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1 The Problem

We consider the SDE
t t
x} = o +/O o (X)dWs +/0 b1 (Xs)ds

> o2, [t
X? =z +/0 bo (X s)ds

and we look for lower bounds for the density

pr(z,y) = BE(So(XT —y)) >777

Hypothesis and results are in terms of the Skelton : given a control ¢ € L?(0,T') we
define x+ = x+(¢®) as the solution of

t t
ri = ! —|—/O o(xs)psds —1—/0 b1(xs)ds

t
1? = 1 —l—/o bo(xs)ds.



Previous results for diffusion processes

Uniform elliptic diffusions : Arenson.

Uniform strong Hormander condition : :
C.L.Fefferman, A.Sanchez-Calle. (1986)
S. Kusuoka, D. Stroock. (1987).

Our framework (weak Hormander condition).
A. Pascucci and S. Polidoro. (2006).

F. Delarue and S. Menozzi. (2010).



Hypotheisis H(¢). Give the skelton x; = x+(¢®) we assume :
A(). lo(ze)| + |b(ze)| < Cy(t)
B. [[0ad| +1[0abllo <€ 1 <a| <5.
O(@).  min{|o(ar)], lorba(ar)| > <o(t) > 0.

Theorem. Let x,y € R2 Suppose that there exsits a control ¢ such that xg(¢) =

x,x7(¢) =y and H(¢) holds. Then

C1 1+ ¢2
pT(may)2h¢( )eXP( Cz/ h¢(t)t t)
with
hot) = (24D

Cy(t)



Corollary (Uniform "elliptic" case) Suppose that

A loflee +[Ibllee < C
B. ||0ac|loe + [|0abllo < € 1< |af <5.
C. min{lo(z)|,|cB1bs(z)| > 9 >0 Vz e R

[hen
+

pr(z,y) > Crexp(—C(T + =3

with C; = Cy(C, &g),4 = 1, 2.

)



Log normal type diffusions.

t t t
x} = gl +/0 a(xXHxlaw, +/O Br(XHX1lds, X2 =22 +/O bo(X 1) ds.

Remark : The coefficients are not uniformely bounded and the ellipticity constant is not
uniform.

Problem :

1. Construction of skeletons such that

t t t
r; = ! —|—/0 ozt)ztdsds —1—/0 Bi(zd)zlds, z? = z? —|—/O bo(zt)ds
Lo =%, XIT =Y

and computation of the energy fOT |(bt|2dt.

2. Optimization



Idea of the proof :
11, [t t 2 2, [t
X} =z +/O a(XS)dWSJr/O b1(Xs)ds X? = +/O bo(Xs)ds

11, [* 2 2, (*
T =x —I—/O o(xs)ps + bi(zs)ds zf == —I—/O bo(xs)ds

Decomposition : let £, h > 0 be fixed.

1 1 t+h t+h
Xk = XF+ o) Wi =W + [ (0(Xa) = o(X))dWa + | bi(Xa)ds

and (this is the point!)

5 5 t+h 5 t+h
X = X2+ [ ba(Xa)ds = XF +bp(X)h+ [ (ba(Xa) = ba(Xi))ds.



Then using Ito 4+ equation
t+h t+h s
/t (bo(Xs) — ba(X;))ds = /t ( /t B1bo( Xy )dWo)ds + rest
t+h s
— 0 O1by(Xy) / ( /t 1dWy,)ds+
(4
t+h s
+ /t ( /t (081bo(Xu) — 0B1bo(X;))dWa)ds + rest

t+h
= a@lbz(Xt)/ (t + h —u)dWy, + rest
t
We denote
_ t+h
A =o(Xt)(Wypp —We), A= 08152(Xt)/t (t +h —u)dWy
Then
Xip =Xt +A+rest, Xf,=X7+by(Xe)h+ A+ rest



Covariance matrix for (A, A)

We denote
a=o0(X¢), b=001b(Xy)

The covarience of (A, A) is gioven by

2 h?
— a* X h ab X %
cov(A, A)) = W2 o h%
ab X 7 b X ?

1 1 K4

det = 202 x h? x (— _ —> — a?b? X —.

3 4 12



Idea of proof. Framework : we consider a time grid 0 = g < t1 < ...ty = 1 and a
sequence of random variables Fj. = (Fkl, ey Fg) with

Fi, =Fi+Y /tk B, (s)dW4 + Ry
j=1

where h}ij(s), s € (tg,tg41) is Iy, measurable.
tk+1 j ) )
Gp=>_ /t hi j(s)dWy Gaussian, Rj = Remainder.

Covarience matrix

o o

4 rtpy1 :
M=% /tk L () y(s)ds, 4,5 =1,....d
=1



EX. Diffusion processes :

) . d tr1 . tea1 .
X?%]H—l :ng;—l_ Z/t ' U;(XS)dW§+ , i b*(Xs)ds
j=1"% k
d
= X¢, + Y /t’““ o' (X, )dW! + R!
k iy J k s k
7=1
with
i i k+1, 4 i i tk+1 ’i
- Z/ (04(Xs) — oH(X4,)) AW +/ bi(Xs)ds
j=1""tk tk
Covarience

My, = 00" (Xy,).



Elliptic evolution sequence. We consider deterministic positive definite matrixes M
and we introduce the norm on RY

ol = (My'z,z), BH(@)={y:llz -yl <7}

We also consider a sequence of points .,k =1, ..., N. We consider the tube

1 .
A = {llz; — Fi—1lly, < 5\/5:,’& =1,..,k}, &=t;—t1

THEOREM Suppose that

1 _
i) — My > My > ap,My > e X Id "locally” (on Ap).
ag

and, for |a| < d+ 4
it) (E(|DYRy|[?)YP < Cp x af  "locally” (on Ay).

Then
C ~N§.

pry(TN) 2 ——e¢
\/det MN




Diffusion processes \We consider the diffusion process

d . t
X, =z + Z/O o i(Xs)dW3 +/O b(Xs)ds,
j=1
and the skelton
d it t
T =x+ ) /O oi(zs)p;(s)ds —I—/O b(xs)ds.
j=1

Suppose that
oj,b € C’g+4, oo™ (x¢) > eold.
Then, if £ = xg and y = xp
pr(e,y) > Crexp(~Co(T + [ 62 dt)

Remark : In this case My = 00*(Xy,) and My, = oo*(xt,).



In our case the ellipticity assumption fails. Construction of the evolution sequence :
11, (! t > 2, [
X} =z +/O a(XS)dWSJr/O b1(Xs)ds X? = +/O bo(Xs)ds

11, (! > 2, [
T =x —I—/O o(xs)ps + bi(zs)ds zf == —I—/O bo(xs)ds
We fix the time greed 0 = tg < t1 < ... < t)y and we make the Decomposition :
Ck+1

(0(Xs)— o (Xy,))dWs+ /tk b1(Xs)ds

tk+1
1 . 1
th_|_1 - th+0-(th)(Wtk_|_1 _Wtk)+/tk

and (this is the point!)

tht1 t+1
X7, = X2+ [ ba(Xa)ds = XP+ba(Xe ) (thya—ti)+ | (ba(Xs)=ba(X,))ds.
k k



Then using Ito 4+ equation

b1 tk+1, [S
/t (b2(Xs) — ba( Xy, ))ds = /t ( /t o01bo(Xy)dWy)ds + rest
k k k

k41

t S
= O'@lbz(th)/ (/ 1dWy,)ds+
tr tr

t
+ /t k+1(/:(a(91b2(Xu) — 001b2(Xt,))dWy)ds + rest
k k

Ck+1
- aale(th)/t i (trr1 — u)dWy + rest
k

We denote

—_ tk+1
Ak = Wtk:+1 — Wtk:’ Ak: = /tk (tk—i—l — u)qu

and we use the evolution sequence
Fk:th_xtka yk:O

with the decomposition

Fpi1=F, + G+ R Gy = (0(Xy,) Ak, 05b6(Xt, ) Af)



Covariance matrix we denote

Ok

Op =tht1 —thy Ok =0(Xg), bp=00b(Xyr), cp=o0p+ by

and we construct the matrix

k1 brp1X 5
= i y
Ck.2 bk,zxﬁ
Then
]\4]€:C'O’U(C;k;):]\f]{;><]\f];l<
and
— — | 5k1><j—’“—
Mk:NkXNk with Nk: 5k E’ 57 y 5i2
k2 Yk2 X 5

_ 01—
O = O‘(xtk), bk = c%b(:ptk), Cp = 0L + Ekbk



