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Exponential stabilization
of the linearized Navier—Stokes
equation by pointwise feedback
noise controllers

Viorel Barbu (Iasi, Romania)

We address the problem of exponential stabilization in proba-
bility of the linearized Navier—Stokes equations in an equilibrium
point. This is done by designing a linear stochastic feedback con-
troller with support in a point or on a discrete set of points of
the domain. This controller consists of steady-state impulse com-
ponent with support in a finite set of points modulated by an
unsteady feedback noise controller.

1 Introduction

In this paper, we address the problem of linear stabilization of
steady-state solutions X, to Navier-Stokes equations by mean of
a noise internal controller with support in discrete set of points of
the domains. More precisely, the stabilizable feedback controller
proposed here is of the form



where pur C C, §(&) is the Dirac measure concentrated in the
point & € O C R4, d = 2,3, {;} is a system of independent
Brownian motions and {7 }é\le are eigenfunctions to dual Stokes—
Oseen operator corresponding to eigenvalues {A;; Re\; < v},
j=1,...,N.

The main result amounts to saying that the feedback controller
(1) exponentially stabilizes in probability the linearized Navier—
Stokes system in a certain weak sense to be discussed below.

Stabilizing stochastic feedback controllers for Navier—Stokes
equations but with support in an arbitrary open subset Oy C O
were designed by Barbu [8] and Barbu & Da Prato [11]. The
feedback controller (1) we propose here is concentrated on a finite
set of spatial points & € O, which practically can be arbitrarily
chosen. As we shall see from the construction below, this con-
troller is also robust to structural perturbations of the system.
A noise controller of similar form was designed in Barbu [10] for
the stabilization of the equilibrium profile of a periodic fluid flow
in a 2-D channel. The normal boundary controller designed in
this latter case is concentrated on the wall ¥y = 1 of the channel
(—o0,00) x (0, 1).

It should be said that, compared with the performances of
deterministic Riccati-based stabilization controllers developed by
Barbu & Triggiani [12], Barbu, Lasiecka & Triggiani [9, 13], Fur-
sikov [20], Raymond [24], the noise stabilizing controller is easy
to implement and avoids large numerical computations, which are
practically untractable for Navier—Stokes equations. On the other
hand, it is no analogy of the feedback law (1) in the framework of
the deterministic controller and perhaps the only way to design
a stabilizing and robust feedback controller with discrete support
is to represent it in a stochastic form. It should be emphasized,
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however, that the stabilization occurs in a weak topology that is in
distributional sense. For other literature on stabilization by noise
but considered in a different context we refer to Arnold, Craul &
Wihstutz [3], Deng, Krstic & Williams [18], Caraballo et al. [16].
In particular, the last two works are concerned with stabilization
by noise of PDEs.

2 Problem statement and control design

The dimensionless Navier—Stokes equations for incompressible
flow in an open, bounded domain @ C R?, d = 2,3, are given by

X,—vAX+(X - V)X=Vp+ f. in (0,00) x O

) V- X=0 in (0,00) x O
2) X =0 on (0,00) x 00
X(ng) :X()<€), 56 0.

Here, f. = f.(§), £ € O, is a smooth function and 0O is the
boundary of O.
If X, = X.(£) is a stationary solution to (2), i.e.,

—vAX,+ (X, - V)X, =Vp.+ f.in O
V-X,=0, X, =0o0n 00,
then, defining y = X — X, we get for the error y the Stokes—Oseen

equation
y—vAy+ (X - V)y+(y- V)X, = Vp
in (0,00) x O
(3) V.ey=0 1in(0,00)x O
y=0 on (0,00) x 00

y(O,f):x(ﬁ):Xo(f)—Xe(g), 5 e O.



Our objective here is to design an internal feedback controller
u with support in a finite numbers of points {& L, C O, which
exponentially stabilizes system (3). This is a fundamental problem
in the linear theory of fluid dynamics (Joseph [21]) and can be
viewed as a first step to the stabilization of the stationary solution
X, to (2). To this aim, let us first introduce a few notations
and functional spaces used in the theory of the Navier—Stokes
equations (Temam [28]).

Everywhere in the following, L*(O) is the space of square in-
tegrable functions on O C R?, d = 2,3, and H*(O), k = 1,2,
H}(O) are standard Sobolev spaces on O (Adams [2]). Here,
O is a bounded and open subset of R?, d = 2,3, with smooth
boundary 00.

Denote by H the space of all free divergence tangential func-
tions on O, i.e.,

H={ye(L0)" V-y=0, y-n=0 ondO},

when n is the normal vector to 00.
Denote by P : (L*(0))? — H the Leray projector on H and
by A the operator

Ay = —P(Ay), ¥y € D(A) = (Hy(O)n H*(0))' N H.
Consider the linear operator
A=vA+ Ay, D(A)=D(A),

where Agy = P((X. - V)y + (y - V) X,).

In the following, it is convenient to work on the complexified
space H = H +iH and we shall denote again A the extension to
the operator A on this space. It is well known that the resolvent
(A — A)~t is compact for each A € p(A) and the spectrum o (A)
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is of the form {\;}32;. We fix v > 0 and note that there is a
finite number of eigenvalues {A;}7; such that

(4) ReX; <~, 7=1,...,N.

(For simplicity, we shall call such eigenvalues "unstable”, though
only that with Re A\; < 0 are in this category.)

For each A; consider the corresponding eigenfunction ¢;, each
A; being repeated according to its (algebraic) multiplicity, m;.
The adjoint operator A* with D(A*) = D(.A) has the eigenvalues
A; with corresponding eigenfunction @3

Next, we shall impose for simplicity the following hypothesis

(H1) Each \;, 7 =1,...,N, is semi-simple.

This means that for each A; the algebraic multiplicity coincides
with the geometric multiplicity and so

(5) .A(,D] = )\ngj, .A* * = ngoj, ] = 1, ,N

An immediate consequence of this hypothesis, which is generically
satisfied for "almost all” X, is that {¢;}, {¢}} can be chosen in
such a way that

(6> <902790;<> — 5i,j7 7’7] - 17 7N

Here, (-,-) is the scalar product in H. We note also that —A
generates a Cp-analytic semigroup e~ on H.

Consider now a probability space {Q, F, F;, P}~ and a system
of independent complex Brownian motion {3, = ﬁjl + zﬁf}jvzl in
this probability space. We shall use the standard notations for
spaces of adapted H-valued processes.

In particular, Cyy ([0, T7; L2(S2, H)) is the space of adapted H-
valued continuous processes on [0, T]. (We refer to Da Prato &
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Zabezyk [17] for notations and basic results on infinite dimensional
stochastic differential equations.)

We note that in these terms the controlled system (3) can be
rewritten as a state system

dy
= t >
) p + Ay =0, Vi >0,

y(0) =
where y : [0, 00) — H. (We take 2 € H.)
In the following, we shall denote by the same symbol | - | the
norm in H, H and in C.
Now, we fix {& 121, € O and {u}L, C C such that

(8) > g ()] >
k=1

Theorem 1 below is the main result.

0, Vi=1,2,..N.

Theorem 1 Under assumptions (8) for |n| sufficiently large,
the feedback noise controlle’r

(9) :nz ), %) Bj(t Zﬂk (&)

weakly ea:ponentzally stabzlzzes n probabzlzty the state system
(7). More precisely, the solution y to the closed-loop system

dy(t) + Ay(t)dt =S (). 2 (0) d3;(0) S ud(&)
k=1

J=1

(10)

y(0) ==
satisfies

(11) F [}Lﬂ;@ (X(t),¢) = 0} =1,
Vi € (H*(O)N HYHO)) N H.
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Equation (10) is taken in Ito’s sense in the dual space ((H*(O)N

HHO))¥N H) (Da Prato & Zabezyk [17]). More precisely, the
solution y to (10) is in the following "mild” sense

(12) y(t)=e “‘“:c+nzz / (5),5) e (6(6))d B, (s),

j=1 k=1

where e~ 46(&,) € ((H*(O)N Hl(O))d N H)" is defined by

e M0(&k) (v) = (em M) (&),
Vo € (H(O) N HX(O))! N H) = D(A).

(Here ’ stands for the dual space.)
Since e~y € H*(O) C C(O), the latter makes sense and

so (10) has a solution y € Cy ([0, T]; L*(2, (D(A))")) on each
interval [0,7]. More generally, if p € (M(0O))? is a bounded
measure on O such that

(13) plp;) #0, Vi=1,...,N,

we have

(e”
)

Theorem 2 For |n| large enough, the feedback law

N
(14) u=nunY (y.¢
j=1

stabilizes system (7) in the sense of (11).
For instance, one might take pu€((H?*(O)NHZ(O))INH)' of the

form

() = | h(EW (o, Wi € (HHO) N HYO) I
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where I" is a smooth surface (or manifold) of O and h is a conti-
nuous function on O.
In particular, by Theorem 1, if £y € O is such that

(&) #0, Vi=1,..,N,
then the feedback law

N
(15) u=n6(&) Y (v, ;)3
j=1

stabilizes for |n| large enough system (7) in the sense of (11).
Since, by the unique continuation property of the eigenfunctions
to Stokes-Oseen operator A", each ¢7 is not identically zero on
any open subset of O, we may conclude therefore that for almost
all & € O there is a noise controller of the form (15) which weakly
stabilizes in probability system (3). It should be emphasized that
the feedback controller (9) uses only a discrete set of points &,
k =1,....,M, for actuation. This means that the controlled ve-
locity field will consist of a steady-state impulse component

= (&)
k=1

modulated by the unsteady feedback noise controller

(16) Z % ﬁ] (£)-

J=1
Since the steady-state component of the controller is singular
(in fact, it is a measure), the stabilization is in the weak topo-
logy only, i.e., in the sense of distributions on 0. However, as
we shall see later, this controller is robust with respect to small
perturbations of the system.



3 Proofs

3.1 Proof of Theorem 1
We consider the spaces
X1 = lin span{y;}Y, = Px(H), Xo= (I — Py)H.
We shall denote by X and X3 the spaces
lin span{; ?[:1 and (I — P5)H,

respectively. Here, Py is the algebraic projection on X, and Py
is its dual. (See Kato [22].)

The operator A leaves invariant both spaces X7, Xy (Kato [22])
and we set

A = Alx,, Ay = Alx,.
Notice that o(A;) = {A;}1;, 0(A2) = {A;}5 vy, - Moreover, the
infinite dimensional operator As : D(As) C Xy — X, generates
a Cp-analytic semigroup and since o(Ay) C {A; Re); > ~}, it
follows by the logarithmic spectral growth property that, for some
e >0,

17 e~ < Cem N > (.
L(H,H)

(See Bensoussan et al. [14].)
Next, we decompose system (10) as

N
y=y'+1% Yy =) e
j=1
(18) e
dyt + Ayytdt = nPyji Z y;d3;,
=1

yl(O) = PNQU.



(19)
y*(0) = (I — Py)
where
M
= md(&
k=1

The solution y* to (19) is taken in the "mild” sense (12), that is
yi(t) = 6_“42t(1 Py)x

(20 +nz / yj(s)e 2T — Py)adp(s),

where e=A(I — PN),u € ((HQ(O) N HYO)N H) is given by

(e~ (I—Py)p Zm Py)e (&)

Vi) € (H?(@) N HNO)! N H.

Now, in virtue of (6), system (18) can be rewritten as

(21)

1=1
vi(0) =y = (Pnz, ¢})

M
=D (&) i=1, N
k=1

We set z; = eV'y;, where ¥ = v + ¢ is such that

(22)

where

ReA; >~y +eforg >N
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and rewrite (22) as
N
dz; + (Nj — )z dt = n¢; Z zjdf;

j=1
zi(0) = Z/? :
We apply Ito’s formula and obtain
1 1 Al
Sdlaf + (Red; = )| Pdt = SPlGP Y |z Pdt

J=1

N
(23) +n Y (Re(Gizi)Re zj + Im(Giz)Im z;)d3]

J=1

N
+n Z(Re(@zz-)lm z; — Im(¢;zi)Re zj)dﬁjz, i=1,..,N.

j=1
Now, we apply in (23) Ito’s formula to the function ¢(r) = r°,
r € (0,00), 0 < § < 3. (This function is not of class C? but,
arguing as in Barbu [8], i.e., replacing ¢ by ¢.(r) = (r* + 5)%,
e > 0, and letting € tend to zero, the argument below can be
made rigorous.) We have

Hr) =507, () = 66— 1)
and so (23) yields via Ito’s formula

d‘ZZ"Q(S + 25(R€ )\@ - ?)‘Zl‘%dt

N
= (20 — 1)on?(G|?] 220D z:|Pdt
j
j=1

(24) N

+25|Z¢‘2<5_1)R6 Z(Qz@)dﬁ] , P—a.s.,
J=1
i=1,..,N.
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We set
N
22 =) |af®.
j=1
Then (24) yields
t
(25) 2(1)]* + / H(s)ds = |y°|* + M(t),P-as.,
0
where
N
H=0) ((1=20)°1Gl" 5"V ]2 = 2(Re X = 7)|z[*)
t+ N N

1=1
M(t) =20 Re/ Z Z ]zi|2(5_1)(@z@~2j)d6j.
0

i=1 j=1

By assumption (8) we have that, for 0 < § < 3 and |n| sufficiently
large,

(26) H(t) > p|lz(t)]?, P-as., Vt >0,
where p > 0.
We note that M is a local martingale, while ¢t — fot H(s)ds is

|0 is a semimartingale.

an increasing process and t — |z(t)
Then, by the martingale convergence theorem (see, for instance,
Lemma 2.1 in Barbu [8]), it follows by (25) and (26) that

lim |2(t)]* < oo, P-as.

t—00
and -
/ El2(t)2dt < oo.
0
Hence,
(27) tlim 12(t)] = tlim iyt (t)]e7 = 0, P-as.
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and
(28) / 7|y (t)|?dt < oo, P-ass.
0

Now, we come back to system (19). It can be equivalently
written as

N
d(y’e™) + (A — ) (e )dt = n(I — Py Y ey;dp;(t).

J=1

Then, for each ¢ € D(A) = (H*(O) N H}(O))* N H, we have
(see (20))

(Y(t),¥) e = e" (I — Py)a, o)

t
+”ZZ“’€/O eyi(s)(I — Py)e” om0y (g)d gy (s).

7=1 k=1

Since, as seen earlier, we have for v = v + ¢,
(29) He_AQt(I o P )HL HH < 06 ’yt’ \V/t Z 07
it remains to estimate the integral term

D=3 / sy, () (T — Py e 0006, )6, (s)

7=1 k=1
Y € (H(O) N HY(O))! N H.

Let z(t) be the solution to the stochastic differential equation

(30) dz(t) + (A5 — 7)2(t) = nAy Z ey (H)dB;(t),
2(0) = 0. "
Then we have
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(31) ZMA 2(t)(&), P-as., t > 0.

Since, by (29), 6_(“42_7) is exponentially stable in X3, it follows by
Lyapunov’s theorem that there is a self-adjoint, continuous and
positive definite operator @ on X3 (i.e., (Qz,2z) > 0, Vz # 0)
such that

(32) Re (A5 — )2, Q2) = 1 |+, vz € X

Then, applying in (30) Ito’s formula to the function z — 3 (Qz, z)
we obtain by (32) that

1( z(t), z(t)) —i—l/ \zs|2ds:%(Qz(O),z(O)>—|—

(33) +5 7722/ 278|yj Qw z(s)) ds

+nZRe / e°y3(5) (Qu, (5)) B )

By (28) and (32), it follows once again by Lemma 3.1 in Barbu
8] that there exists

lim (Qz(t), 2(t)) < oo, P-a.s. and /OOO 12(s)*ds < oo, P-as.

t—o0
Hence tlim 1z(t)]* = 0, P-as. Now, taking into account that
— 00

|A712(t)| < Clz(t)|c@), vt = 0, where C(O) is the space of

continuous functions on O, we infer by (31) that
1tlim |Z(t)| = 1tlim (| {y(t), ) [e") =0, P-a.s.
and this implies (11), as claimed.
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3.2 Proof of Theorem 2

It is identical with that of Theorem 1 and so we omit it. We
note only that, in this case, system (22) reduces to

N
dy; + Ny dt = np(}) Y y;dB;, i =1,.., N,

J=1

and so the proof continues on the same lines.

4 The robustness of the noise feedback controller

We shall show here that the feedback controller (9) is robust to
small structural perturbation of system (3). Indeed, if condition
(8) is hold, then it still remains true for small perturbations of
system (3) and, more precisely, of its eigenfunctions system. In
fact, by the spectral stability of Stokes-Oseen operator A (Kato
22], p. 240), a small variation of magnitude € in X, will lead to a

new eigenfunction system {%_}, for which we still have
M
(34)  sup D g (&)|>p>0,Vi=1,.,N.
0<e<eg 1

This implies that at the level of unstable modes the system has
gain stability margin independent of €. In other words, the solu-
tion y! = y! to corresponding system (18) satisfies (28) uniformly
in ¢ and so (30), (32) imply that

lim (. (t), ) e’ =0, P-as., Yoy € (H*(O)NHI(O)'NH,

uniformly for 0 < € < (. (Here, y. is the solution to perturbed
system (10).)
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The main conclusion from this brief analysis is that the noise
controller has a robust stabilizing effect which is not always the

case with the deterministic stabilizing feedback controllers of the
form (9) (Barbu [8)).

Remark 1 In absence of assumption (H1), Theorem 1 (as well
as Theorem 2) remains true for a feedback controller u of the form

M

(35) Z t),65) Bi(t) Y 6(&).

k=1

Here, {¢;}\, is obtained by {¢;} by Schmidt’s orthogonalization
algorithm.

Then, X, = lin span{¢;}’*, and, if one assumes that

N
j=1

then it follows by the same argument that w is weakly stabilizable
in the sense of Theorem 1. The details are omitted.

Remark 2 In terms of state X to the linearized system associa-
ted with (2), the stabilizing feedback controller (5) has the form

ult) =0 S (X — X)) A0S (e,
j=1 k=1

Of course, taking the real and imaginary parts of X, we can rep-
resent this controller in real terms. As a matter of fact, if all A;
with j =1, ..., IV are real valued, then the controller (9) is real.
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5 Stabilization of a plane periodic channel flow
by noise wall normal controllers

Consider a laminar flow in a two-dimensional channel with the
walls located at y = 0, 1. We shall assume that the velocity field
(u(t, z,y),v(t,z,y)) and the pressure p(t, x,y) are 2w periodic in
x € (—00,00). (See, e.g., [27] for a discussion on periodic flows.)

The dynamic of flow is governed by the incompressible 2 — D
Navier-Stokes equation

u — vAU + uuy +vuy =py, x € R, y € (0,1)
v — vAv 4+ uv, +vv, =p,, v € R, y € (0,1)
Uy +v, =0

(37) u(t,z,0) =u(t,z,1) =0,
v(t,z,0) =0, v(t,z,1) =v", VreR
u(t,x +2m,y) = ult, z,y),
v(t,x + 2w, y) =v(t,x,y), y € (0,1).

Consider a steady-state flow governed by (37) with zero vertical
velocity component, i.e., (U(x,y),0). (This is a stationary flow
sustained by a pressure gradient in the z direction.) Since the
flow is freely divergent, we have U, = 0 and so U(x,y) = U(y).
Alternatively, substituting into (37) gives

—vU"(y) = pu(z,9), py(z,y) = 0.

Hence p = p(x) and U” = 0, ie., U(y) = C(y*—y), Yy € (0,1),
where C' < 0. In the following, we take C' = —5%, where a € R™.
We recall that the stability property of the stationary flow (U, 0)
varies with the Reynolds number %; there is vg > 0 such that for
v > v the flow is stable while for v < v it is unstable.
Our aim here is the stabilization of this flow profile by a boun-

dary controller v(t,x,1) = v*(t,x), t > 0, z € R, that is, only
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the normal velocity v is controlled on the wall y = 1.
The linearization of (37) around steady-state flow (U(y),0)
leads to the following system

u — vAu 4+ u, U +oU =p,, y € (0,1), z,t € R,
vy — vAv + v, U = py,

Uy + v, =0, u(t,z,0) =u(t,z,1) =0,

v(t,z,0) =0, v(t,z,1) = v*(t, z),

u(t, x + 21, y) = u(t,z,y),

v(t,z + 21, y) = v(t, z,y).

(38)

Here the actuator v* is a normal velocity boundary controller on
the wall y = 1. However, there is no actuation in x = 0 for
steamwise or inside the channel.

The main result here (see Theorem 5 below) is that the expo-
nential stability with probability 1 can be achieved using a finite
number M of Fourier modes and a stochastic feedback controller

vi(t,x) = Y wp(t)e™, >0, 2 €R,
|k|<M

o =3 ([ [t
— Kt ; y))e " (ph) (y)da dy) B;.

Here {(¢¥)*}L, is a system of functions in L*(0,1) defined in
formula (59) below and f;(t) = B;(t) + i3 (t) are independent
complex Brownian motions in a probability space {2, P, F, F;}.
The feedback stabilization of Navier-Stokes equation using noise
controllers was already obtained by the author in [8] with inter-
nal and tangential boundary controllers. (For other literature on

stochastic stabilization, we refer to [3, 16, 18, 23].)
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The boundary stabilization of Navier-Stokes equations with de-
terministic tangential feedback controllers was studied in [9; 19,
20, 24, 25]. However there are few results on boundary stabi-
lization with normal controllers and almost all refer to periodic
flows in 2 — D channels ([1, 4, 7, 28, 29, 30]). Most of these sta-
bilization results are established for small Reynold number with
exception of |7, 28] and [29], where the tangential stabilizable feed-
back controller is constructed without any apriori condition on v.
It should be said, however, that the present stochastic approach is
completely new into this context and provides a simple stabilizable
normal controller of the form (39) which is easy to implement into
the system.

5.1 The Fourier functional setting

Let L2(Q), Q = (0,2m) x (0,1) be the space of all functions
u € L (R x (0,1)) which are 27-periodic in x. These functions

loc
are characterized by their Fourier series

’U/(IE, y) — Za’k<y)eik$7 ap = a—ka ap = 07

Lk
Z/ lax|*dy < .
k O

We set
Hy = {(u,v) € (LZQ))% ua +vy =0,
v(z,0) =v(x,1) =0},
(If uy + v, = 0, then the trace of (u,v) at y = 0, 1 is well defined
as an element of H~(0,27) x H1(0,27) (see, e.g., [27])).
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We have

H, z{u = Zuk(y)eikx,
k0
U—ZU e 0e(0) = vp(1) = 0,

k20
Z/ (Jurl® + [or]*)dy < o0,
k40
ikur(y) +v(y) =0, ae y e (0,1), k € R}.

We now return to system (38) and rewrite it in terms of the Fourier
coefficients {ug}72 ., {vr}i2 . We have

(ug)y — vull + (vk* + ikU)uy, + U'vy, = ikpy,
a.e. in (0,1)
(vg)r — voy + (vk* + kU )y, = p,

4
( 0> ZkUk+v]/{;:O7 a.c. OoI (O) 1)7 k#o
Uk:(ta O) - uk’<t7 1) - O’
’Uk(ta O) - Oa Uk(t7 1) = UZ(t)
Here : j
p= Zpks(t, Y,y = Z ug(t, y)e™,
hZ0 k40
v = ka(ﬂ y)e.
k40

This yields

ik(vg)r — Zkuv + Z/{IQ(V/G +iU)vy, — (Uk>t + Vug/
T e S
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1

Taking uj, = —= v}, we obtain that

1
zk:(’vk)t — ik +ik*(vk + U)o + — 7 (vp )¢
1%

1
Zk (Vk+ZU) — Uy, = 0,

t>0,y€(0,1).
Finally,
(v — K*ug)y — voy + (2vk* + kU )vj,
—k(vEk3 +ik?U +iU" )y, = 0,
(41) t>0,ye(01)
vy.(t,0) = v (t,1) =0,
vE(t,0) =0, v(t, 1) = vi(t).
In the following we shall denote by H the complexified space

L?(0,1) with the norm | - | and product scalar denoted by (-, ).
We shall denote by H™(0,1), m = 1,2, 3, the standard Sobolev

spaces on (0, 1) and
H;(0,1) = {v € H'(0,1); v(0) = v(1) = 0}
H;(0,1) = {v € H*(0,1) N Hy(0, 1);
v'(0) ='(1) = 0}.
We set H=H*(0,1)N HZ(0, 1) and denote by H’ the dual of H in

the pairing with pivot space H, that is HCHCH' algebraically
and topologically. Denote by (H?(0,1))’ the dual of H?(0,1) and

by H~1(0,1) the dual of H}(Q) with the norm denoted || - || ;.
Denote also by H-1(Q) the space L*(0,2r; H~1(0,1)) with the
norm || - [| g-1.g).

For each k € R we denote by Ly:D(Ly) € H—H and
Fy..D(Fy) C H—H the operators

(42) L= —v"+k?v, ve D(L;) = H0,1) N H?*(0,1)
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Foo ="V — (2Vk2 + kU + k(ukg + kU + iU,

(43) Vo € D(Fy) = H*(0,1) N H2(0,1).

We set
Frv = " — (wk* + ikU)W" + k(vk® 4+ ik*U +iU" v
and consider the solution V}. of the equation

9‘/}{+fkvk:()7ye (071)7

(44) VI(0) = V(1) = 0, Vi(0) = 0, Vi(1) = vi(t).

(As easily seen, for € positive and sufficiently large, there is a
unique solution V; to (44).) Then, subtracting (41) and (44), we
obtain that

(Lkvk)t + F/{;(U;{; — V}{) — QVk =0,t>0.

Equivalently,

(Li(vr = Vi) + Fr(vp — Vi) = OVi — (L Vie)s,

(45) v — Vi € D(Fk)

(The meaning of LV}, which is a distribution on (0, 1), will be
explained later on.)
In order to represent equation (45) as an abstract boundary

control system, we consider the operator Ay : D(Ay) C H — H
defined by

A = FkLgl,

(46) D(Ay) ={u € H; L, 'u e D(F,)}.

We have
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Lemma 3 The operator —A; generates a Cy-analytic semi-
group on H and for each N € p(—Ay) (the resolvent set of
—Ap), A+ Ap)~ Y is compact. Moreover, one has for each
v >0

o(—Ar) C{A € C; ReX < —v},

(47)
k| > M =

1
a 2
)

\/127 (7 + 1+

where o(—Ay) is the spectrum of —Ay.

Proof. For A € C and f € H = L*(0,1) consider the equation
A+ Ayu = f

or, equivalently,

(48) ALv + Fro = f
Taking into account (42), (43) yields

1 1
Re)\/ (|U’|2—|—k2\v|2)dy—|—V/ |v”|2dy
0 0

1 1
+2uk:2/ v’ 2dy+/<:4V/ v|*dy
o o o
+k/U’(Re v’ Imv—Imv' Rev)dy
0
= Re (f,v)

1

1
ImA/ (\v'[2+k2|v\2)dy+k’/ ' [2dy
0 0

(50) 1 |
+k/0 <k2U+§U”> lv|* = Im (f,v) .
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Taking into account that [|u|| 2 1) < OHUHH&(O,l)v we see by (49),
(50) that, for some a > 0,

C
Al —a

which implies that —A; is infinitesimal generator of Cy-analytic

(AT +Ap) f] <

| f| for |[\| > a,

semigroup, e on H.

Moreover, by (49), (50) see that (A + A;)~! is compact in H
and it follows also that all the eigenvalues A of — A, satisfy the
estimate

1 1
Re)\/ (|v,’€|2+k2]vk!2)dy—|—2uk2/ v |*dy
0 0

1 1
+u/ yvgy2dy+yk4/ oy 2dy
0o 0
< —k/ U'(Re v}, Im vy, — Im v Re vy, )dy
0

1 1
1
< 2uk2/ \vé\Qdy+Z/ U v [Pdy
0 0

1 2 1
a
<2 [ iy + 5 [ oy
0 v=Jo

Akvk = —)\”Uk.

Let v > 0 be arbitrary but fixed. Then, by the above estimate
we see that

Re X < —v if k| >

oresi)

1
o

This implies (47), as claimed. m
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In particular, it follows by Lemma 3 that, for |k| > M, we have
le ¥ | Ly < Ce™ ', Wt > 0.

More precisely, we have by (41) that

1 d
2 dt (Ioh Ol 00 + FlorOl0,))

0 ([0 + RIO oy )

1
+vktog(t)]? 200 = FUIm </0 vdt)v,’!(t)dt)

and this yields

/0 (10, )2 + Bt ) ) dy

1
< 06‘”’“2t/(|v;2(0,y)l2+k2\vk(0,y)\Q)dy, t>0,
0

for |k| > M. This implies that it suffices to stabilize system (40)
(equivalently (41)) for |k| < M only.
Now, coming back to system (45), we set

(52) Zi(t) = Li(vr(t) — Vi(t))
and write 1t as
24(t) = ¢~ 45,(0)

/ A=) (GVi(s) — (LeVi(s))e)ds
L2(0) — LpVi(t) + e~ L V4 (0)
/ —A(t=s) HVk S) + ﬁka(s))ds,

(51)

(53)

where F| .o H " is the extension of F}, to all of H defined by

" <ﬁkv,¢> = [ rretiiyw (D)
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Here, F} is the dual of Fy, that is,

Fr= vV — ((vk?® — ik) U )" + (k — ik*U — iU" ),
D(F}) = H*0,1) N HZ(0,1).

Define similarly Ay, the extension of A from H to (D(A%)).
Likewise Ay, the operator /Tk generates a Cy-analytic semigroup
on (D(Ay)) = (H*(0,1))".

In the same way is defined the extension of Ly given by (42) to
an operator from H to (Hy(0,1) N H?(0,1)) again denoted Lj.

Then, (53) can be rewritten as

(54) % () + Apz(t) = (0 + FOVA(D), £ > 0.

For each u € R, we denote by V = Dyu € H*(0,1) the solution
to the equation (see (44))

OV + F.V =0, Yy € (0,1)

(55) V'(0)=V'(1)=0, V(0)=0, V(1) =u.

The operator Dy is called the Dirichlet map associated with
0+ Fi. and it is easily seen that the dual ((0+ F}.)Dy)* is given by
(56) (0 + F)Dy)* e = vp"(1), Yo € D(F}).

We note also that, in virtue of (44), we have V;; = Dyvj(t) and
so (54) can be rewritten as

d . -
(57) a Z;{;(t) + Akzk(t) = ((9 + Fk)DkUZ(t), Vit > 0,

where z;, is given by (52).
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5.2 Feedback stabilization

Let v > 0 and let k € R, |k| < M given by (47). Then, the
operator —A;. has a finite number N = N; of the eigenvalues
Aj = )\? with Re\; > —v. (In the following we shall omit the
index k from Ay and )\?)

We shall denote by {cp?’ é\le the corresponding eigenfunctions
and repeat each )\? according to its algebraic multiplicity m;. We
have

(58) Appl ==Xk j=1,. N
and recall that the geometric multiplicity of )x? is the dimension of
eigenfunction space corresponding to )\5. The algebraic multiplic-

ity of )\é‘? is the dimension of the range of the projection operator

1
P=_—— M\ —1d\

where I'; is a smooth closed curve encircling >\§. In general, the

algebraic multiplicity m? is greater than the geometric multiplicity
g
J
22]). In the following, we shall often omit the index k from )\f and

m3 and, it m§ = mg . the eigenvalue )\? is called semi-simple (see
90;? , respectively. In general, (58) holds in the generalized sense,
e, (Ar — X))o, =0for £ =1,2, .., m$. Here we shall assume
that the following assumption holds.
(A1) All the eigenvalues \; = )\5$ with 1 < j < N are semi-
simple.
Such a condition can be checked in each case taking into account

that \; are eigenvalues A of the boundary value problem

M=v" + kE*0) + w0 — (2k? + kU V"

+k(vk? +ik*U +4iU"v =0, y € (0,1),
v(0) =v(1) =0, v'(0) =v'(1) =0,
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for |[k| < M.

As we shall see in the following this assumption is not absolutely
necessary for the construction of the stabilizing controller, but it
simplifies however the argument.

If we denote by (@?)* the eigenfunction to the dual operator

—Aj le.,

(59) AL(Ph) = =Xl G =1, N,

it follows by assumption (A;) that the system (gq’f)* can be chosen
in such a way that

(60) (i, (95)7) =0j, L,j=1,..,N.

We denote by X7 the space generated by {¢}Y | and X3, that

generated by {goj TNt
We have H = X} & X3, and denote by Py the (algebraic)

projection of H onto Xy.
We consider in (57) (equivalently (54)) the feedback controller

(61) ) =0 (Lio(t), (¢})) Bi(t), t >0,
(=1

where {@ ', are independent complex Brownian and 59 is the

white noise associated with 3;. More precisely, we take 3; =

ﬁl + zﬁ?, where {66 } ' ; are independent real Brownian motions.
Then we are lead to the stochastic closed loop system

d(Lyog(t)) + Ap(Lyvp(t))dt
(62) = nz (0 + Fi) Dy, { Live(t), (€)Y dB3;

(Lkvk> (O = Lkvk,
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which represents the abstract and rigorous formulation of the
boundary closed loop stochastic system (see (41))

d(Lk?)k<t)) + fkvk(t)dt =0,t>0

(63) vk(tv 1) =1 Z <Lkvk<t)v (@é{:)*> Bj(t)w ‘k’ < M,

vi(t, 1) =0 for |k| > M.

The feedback controller (61) can be equivalently expressed in term
of normal velocity v as (see (39))

ui(t, 1) = —ni ( /0 701(%(:5, z,y)—k*u(t, z,y))e "

(51 (e dy ) G50, 4] < 01
vi(t,1) =0 for |k| > M.

Equation (62) should be viewed in the following mild sense,

() Ly te W (Livy)

(64)

+772L / “A) (F4-0) Dy { Lywr(s), (05)7) dB;(s)

and has a unique solution vy € C([0, 00); L*(Q), Hj(0,1)) which
is adapted to the filtration F; (see, e.g., [17], p. 244).
We have

Theorem 4 For |k| < M and |n| sufficiently large, we have
P Llim evp(t)]| -1 = 0] =1,

E/ e u(t)21dt < Clun(0)[2,,
0

where 0 < 0 < % and E 1s the expectation.

(65)

29



Taking into account (40) and (51), which imply the exponen-
tial decay of vy and u; as k — oo, we obtain by Theorem 4 the

exponential stabilization of system (38) with the feedback con-
troller (64).

Theorem 5 Under assumptions of Theorem 4, the solution

u(t,x,y) = Zukty””

k40
(66) reR, ye(0,1)

v(t,z,y) = katy””

k0
to equation (38) with the boundary feedback controller (64) is
exponentially stable with probability one. Namely, one has

P [1im e (lu®)ll 1) + I0(E)la1g)) = 0] = 1,

(67) E/O e (Jult) 1) + 0@ o))t

< O(lu(O)[21 g, + [0O)[21 )

5.3 Proof of Theorem 4

We shall proceed as in [§].
Namely, we set y = Liv, and represent it as
N
y=Pxy+ (I —Py)y, Pxy=>_yp;.
j=1
Then, in virtue of (60), system (62) can be rewritten as

(68)



and

N
69) dy* + Ajydt = (I — Py) > (Fi + 0)Dy(y;)d;,
7=1

y*(0) = (I — Pn)Lxvi(0),

where y* = (I — Py)y, A = (I — Py) Ay, and A is the extension
of Aj to all of H. (When there is no danger of confusion, we shall
omit ~.) Taking into account that

(70) AeLi(p)" + Fi(@f) =0, £=1,.., N,
and therefore (p)* € D(F}) = D(F},) we see by (56) that

Go = ((Fr + 0) D) (¢f)" = vl(@))" (1), £=1,..., N,
Then, in virtue of (70), we have that
(71) 1l > p>0, V{=1,2,....N.
Indeed, by (70), we see that

((00)")"(Mp(1) = ((91)")" ()¢ (1) = 0,
for all the solutions ¢ € H*(0,1) to the equation
Fip + A—¢" + k) =0, 9(0) =¢'(0) =0

and taking into account that

(0)7(0) = ()*(1) = 0,
()Y (0) = (") (1)

it follows that ((©F)*)”(1) = 0 and, therefore, ((gplg)*)”’(l) # 0
unless (p5)* = 0.
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We rewrite (68) as

N
dye+Aeyedt =Gy y;dB;, £=1,.., N,

J=1

(72)

Lemma 6 For |n| sufficiently large, we have

N

(73) tli}n& (Z yg(t)e”t> =0, P-a.s.,
(=1

(74) / QWZ\y )|?dt < oo, P-a.s.,

(75) / M*Z\y \25dt<02\y o),

where 0 < § < 1 5

Proof. We shall prove (73) and (75) for v = 0 because the
general case follows from this by substituting y, into (72) by yee*

taking into account that Re Ay < —v for £ =1, ..., N. We apply
in (72) Ito’s formula to the function y — % |y]?. We get

N
1 2 2 _ 1 2 2 2
5 dlye()]” + Re Alye(t)["dt = 50| G >yl

N =1
+1 Y _(Re(Gye)Rey; + Im(Cye) Im y;)d B}
j=1
N
+n Z(Re(@yg)lm y; — Im(Cye)Re yj)dﬁ]z, ¢(=1,..,N.
j=1

32



Equivalently,

N
dzo(t) + 2 Re Mzo(t)dt = ?|¢o* )~ zdt
j=1

N
(76) +21 > (Re(Cye) Re y; + Im () Im ;)]
j=1
N
+1 Y _(Re(Coye)lm y; — Im(Coye)Re y;)d 35,
j=1

where zp = |y|*.

Here, we have used the following version of Ito’s formula for the
complex stochastic equation dy + Ay dt = Zjvzl njd(ﬁjl + zﬁf)
Namely,

N

1 |
S dly(®)* + Re Ay (1) 22!?7] )| dt

+Z Re y(t)Ren;(t) + Im y(t)Imn;(t))dg; (t)

Zlmy JRe;(t) — Rey(t)Imn;(£))dG7(1).

In (76) we apply once again Ito’s formula to the function ¥(2) = 2,

where 0 < § < 1. We have ¢/(2) = §2°7", ¢"(2) = (0 — 1)2°~
and so, we obtain that

d20(t) + 26 Re Mzl (t)dt = 6n?|¢? Z z(t

N
(77) — 1) WZ%

J=1

+21020~ Z L()dBH()+M (1 dB3(E)), (=1, ..., N,



where ,
M;, = Re(Ceye)Rey; + Im(Crye)Im y;,

Mfg Re(Ceye)Im y; — Im(Ceye)Re y;.
(The previous calculation is apparently formal, because v is not
of class C?. However, arguing as in [8], it can be made rigorous
if we replace 1 by ¥.(2) = (¢ + 2)° and let € — 0.) Then (77)
yields for all £ =1, ..., N,

d|yg(t)’25 -+ 25 Re )\g‘yg( )‘25dt

FOPIGP( Zryj Plye(t) POVt
= 20 Z )+ M()dG5 () ye(t)[0 Y.
Finally,
N N
dY " lyet)[? +25> " Re Aoy, (t)|*dt
(=1 (=1
N N
(78) (- 252\% 2N UG Plye(t) PO at
j=1 (=
N N :
M0y Y (M M3, ()33 () |ye(£)[PO7Y.
(=1 j=1
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Recalling (71) and that 0 < § < 3, we see by (78) that
N N t
ES ) + 25152 Re A, / y(s)Pds
(=1 R
vt~ 20)t [ > )01 '3l
N =1

0 p=1

Z (0)]%, P-as., t >0,

/€:

and therefore for n? > max {Re A/}, we have

(1- 25) 1<(<N

N
) B ) +0E / Zryg \25ds<21y (0)
/=1

where vy > 0 and, therefore,

8 B[ lnl)Ps < 60 S ).
0 =1 =1

(Here E is the expectation.) We set

t N
=r7(1-20)] 3 I QZIQ\ )2V
—1
v j
Z()=>_lyet)”,
(=1
N t
[1(t):—25ZRe )\g/ lye(s)|*ds
— 0
gﬁv N

M(0)=205 [ 575 M) )M 5)d52(5) (5]
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and rewrite (78) as
(81) Z(t)+1(t) = Z(0)+ L (t) + M(t), P-as.

Since I(t) and I;(t) are nondecreasing and M () is a semi-martingale,
it follows by the martingale convergence theorem (see Lemma 3.1

in [8]) that there is

tlgélo Z(t) < o0, P-as.
Then, by (80), we see that

tlgglo Z(t) =0, P-as.

This completes the proof of Lemma 6. m

Proof of Theorem 4 (continued). Coming back to (69), we
note that since o(—.A7) C {\; Re A < —~}, we have that (recall
that —A; likewise — A}, generates a Cy-analytic semigroup)

(82) He_AthL(H,H) < 06_%, Vit > 0.

We have
N ot
53) y*(t)=e A (I—Py)Lyvf+n ) /O e~ =) ([— Py)
j=1

(Fi + 0) Di(y;(5)))dB;(s), ¥t > 0.
Recalling that Ay, = FyL; ", we have by (83)
y(t) = e (I — Py) Ly

N
+nA; > /0 e (I — Py) Ly Di(y;(s))dB;(s)
j=1

w003 [ eI = )iy ()3 ).
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Hence
((9+Ak)_1ys (t):((g—f—flk;)_1€_Azt(I—PN)L/{;’U]2

(84) A
#Y [ A =Py LDl (5)a5(s)
j=1
(We may take 6 sufficiently large such that (0+A;) "' € L(H, H).)
We set X,(t) = (0 + Ap) " 'y*(t) and rewrite (84) as

j=1

XS(O) = (6 + Ak>_1<[ — PN)L]{;Ug

As seen earlier, the operator —.A; generates a y-exponentially
stable C-semigroup on H and in the space H~1(0,1) = H ! too,
which we endow with the scalar product (y, z) ; = <L,;1y, z> and
with the corresponding norm |- |_;. Then, by the Lyapunov theo-
rem (see, e.g., [14], p.98), there is QeL(H L, H™1),Q =Q* >0
such that

1
Re (Qr, Ajw — 7o)y = 5 o), Vo € D(A)).

(We note that ¢ which is dependent of k is positively definite in
the sense that inf{(Qzx, z); |z| =1} > 0.)
Applying Ito’s formula in (84) to the function

we obtain that

% d <QX3(t), Xs(t)>_1 —|—% ’XS(tHQ_ldt + 7y <QXs(t)7 XS(t)>—1 dt



where
Yj(t) = (I — Px)Li(Dry;(t))

and

dMo(t) ((Re@X(t), ReYj(t))

I
11

_|_

I QX,(t), Im Y; (1)) _,) ()

+

M-

((Re QX.(t), ImYj(#))_,

7=1
— (Im QX,(t), Re Yj(t))_,) dB}(¢).
Clearly, by (55), we have that

Y;(8)[ -1 < Cly;(t)]
and so, by Lemma 6 it follows that

/ Y;(1)]? e dt < oo, P-as.
0

and

6 EZ | o P < O3 0
7=1

This yields

I (QX(1), Xo(8))_, + / 291X (3] s
= <Q§Vf — Py)z, (I — Py)x)_4

t

> [ Q). i) ds
=1
]N t

+2nZ/ e?*dMy(s), t > 0, P-as.
j=17Y
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Then, once again by Lemma 3.1 in [8], where
Z(t) = e (QX(1), Xu(t)) _y
t
1) = [ () s
0

N t
B =Y [ @y v
j=1 "

N t
M(t)=2n)" /0 e dMy(s), t >0, P-as.
j=1

we infer that

lim e (QX,(t), X,(t)) = 0, P-as.

t—o0
This yields
lim (e"X,(t)|_1) =0, P-as.

t—00

and, therefore,

(87) lim (e7](0 + Ap) ' Lyvp(t)]-1) = 0, P-as.

t—00

Taking into account that, by (46), (8+.4;) ' Ly is an isomorphism
from H~1(0,1) to itself, we infer by (86), (87) that (65) holds,
thereby completing the proof of Theorem 58. =
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6 Conclusions

We have designed for the linearized Navier—Stokes equation a
stochastic stabilizing feedback controller with the support in an
arbitrary finite set of points & in the spatial domain O. The de-
sign of this feedback controller involves the knowledge in & of a
finite system of eigenfunctions of the dual Stokes—Oseen equation
corresponding to unstable eigenvalues and it is robust to small
structural perturbations of the system. This is a substantial re-
duction in computation over existing Riccati-based methods. The
stabilization is, however, in probability and in a weak distribu-
tional sense.

A similar stochastic approach was developed for boundary sta-
bilization of a periodic fluid in a 2 — d channel.

This exposition is based on the following works:

a. V. Barbu, Exponential stabilization of the linearized Navier-
Stokes equations by pointwise controllers, Automatica, 2010
(to appear).

b. V. Barbu, Stabilization of a plane periodic channel flow by
noise wall normal controllers, Systems € Control Letters,
2010 (to appear).
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