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1 The Problem

We consider the SDE

X1t = x
1 +

Z t
0
�(Xs)dWs +

Z t
0
b1(Xs)ds

X2t = x
2 +

Z t
0
b2(Xs)ds

and we look for lower bounds for the density

pT (x; y) = E(�0(XT � y)) �???

Hypothesis and results are in terms of the Skelton : given a control � 2 L2(0; T ) we
de�ne xt = xt(�) as the solution of

x1t = x
1 +

Z t
0
�(xs)�sds+

Z t
0
b1(xs)ds

x2t = x
2 +

Z t
0
b2(xs)ds:



Previous results for di¤usion processes

Uniform elliptic di¤usions : Arenson.

Uniform strong Hörmander condition : :

C.L.Fe¤erman, A.Sanchez-Calle. (1986)

S. Kusuoka, D. Stroock. (1987).

Our framework (weak �Hormander condition).

A. Pascucci and S. Polidoro. (2006).

F. Delarue and S. Menozzi. (2010).



Hypotheisis H(�). Give the skelton xt = xt(�) we assume :

A(�): j�(xt)j+ jb(xt)j � C�(t)
B: k@��k1 + k@�bk1 � C 1 � j�j � 5:

C(�): minfj�(xt)j ; j�@1b2(xt)j � "�(t) > 0:

Theorem. Let x; y 2 R2: Suppose that there exsits a control � such that x0(�) =
x; xT (�) = y and H(�) holds. Then

pT (x; y) �
C1

h�(T )
exp(�C2

Z T
0

1 + �2t
h�(t)

dt)

with

h�(t) = (
"�(t)

C�(t)
)p:



Corollary (Uniform "elliptic" case) Suppose that

A: k�k1 + kbk1 � C
B: k@��k1 + k@�bk1 � C 1 � j�j � 5:

C: minfj�(x)j ; j�@1b2(x)j � "0 > 0 8x 2 R2:

Then

pT (x; y) � C1 exp(�C2(T +

���y1 � x1���2
T

+

���y2 � x2 � b2(x)T ���2
T 3

))

with Ci = Ci(C; "0); i = 1; 2:



Log normal type di¤usions.

X1t = x
1 +

Z t
0
�(X1s )X

1
sdWs +

Z t
0
�1(X

1
s )X

1
sds; X2t = x

2 +
Z t
0
b2(X

1
s )ds:

Remark : The coe¢ cients are not uniformely bounded and the ellipticity constant is not
uniform.

Problem :

1. Construction of skeletons such that

x1t = x
1 +

Z t
0
�(x1s)x

1
s�sds+

Z t
0
�1(x

1
s)x

1
sds; x2t = x

2 +
Z t
0
b2(x

1
s)ds

x0 = x; xT = y

and computation of the energy
R T
0 j�tj

2 dt:

2. Optimization



Idea of the proof :

X1t = x
1 +

Z t
0
�(Xs)dWs +

Z t
0
b1(Xs)ds X2t = x

2 +
Z t
0
b2(Xs)ds

x1t = x
1 +

Z t
0
�(xs)�s + b1(xs)ds x2t = x

2 +
Z t
0
b2(xs)ds

Decomposition : let t; h > 0 be �xed.

X1t+h = X
1
t + �(Xt)(Wt+h �Wt) +

Z t+h
t

(�(Xs)� �(Xt))dWs +
Z t+h
t

b1(Xs)ds

and (this is the point !)

X2t+h = X
2
t +

Z t+h
t

b2(Xs)ds = X
2
t + b2(Xt)h+

Z t+h
t

(b2(Xs)� b2(Xt))ds:



Then using Ito + equationZ t+h
t

(b2(Xs)� b2(Xt))ds =
Z t+h
t

(
Z s
t
�@1b2(Xu)dWu)ds+ rest

= �@1b2(Xt)
Z t+h
t

(
Z s
t
1dWu)ds+

+
Z t+h
t

(
Z s
t
(�@1b2(Xu)� �@1b2(Xt))dWu)ds+ rest

= �@1b2(Xt)
Z t+h
t

(t+ h� u)dWu + rest

We denote

� = �(Xt)(Wt+h �Wt); � = �@1b2(Xt)
Z t+h
t

(t+ h� u)dWu

Then

X1t+h = X
1
t +�+ rest; X2t+h = X

2
t + b2(Xt)h+�+ rest



Covariance matrix for (�;�)

We denote

a = �(Xt); b = �@1b(Xt)

The covarience of (�;�) is gioven by

cov(�;�)) =

0@ a2 � h ab� h2

2

ab� h2

2 b2 � h3

3

1A
det = a2b2 � h4 �

�
1

3
� 1
4

�
= a2b2 � h

4

12
:



Idea of proof. Framework : we consider a time grid 0 = t0 < t1 < :::tN = T and a
sequence of random variables Fk = (F

1
k ; :::; F

d
k ) with

F ik+1 = F
i
k +

dX
j=1

Z tk+1
tk

hik;j(s)dW
j
s +R

i
k

where hik;j(s); s 2 (tk; tk+1) is Ftk measurable.

Gk =
dX
j=1

Z tk+1
tk

hk;j(s)dW
j
s Gaussian; Rk = Remainder:

Covarience matrix

M
ij
k =

dX
l=1

Z tk+1
tk

hik;l(s)h
i
k;l(s)ds; i; j = 1; :::; d



EX. Di¤usion processes :

Xitk+1 = X
i
tk
+

dX
j=1

Z tk+1
tk

�ij(Xs)dW
i
s +

Z tk+1
tk

bi(Xs)ds

= Xtk +
dX
j=1

Z tk+1
tk

�ij(Xtk)dW
i
s +R

i
k

with

Rik =
dX
j=1

Z tk+1
tk

(�ij(Xs)� �ij(Xtk))dW
i
s +

Z tk+1
tk

bi(Xs)ds:

Covarience

Mk = ��
�(Xtk):



Elliptic evolution sequence. We consider deterministic positive de�nite matrixes Mk

and we introduce the norm on Rd

kxk2k =
D
M
�1
k x; x

E
; B

(k)
r (x) = fy : kx� ykk < rg:

We also consider a sequence of points xk; k = 1; :::; N: We consider the tube

Ak = fkxi � Fi�1kk �
1

2

q
�i; i = 1; :::; kg; �i = ti � ti�1

THEOREM Suppose that

i)
1

ak
Mk �Mk � akMk > "k � Id "locally" (on Ak):

and, for j�j � d+ 4

ii) (E(kD�Rkk
p
k))

1=p � Cp � apk "locally" (on Ak):

Then

pFN (xN) �
Cq

detMN

e�N�:



Di¤usion processes We consider the di¤usion process

Xt = x+
dX
j=1

Z t
0
�j(Xs)dW

j
s +

Z t
0
b(Xs)ds;

and the skelton

xt = x+
dX
j=1

Z t
0
�j(xs)�j(s)ds+

Z t
0
b(xs)ds:

Suppose that

�j; b 2 Cd+4b ; ���(xt) � "0Id:

Then, if x = x0 and y = xT

pT (x; y) � C1 exp(�C2(T +
Z T
0
j�tj2 dt))

Remark : In this case Mk = ��
�(Xtk) and Mk = ��

�(xtk):



In our case the ellipticity assumption fails. Construction of the evolution sequence :

X1t = x
1 +

Z t
0
�(Xs)dWs +

Z t
0
b1(Xs)ds X2t = x

2 +
Z t
0
b2(Xs)ds

x1t = x
1 +

Z t
0
�(xs)�s + b1(xs)ds x2t = x

2 +
Z t
0
b2(xs)ds

We �x the time greed 0 = t0 < t1 < ::: < tN and we make the Decomposition :

X1tk+1 = X
1
tk
+�(Xtk)(Wtk+1�Wtk)+

Z tk+1
tk

(�(Xs)��(Xtk))dWs+
Z tk+1
tk

b1(Xs)ds

and (this is the point !)

X2tk+1 = X
2
tk
+
Z tk+1
tk

b2(Xs)ds = X
2
tk
+b2(Xtk)(tk+1�tk)+

Z tk+1
tk

(b2(Xs)�b2(Xtk))ds:



Then using Ito + equationZ tk+1
tk

(b2(Xs)� b2(Xtk))ds =
Z tk+1
tk

(
Z s
tk
�@1b2(Xu)dWu)ds+ rest

= �@1b2(Xtk)
Z tk+1
tk

(
Z s
tk
1dWu)ds+

+
Z tk+1
tk

(
Z s
tk
(�@1b2(Xu)� �@1b2(Xtk))dWu)ds+ rest

= �@1b2(Xtk)
Z tk+1
tk

(tk+1 � u)dWu + rest

We denote

�k =Wtk+1 �Wtk; �k =
Z tk+1
tk

(tk+1 � u)dWu

and we use the evolution sequence

Fk = Xtk � xtk; yk = 0

with the decomposition

Fk+1 = Fk +Gk +Rk Gk = (�(Xtk)�k; @�b(Xtk)�k)



Covariance matrix we denote

�k = tk+1 � tk; �k = �(Xtk); bk = @�b(Xtk); ck = �k +
�k
2
bk

and we construct the matrix

Nk =
q
�k

0B@ ck;1 bk;1 �
�kp
12

ck;2 bk;2 �
�kp
12

1CA
Then

Mk = Cov(Gk) = Nk �N�k
and

Mk = Nk �Nk with Nk =
q
�k

0B@ ck;1 bk;1 �
�kp
12

ck;2 bk;2 �
�kp
12

1CA
�k = �(xtk); bk = @�b(xtk); ck = �k +

�k
2
bk


