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ABSTRACT. In this paper we prove large deviations principles for the av-
eraged stochastic approximation method for the estimation of a regression
function introduced by Mokkadem et al. (2009). We show that the averaged
stochastic approximation algorithm constructed using the weight sequence
which minimize the asymptotic variance gives the same pointwise LDP as
the Nadaraya-Watson kernel estimator. Moreover, we give a moderate devi-
ations principle for these estimators. It turns out that the rate function
obtained in the moderate deviations principle for the averaged stochas-
tic approximation algorithm constructed using the weight sequence which
minimize the asymptotic variance is larger than the one obtained for the
Nadaraya-Watson estimator and the one obtained for the semi-recursive es-
timator.
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1. Introduction. Let (X,Y),(X31,Y7),...,(X,,Y,) be independent,
identically distributed pairs of random variables with joint density function
g(x,y), and let f denote the probability density of X. In order to construct
a stochastic algorithm for the estimation of the regression function r : x —
E (Y|X = x) at a point = such that f(x) # 0, Mokkadem et al. [9] defines an algo-
rithm, which approximates the zero of the function h : y — f(x)r(xz)—f(z)y. Fol-
lowing Robbins-Monro’s procedure, this algorithm is defined by setting ro(x) € R
and, for n > 1,

Tn(z) = rp—1(x) + ¥ Wha(2)

where W, (z) is an “observation” of the function h at the point r,_1(z). To define
Wi, (), Mokkadem et al. [9] follow the approach of Révész [11, 12] and Tsybakov

[13], and introduces a kernel K (that is, a function satisfying / K(z)dr = 1)
R

and a bandwidth (h,,) (that is, a sequence of positive real numbers that goes to
zero), and sets

Wi(z) = h, ' Vo K (b, e — X)) — hy LK (b e — X)) rn—1 ().

Then, the estimator 7, can be rewritten as

(1) rp(z) = (1—%;1 1K< ;LT;X”)>T”1( ) + b, 1YK< hX”>.

n

Now, let the stepsize in (1) satisfy lim n~y, = oo, and let (g,,) be a positive se-
n—oo

quence such that Z qn = 00. The averaged stochastic approximation algorithm
for the estimation of a regression function is defined by setting

(2) To(z) = Z Qre(z
Zk 14
(where the i (x) are given by the algorithm (1)).

Recently, large and moderate deviations results have been proved for the
well-known nonrecursive Nadaraya-Watson’s kernel regression estimator, first by
Louani [5], and then by Joutard [4]. Mokkadem et al. [8] show that the rate
function obtained in the moderate deviations principle for the semi-recursive
estimator is larger than the one obtained for the Nadaraya-Watson estimator.

Let us first recall that a R™-valued sequence (Z,),, satisfies a large
deviations principle (LDP) with speed (v,) and good rate function I if:

1. (vy) is a positive sequence such that lim v, = oo;
n—oo
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2. I:R™ — [0, 00| has compact level sets;
3. for every borel set B C R™,

—inf I'(z) < liminfy, 'loglP[Z, € B]
o n—00
z€B
< limsupy, 'logP[Z, € B] < — inf I (z),

n—oo reB

where B and B denote the interior and the closure of B respectively. More-
over, let (v,) be a nonrandom sequence that goes to infinity; if (v,Z,)
satisfies a LDP, then (Z,,) is said to satisfy a moderate deviations principle
(MDP).

The first aim of this paper is to establish pointwise LDP for the aver-
aged stochastic approximation algorithm (2). It turns out that the rate function
depends on the bandwidth (h,,) and on the weight (gy,).

We show that using the bandwidths (h,) = (cn™*) with ¢ > 0 and a €
(1—a, (da —3) /2) (with a € (Z, 1), and the weight (gn) = (¢n") with ¢ > 0

and ¢ < min {1l — 2a, (1 + a) /2}, the sequence (7,, () —r (z)) satisfies a LDP
with speed (nh,) and the rate function defined as follows:

Inga(t) =sup{ut — g q. (u)},
u€R

which is the Fenchel-Legendre transform of the function 1) 4, defined as follows:

y—r(z))

(3)  Yaqe(u)=(1— q)/ s <eusaqK(Z) @ — 1) g (z,y) dsdzdy.

[0,1]xRR?
Noting that, in the special case (g,) = (hy), which is the case when the weight
(¢rn) minimizes the asymptotic variance of 7,, (see Mokkadem et al. [9]), we
obtain the same rate function for the pointwise LDP as the one obtained for the
Nadaraya-Watson estimator (see [5]).

Our second aim is to provide pointwise MDP for the averaged stochastic
approximation algorithm (2). In this case, we consider a more general weight
sequence defined as ¢, = 7y (n) for all n, where 7 is a regularly varying function
with exponent (—¢), ¢ < min{1 — 2a, (1 + a) /2}.

For any positive sequence (v,,) satisfying

2
(4) lim v, = o0, lim —*

=0 and lim v,h2 =0
n—oo n—00 Nhy, n—o0
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and general bandwidths (h,,), we prove that the sequence

n (T () — 1 (2))
satisfies a LDP of speed (nhn/vg) and good rate function J, 4, : R — R defined
by
l+a—2q f(z) t2
(1—¢)? Var[Y|X =z] [ K2(2)dz 2

() Joga (1) =

Let us point out that when the weight (g,) is chosen to be a regularly vary-
ing function with exponent (—a) (e.g. (¢n) = (hn)), which is the case when
the weight (¢,) minimizes the asymptotic variance of 7, (see [9]), the factor
(1+a—2q) /(1 —q)* which is present in (5) can be reduced to 1/(1 — a), and
then we can write

1 f(x) 12

© Toa ) = 0 Var [VIX = ] [y K2 (52 2

Moreover, Louani [5] establish the moderate deviations behaviour for the

Nadaraya-Watson ([6], [14]) estimator defined as
My, () S
. = if fu(z)#0
(7) Tn (:C) = fn (x)
0 otherwise,
where

They prove that, for any positive sequence (vn) satisfying (4), the se-
quence vy, (7, (¥) —r (v)) satisfies a LDP with speed (nhy,/v2) and good rate
function J, : R — R defined by

~ f(z) t?
® T2 (1) = Var[Y|X = 2] [, K2(z)dz 2

Recently, Mokkadem et al. [8] establish the moderate deviations be-
haviour for the semi-recursive version of the Nadaraya-Watson estimator defined
as

Mo lT) g @) £0
9) o (1) =4 fo(x) !

0 otherwise,
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where

1 ' 1<~ 1 —X;
= — d = — —_ .
=ik () e b= ()
They prove that, for any positive sequence (v,) satisfying (4), the se-
quence vy, (7, (¥) —r (v)) satisfies a LDP with speed (nhy,/v2) and good rate
function ja,a: : R — R defined by
. f(x) t?

(10) Jaz (t) = (1+a) Var [Y[X = 1] [ K2 (2) dz 2

Then, it follows from (6), (8) and (10), that the rate function obtained in
the MDP of 7,, defined with a weight (g,) minimizing the asymptotic variance of
Tn (€.g. (¢n) = (hy)) is larger than the one obtained for the Nadaraya-Watson
kernel estimator (7) and than the one obtained for the semi-recursive kernel
estimator (9); this means that the averaged stochastic approximation algorithm
Tn(x) defined with a weight (gy,), which is chosen to be a regularly varying function
with exponent (—a) (e.g. (¢n) = (hy)) is more concentrated around r(z) than
the two others estimators (Nadaraya-Watson (7) and semi-recursive (9)).

2. Assumptions and main results. Let us first define the class of
positive sequences that will be used in the statement of our assumptions.

Definition 1. Let v € R and (vn)n21 be a nonrandom positive sequence.
We say that (v,) € GS (), if

. Un—1|
(11) nh_)rglon [1 T } = 7.

Condition (11) was introduced by Galambos and Seneta [3] to define regu-
larly varying sequences (see also [1]); it was used in [7] in the context of stochastic
approximation algorithms. Typical sequences in GS (7) are, for b € R, n” (log n)b,
n” (loglogn)®, and so on.

Let g (s,t) denote the density of the couple (X,Y) (in particular f (z) =
g (x,t)dt), and set a (z) =r (z) f (x).

2.1. Pointwise LDP for the averaged stochastic approximation
algorithm. To establish pointwise LDP for 7,, we need the following assump-
tions.
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(L1) K : R — R is a nonnegative, continuous, bounded function satisfying

/RK(z)dzzl,/RzK(z)dz:Oand/Rz2K(z)dz<oo.

n -1
(L2) 9) (vn) = GS (—a) with a € (Z, 1J; nh_)l’glon"yn <ln (Z ’Yk)) - 0.

k=1
i) (hp) = (en™*) with a € (1 — o, (4a — 3) /2) and ¢ > 0.
i) (gn) = (¢'n™7) with ¢ < min {1 — 2a, (1 + a) /2} and ¢ > 0.

(L3) i) g (s,t) is twice continuously differentiable with respect to s.

i1) For ¢ € {0,1,2}, s — / t%g (s,t) dt is a bounded function continuous at
s=ux. ®
For q € [2,3], s — / [t|?7g (s,t) dt is a bounded function.

i11) For ¢ € {0,1}, / |t|q

bounded function contmuous at s = x.

:ct)‘dt<oo andsr—>/tq (s,t)dt is a

(L4) For any u € R, t — / exp (uy) g (t,y) dy is continuous at = and bounded.
R

The proof of the following comment is given in [§].

Comment. Notice that (L4) implies that ¥Ym > 0,Vp > 0
(12) the function ¢+ / ly|" exp (p|y|) g (t,y) dy is bounded.
R

Before stating our results, we set
Si={zeR;K(z) >0} and S_={zeR;K (z)<0}
and for fixed x € R
T, ={yeRyy—r(z)>0} and T-={yeR;y—r(xz)<0}
Moreover, we set
Oy =S+ NTHUS-—NT-) and O_ = (S NT-)U(S-NTy)

The following proposition gives the properties of the functions v, 4., and
I, 4,2; in particular, the behaviour of the rate function I, 4 .
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Proposition 1 (Properties of ¢4, and I, qz). Let A be the Lebesgue
measure on R and let Assumptions (L1) and (L4) hold.

(1) Yaq is strictly convezx, twice continuously differentiable on R, and I, 4 4 is
a good rate function on R.

(1) If A (O-) =0, I4q (t) = +00, when t <0, and
Lios(0) = { (1=q)/(L=a)A(Sy) f(x) i A(S4NTy)>0
a4% 1I-q)/A—=a)A(S2)f(z) of A(S—NT-)>0

Iy 4.2 is strictly convex on R and continuous on (0,+00), and for any t > 0
—1 —1
(13) Ia,q,m (t) =1 (wét,q,x) (t) - wa,q,z ((w;,q,z) (t)> ’

(it3) If A(O=) > 0, then I, 4 is finite and strictly convexr on R and (13) holds
for any t € R.

We can now state the LDP for the averaged stochastic approximation
algorithm (2).

Theorem 1 (Pointwise LDP for the averaged stochastic approximation
algorithm). Let Assumptions (L1)—(L4) hold. Then, the sequence (7, () — 7 (z))
satisfies a LDP with speed (nhy,) and rate function defined as follows:

Toiga (1) =t (Vhga) ™ (1) = Vg (hge) ' (1)
where g q.. 15 defined in (3).

2.2. Pointwise MDP for the averaged stochastic approximation
algorithm. Let (v,) be a positive sequence; we assume that

(M1) K : R — R is a nonnegative, continuous, bounded function satisfying

/RK(z)dzzl,/RZK(z)dz:Oand/RzzK(z)dz<oo.

n —1
(M2) i) (7,) = GS (—a) with a € (Z, 1]; nh_)rrc}on’yn <ln (Z fyk>> = 0.

i) (hn) = GS (—a) with a € (1— o, (da —3) 2).
i11) (¢n) = GS (—¢q) with ¢ < min{1 — 2a, (1 + a) /2}.
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(M3) 4) g(s,t) is twice continuously differentiable with respect to s.

i1) For ¢ € {0,1,2}, s — / t%g (s,t) dt is a bounded function continuous at
s=ux. ®
For q € [2,3], s — / [t|? g (s,t) dt is a bounded function.

i11) For ¢ € {0,1}, /\t\q (x t)‘dt<oo andSb—>/tq 5 (s,t)dt is a

bounded function contmuous at s = x.

(M4) For any u € R, t — / exp (uy) g (t,y) dy is continuous at = and bounded.
R

’U2

(M5) i) lim v, =00 and lim — =0.

n—00 n— o0 nhn

i7) hm vh? =0

The following Theorem gives the pointwise MDP for the averaged stochas-
tic approximation algorithm (2).

Theorem 2 (Pointwise MDP for the averaged stochastic approximation
algorithm). Let Assumptions (M1)— (M5) hold. Then, the sequence (v, (Tp(x) —
r(z))) satisfies a MDP with speed (nhy,/v2) and good rate function J, 4, defined
in (5).

3. Proofs. From now on, we set ng > 3 such that Vk > ng, 7 <
2|1 fllso) ! and Ykhy | K [|loo < 1. Moreover, we introduce the following notations:

- X,
Zo(z) = m%(xh >,

- X,
W (z) = hl'Y,K (xh >

(19 mie) = a-r)k (272),

As explained in the introduction, we note that the stochastic approximation
algorithm (1) can be rewritten as:

ma(r) = (1= vZn (2)) rn-1(x) + 1 Wha (2)
= (I=mf (@) ra-1() + mm (f () = Zn (@) -1 (x) + 1 Wa ().
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To establish the asymptotic behaviour of (r,,) and (7,), we introduce the auxiliary
stochastic approximation algorithm defined by setting p, (z) = r (x) for all n <
no — 2, Pno—1 (x) = rpe—1 (x), and, for n > ny,

pn(@) = (1 =f (@) pp-1(z) + 70 (f (2) = Zp () 7 () + 1 Wa (2) .
It follows that, for n > ny,

pn () = pn1(z) = —f (@) [pn-1(2) =7 (2)] + 70 [Wh (2) — 7 (2) Zn (2)],
- _an (1‘) [pn—l(x) -r (1‘)] + ’Ynhglnn (.%') ’

and thus
-1
pna(z) =7 () = %n <x>—ﬁ@)[pn<x>—pn_l<x>].
Then, we can write that
D = 71 Y x)—1r(T
pn(z) =7 () = ZZl(Ikalqk[pk() ()]
(15) = T @ - R @
with
_ 1 - 1
T, (z) = ST k%:_l%hk (),
RO@) = =3 % [pi(0) — pr(a)].

n
D k=no—1 Gk £ Vet

Moreover, it was shown in [9], that under the assumptions (M1)—(M3), we have

(16) ‘R;O) (x)‘ =0 <\/ n=lh,t + h;2> a.s.,

then, it follows from (15) and (16) that

n

> akhyt (ke (2) — E e (2)]) -

=no—1

IR
F@) S,

Let (¥,), (By,) and (Zn) be the sequences defined as

1 1 - .
U, (x) = mmkz qrhy ( (2) — E i (2)])

P (2) = E[py, (2)]

=ng—1
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By (z) = Elp,(@)]—-r(2),
We have:
(17) Tn (z) — 7 (2) = U, (2) + B, (z) + A, (7).

Moreover, it was shown in [9], that A, (z) is negligible in front of 5,,. Then, it
follows from (17), that the deviation behaviour of the sequence (7, () — 7 (z))
can be deduced from that of the sequence (p,, (x) — p(x)) which is equal to
(U, (z) + B, (z)). Theorems 1 and 2 are then consequences of the following
propositions.

Proposition 2 (Pointwise LDP and MDP for (¥,,)).

1. Under the assumptions (L1)—(L4), the sequence p,, () — E [p,, ()] satisfies
a LDP with speed (nhy) and rate function I, q 5.

2. Under the assumptions (M1)—(M5), the sequence (v, ¥y, (x)) satisfies a LDP
with speed (nhn/vg) and rate function Jg g .

Proposition 3 (Convergence rate of (B,,)). Let Assumptions (M1)—(M3)
hold. Then

By (z) = O (hy).

Set x+ € R; since the assumptions of Theorems 1 guarantee that
lim B, () = 0, then Theorem 1 is a straightforward consequence of the ap-
n—oo
plication of Proposition 2. Moreover, under the assumptions of Theorem 2, we
have by application of Propostion 3, lim v, B, (z) = 0; Theorem 2 thus straight-

n— oo

fully follows from the application of Part 2 of Proposition 2.

We now state a preliminary lemmas, which will be used in the proof of
Proposition 2. For any u € R, set

Apo(u) = ilogE[eXp (MH

nhy, Up,
A (u) = Vaga(u),
uw? (1-¢)* Var[Y|X

M _u = ] 2 () ds
A (w) = 21+a—2¢q f(z) /RK()d'
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Lemma 1 (Pointwise convergence of A,, , when v,, = 1). Let Assumptions
(L1)—(L4) hold. Then, for allu € R
lim Apg (u) = AZ (u).
n—oo

Lemma 2 (Pointwise convergence of A, , when v, — 00). Let Assump-
tions (M1-(M4) hold. Then, for all u € R

. _AM
nh_)rrc}o Apz(u) = A (u).

Our proofs are now organized as follows: Lemmas 1 and 2 are proved in
Section 3.1, Proposition 2 in Section 3.2 and Proposition 3 in Section 3.3.

3.1. Proof of Lemmas 1 and 2. Set u € R, u,, = u/v,, and a,, = nh,.
We have:
02
Ay (u) = a—” log E [exp (unan ¥y, (2))]

n

v2 u a " g

= 21ogE |exp | —~ = —knkx —E[ng (x
o TS, 2 i ) ~E o)

_uy . an q_wk@))]
= - Z log E [e p<un2221qkhkf(x)

n k=ng—1

n

U Un dk
O Tam o )

=ngp—1

By Taylor expansion, there exists ¢, ,, between 1 and E [exp <unZ—k Zf ((ac)) )} such
v f(x
that

oy B [oxp (1, A L))

">k ar e S ()
an gk Mk (2)
=K exp<un o — )—1]
[ > k1 ki f(2)
(el (st ) 1)
_ < p— gk _
2¢; > k=1 Gk b f ()
and A, ; can be rewriten as

A ()= _ > E[“p (“”zzzqk m %(f)))‘l}

k=np—1
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‘%_2 > %(E {e"p <“"zz%1qk%?<(f>)>‘l}>2

k=ng—1 k,n

U Un, = qdk
(18) TS knzo_l h_kE [k ()] -

Now, let us recall that, if (b,) € GS (=b*) with b* < 1, then we have, for any
fixed k() > 1,

nby,

(19) lim ——"— = 1-—0b"
n—oo Zk:ko bk
and
by,
(20) sup — < 0.

k<n Uk

Moreover, since (gzh; ') € GS (- (g — a)), it follows from (19) that
_ o Imar
Un hk dn ’

_ f O(1) when v,=1
| o(1) when v, —

L B
"3 ket ar i

and from (20) that

e
" ZZ:1 qr hy,

and thus, in the both cases, there exists ¢ > 0 such that

BT
" 22:1 qr hi

(21)

Proof of Lemma 2. A Taylor’s expansion implies the existence of C?g,n
an gk Nk (2)
Zzzl qr i f 1‘)

(
’ [eXp (“ ST Z_’Z%(;))) - 1]

_ Up Qn q_kE[ (:C)]—f—l( Un an Q_k)2E[ 2(%)]
a ht1 4 T 2\ f (%) Y=y ak P T

(s ) B [ 0y o]
6 \f@) S achs) R

between 0 and u,, such that
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Therefore,
A (1) v I Zn: i, [0 ()]
n, = n 72 k
2(F (@) (Tpy )’ p o 12
1 v?u, a? = qi

6 ZEE 02 (z) exp ()
6 (f ()) Dy 1%) k%lh% [nk() p(kn)]

102« 1 an_ qi Mk () ’
“2a, 2 T(E [e’q’ (“”Zzzlqkh_k f(x)>_1]> '

k=nop—1

Let us note that under the assumption (M3), we have
E [0 (z)] = Var [Y|X = 2] f (2) / K?(2)dz[1 +0(1)].
R

Then, it follows that

u? an & Var Y X =z
el =y S 1qk> kz fqi | /K2 Jdz{1+o(L)]
(22) +RE), (u) = RY), (u),
with
R,(}’;(u) = é wun a2 Zn: q—%E [772 (z)exp (c%yn)],
U@ Sy av) o=, i

102 1 a () i
B () 2 an 2 G (E [eXp (un > i1 @k by f (2) > 1]> .

k=ng—1

Let us first show that

lim |R(Y) ( )(:0.

n—o0

In view of (M4) and (21), and since |a — b[®> < 4 (]a\g + \b\g), we have

E ‘7719 (:c)3 exp (c;“n)

<t [ = r@PE @ ew (5l - )l KG)) oo - e v

<an [ e (555 1 @IIKIL)
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| [ exn (5o bl 1L ) oo = st dy
@)l [ e (m o HKHOO) g (x — zhiy) dy} K3 (2) ds

(23)=0 ().

Hence, it follows from (23) and (19), that

u? un 4q;

Zk; 1Qk k=ng— 1hk

(f (

n

) (
1 qg
= 0O — =
(’U Zk 1 qk k nzo—l hz)
< 1 ngn ZZ no— lq/?c’h2>

= 0
Zk lq'k? nth 2

_ 1
= vn
which ensures that lim ‘Rg; (u)‘ =0.

n—oo
Let us now prove that

Rﬁl?;, (u)‘ =0.

Noting that, under the assumption (M3) we have

lim
n—oo

2

BV (@) = o)+ 3 [ aydy [ 2K () dzl+ o),
2

B(Zuw) = £+ 50 [ 58 @y [ 2K @)1+ o).

Then, it follows from (14) that

Elm (2)] = hi [E(Wi (2)) — 7 (2) E(Z), (2))]

(24) = hgm® (@) f () [1+0(1)],



where
m® (z) = = t8—2g (x,t)dt —r (x)/ @ (x,t)dt / 22K (2) dz
2f (IE) R 83@2 ’ R 8302 ’ R )
Moreover, in view of (19) and (24), we have
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2 g Cle (gt s) )
— — (E |exp | un=i——-— -1
an knzo—l Ci,n Zk:l qk hy, f (:C)
~ U Zn: (E [e ( an qzc??k;(x)) 1D2
> — XP | Un=n 7 -
Qn k—ng—1 Zk:l ar i f ()
v ( { an  qr Mk (@ )Dz
= 1+o0(1
w2 B[S g w)) e
—
u? dk
= Elm (2)] ] (1+0(1))
@) k nzo 1 (Z’f 10k
:O(a 2 k= 2 k=no—1 9k"k 1qkh )
(k= 1qk
— Zk‘ no— lqkh ( ngn >2
ngzhy, > k=1
(25) 0 (1)
which goes to 0 as n — oo. This proves that ILm ‘Rg?v (u)‘ = 0. Then, we
obtain from (22) and (19), 1i_>m Apo (u) = A (u). Which concludes the proof

Lemma 2. O

Proof of Lemma 1. It follows from (18

_i _Zﬁ % <E [exp <“Z::1 i ZZ?@?) - 1D2

F@) S5 ar k—no—1 h

) that

:i s o (us o ) )
(

7 [ ()]
k
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n

_ i 3 hk/RQ [exp(%Zz%lqk;]l—z(y—r(:c))lf(zo—1}

k=no—1
xg (x,y) dzdy
(26) —R$), (u) — R, (u) + RY), (u)
with
RO = = 3 L(E[p< a q_m<w>)_1D2
™ 2a,, i ci}n S oreq1qk hi f () ’
U 1 r
R (u) = . S TRy (),

f2) Xy e S T

no
n

1 u Qn dk

Rn5g£u = — h/ [exp( - —(y—r(z Kz)—l]

7 (u) - k%:_l kL TS ar (y —r(x) K (2)
x g (z = zhg,y) — g (z,y)] dzdy.

It follows from (25), that lim ‘Rffj; (u)‘ — 0.

Moreover, in view of (19) and (24), we have

RO, ()| = 0<Zk1 quhk>
( ngn I 1Qkhkh2>

Zk 19k HthQ

Il
e

which goes to 0 as n — oc.
Let us now prove that

Set M > 0 and ¢ > 0; we then have

D) (u) = Z hi, / [exp <%ZZ%1 qu—Z(y—r(:c))K(z)> _1}

" k=no=1 g <MyxR

X [g (x — zhi,y) — g (2, y)] dzdy

e X [ [ (gt o)

" k=no—1 11 MR
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X [g(x — zhy,y) — g (z,y)] dzdy
= I+1II.

Using (21), and since for any t € R, |e" — 1| < |¢| el we have

n

|ul dk _ K
s g X st J o @IE )

<o (£l = P @K ) lo o = havn) - (o) dedy

. ‘?’ knzolﬁ/ﬂzbﬂ/[} o
<[ [ = r@les (5o b= @K ) oo shu ]
+f%) Z qu’“lqk JLC!
U |y — ()] exp (m !y—r(w)HK(Z)Qg(w,y)dy] dz
< A K (2)] dz,

{lz|>M}

where A is a constant; this last inequality follows from (12) and from the fact
that K is bounded.
Now, since K is integrable, we can choose M such that

7)< <.
2

Now, for I, we write

n

_ L exp (ot k(1) K (2
L= an 2 hk/{ng}X]R p(f(ﬂf)ZZqQkhk =r (@) K )>

k=ng—1
x g (z — zhi,y) — g (2, y)] dzdy
1 n
-—— > hk/ l9 (= zhi,y) — g (x,y)] dzdy
Un S {|z|[<M}xR

In view of (M4), (12), (19), the dominated convergence theorem ensure that both
integrals converge to 0. We deduce that for n large enough,

)< <,
2
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which ensures that lim ‘Rf; (u)‘ =0.
n—00 ’

Then, it follows from (26), and (19) and from some analysis considerations that

lim A, (u)

n—oo

1 & E\ ¢
- Jm s > (2)

k=nop—1

<. [exp ((1 0 () - r<w>>K<z>) - 1] g (e.y) dedly

~ (-g /[o,usz s <exp (us“qK (2) %) - 1) g (2,y) dsdzdy

= A7 (u)
and thus Lemma 1 is proved. O

3.2. Proof of Proposition 2. To prove Proposition 2, we apply Propo-
sition 1, Lemmas 1 and 2 and the following result (see [10]).

Lemma 3. Let (Z,,) be a sequence of real random variables, (vy,) a positive
sequence satisfying lim v, = 400, and suppose that there exists some convex
n—oo

non-negative function I' defined on R such that

1
I'(u) = lim —logE[exp (uv,Z,)], YueR,
n—oo I/n
If the Legendre function I'* of T is a strictly convex function, then the sequence
(Z,) satisfies a LDP of speed (vy,) and good rate fonction T'*.

In our framework, when v, = 1, we take Z,, = p,, (v)—E (p,, ()), v = nhy,
with h,, = en™® where ¢ > 0 and a € (1 — «, (4o — 3) /2) (with « € (3/4,1]), and
the weight (¢,) = (¢n~9) with ¢ > 0 and ¢ < min{1 — 2a, (1 +a)/2}, and
I' = AL In this case, the Legendre transform of I' = AL is the rate function
Io 4.2 (t) which is strictly convex by Proposition 1. Otherwise, when, v, — oo,
we take Z, = vy, (7, () — E [, ()]), vn = nhy/v? and T = AM: T* is then the
quadratic rate function Jg 4, defined in (5) and thus Proposition 2 follows.

3.3. Proof of Proposition 3. It follows from (15), (16), (19) and (24),
that
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n

1 1 qk

0 —E [y, ()]
T) Y 14k k—mo 1 R,
x

f(
1
f(

ZZ:no— 1 qkhi m(2)

) k=1 k
1—g¢

= 0(h}).

(@) f (2) L +o(1)]

3.4. Proof of Proposition 1.
e Since |e — 1| < |t ell vt e R, it follows from (12) and (L1), that

. a—ape (W@
oael) < A=) [ s exp (wsreac ) 7 )
xg (x,y) dsdzdy
o |u| S*fl —r(x z
< q>f<x>/[o,uxR2 ly—r @)K (2)]

conp (1ol S L ) g o) dsy
|u

| —Tr{T z
Ao [ =r@IIK @)

ly— () o
X exp (\urif = HKHoo>g< ) dzdy

= ’u’ z z —Tr\x
=t [ 1K @Idz [ 1y=r @)

X ex u 7’:'4_74(-%’)’ x
p (1u " ) 9 o)

IN

< o0

which ensures the existence of v, .. It is straightforward to check that
Yq,q, 1s twice differentiable, with

V) = (g [ s () U

X exp <u3aqK (2) 7@ ;{x()x))

)
Y. w) = (1-9q) /[071}XR2 s972 (K (2))? (7
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(y —r(x))
f ()
Since 1y, , . (u) > 0 Vu € R, 4y, , , is increasing on R, and g4, is strictly

convex on R. It follows that its Cramer transform I,,, is a good rate
function on R (see [2]) and (i) of Proposition 1 is proved.

X exp (us“_qK (2) > g (z,y) dsdzdy.

e Let us now assume that A (O_) = 0. We then have

lim ¢, ., (u)=0 and lim ¢, (u) =400

u—r—+00

so that the range of ¢/, . is (0, 400). Moreover

aqm

{—(1—Q)/( a)A(S4) f(x) if A(S4NTy) >0
/ £ A

m Yage (W) = 4 _(1-q)/(1—a)A(S) (@) if A(S.AT)>0

U—r—00

(which can be —o0). This implies in particular that

Toos (0) = {(1—(1)/(1—a)>\(5+)f($) if A(S4+NT4) >0
o (1—q)/(1—a)A(S_) f(z) if AS_NT)>0

Now, when t <0, lim (ut — g4 (u)) = +00 and I, 44 (t) = +00. Since
U——00
Y, 4.0 18 increasing with range (0,4-00), when ¢ > 0, sup (ut — ¢4,q.0 (1)) is
u
reached for ug (t) such that ¥ q . (u (t)) = t, i.e. for ug (t) = (wquvx)fl (t);

this prove (13). (Note that, since v , . (t) > 0, the function ¢ — ug (t) is
differentiable on (0,400)). Now, differentiating (13), we have

I(,zqz() - ()+tu6() waqm(uo(t))ué)(t)
= (wa,q,z) (t) + tuO ( ) - tuO (t)
= (Vaga) ®)

Since (¢;7q7z)_1 is an increasing function on (0, +00), it follows that I, 4,
is strictly convex on (0,400) (and differentiable). Thus (ii) is proved.

o We Assume that A (O_) > 0. In this case, ¢, , can be rewritten as

/ _ N 4K
Vel = (=) [ K ) P



1]

2]
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X exp <usa_qK (2) w) g (z,y) dsdzdy

f ()
- (y —r(z))
_ U () 2 2\
-9 /[0,1}><(R2r10_) ) f(z)
X exp <u5“qK (2) %) g (x,y) dsdzdy
and we have
Jim Y, g0 (0) = —c0 and ugrfoo Yy g0 (1) = 400

so that the range of 7/ is R in this case. The proof of (iii) follows

a,q,r
the same lines as previously, except that, in the present case, (¢;7q7z)_1 is
defined on R, and not only on (0, +00).
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