
Y — SUPXxeg. KX, X+Y)| e Ll(ge)
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Y "'ty results

Continuity results

Theorem
If ¢ € Heo, then the following assertions hold:

© The mapping

M;Vo;fl(qs,@(ﬂ#) > a = Op(a) € B(H)

is continuous: ||Op(a)|| < ||a||M$;r1(¢ INCO%

© # makes the modulation space M°°;1(¢ ¢)(7r#) into an involutive

associative Banach algebra.
Q@ Ifapel+ M;'S;rl((ﬁ ¢)(7T#) and Op(ag) is invertible in B(H),

= Jbo € 1+ My, o (7#), Op(a0) ™ = Op(bo).

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers
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Modulation spaces of symbols: square integrable
representations

e G nilpotent Lie group, Z its centre, g its Lie algebra, 3, 3* = sp{&o}-

e Assume O = Og, = & + 3 = corresp. representation 7: G — B(H)
square integrable mod 3, predual g. : ge +3 = 9.

e 7 is square integrable modulo centre, O% = (+ x O, ge X ge predual

1<p,qg<oo, ®c SO) (any!)
MPa(n#) = {F € S'(0) | ALF € LP9(ge x ge)}- J

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 13 /15



Example: Heisenberg group

e Heisenberg group Hy,11 = R" x R"” x R, with
Heisenberg algebra hpn,11 = R" x R” x R

[(a.p. 1) (d", P, )] =1(0,0,p-g" = p'- q)].
o & =(0,0,1), 0 =R" x R" x {1}, g = R" x R".
e Schrédinger representation: m: Ha, 1 — B(L2(R")),

m(q, p, t)f(x) = ePT2Pat £ (g 4 x)
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Example: Heisenberg group
e Heisenberg group Hy,11 = R" x R"” x R, with

Heisenberg algebra hpn,11 = R" x R” x R

(g,p,t),(d, P, t)]=[(0,0,p-¢"—p - q)].
e & =1(0,0,1), O =R" x R" x {1}, ge = R" x R".

e Schrédinger representation: m: Ha, 1 — B(L2(R")),
Then

m(q, p, t)f(x) = ePT2Pat £ (g 4 x)

T +4q i(g—q’
(Op (c‘*)f)(q)z//]R . a(%,p)e(" TPf(q')dq'dp'.
I1>< n
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Example: Heisenberg group

e Heisenberg group Hy,11 = R" x R"” x R, with
Heisenberg algebra hpn,11 = R" x R” x R

[(q,p,1),(d", P, t)] =1(0,0,p-4" = p'-q)].

o & =(0,0,1), 0 =R" x R" x {1}, g = R" x R".

e Schrédinger representation: m: Ha,y1 — B(L2(R™)),
7(9, p, 1)f (x) = P H2PIEI (g + x)

Then

@@= [[ _o(*5%p) it |

e MP:9(1#) coincides with the modulation spaces defined in
time-frequency analysis (modulation space for the Heisenberg group of
dimension 4n +1). In part, M>1(7#) is the Sjostrand algebra,
BC>(R" x R") C M°>1(x#), and one recovers Sjostrand's results.
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Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie

group.

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 15 / 15



Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie
group.

e O ={(0g,8) | g € G,& € g*} Cm* the coadjoint orbit of (41,0).

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 15 / 15



Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie
group.

e O ={(0g,8) | g € G,& € g*} Cm* the coadjoint orbit of (41,0).

e O, =g" x g C mis the predual of the coadjoint orbit O

Ingrid Beltita (IMAR) Weyl-Pedersen calculus August 31, 2010, Poitiers 15 / 15
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G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie
group.

e O ={(0g,8) | g € G,& € g*} Cm* the coadjoint orbit of (41,0).

e O, =g" x g C mis the predual of the coadjoint orbit O

o 7 M — B(L2(g)), (6, £)F(Y) = ¥ F((— logg g) + )
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Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie
group.

e O ={(0g,8) | g € G,& € g*} Cm* the coadjoint orbit of (41,0).

e O, =g" x g C mis the predual of the coadjoint orbit O

o 7 M — B(L2(g)), (6, g)F(Y) = ¥V F((— logg g) + )

@ Op(a)f = [y 36, X)m(expun(€, X)FA(X,€), € 12(a).
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Convolution operators on Lie groups

G be a finite-dimensional simply connected nilpotent Lie group, the
inverse of the exponential map: logs: G — g.

e Fo = spanr({\g(€ ologg) | € € g%, g € G}),

Then

e F¢ is a finite dim. linear subspace of C*°(G), invariant under the left
regular repres. contains the constant functions.

o M := Fs x G is a finite-dimensional simply connected nilpotent Lie
group.

e O ={(0g,8) | g € G,& € g*} Cm* the coadjoint orbit of (41,0).

e O, =g" x g C mis the predual of the coadjoint orbit O

o 7 M — B(L2(g)), (6, g)F(Y) = ¥V F((— logg g) + )

0 Op(a)f = [0,y 36 X)m(expun(€, X)FA(X,€), € 12(a).

When a = a(¢)

(Op(@)F)(X) = [,3(YV)F((—Y) * X)) d(X.0), f € L(g).
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