TRANSVERSE POISSON STRUCTURES TO ADJOINT ORBITS IN SEMI-SIMPLE LIE ALGEBRAS

PANTELIS A. DAMIANOU, HERVÉ SABOURIN, AND POL VANHAECKE

Abstract. We study the transverse Poisson structure to adjoint orbits in a complex semi-simple Lie algebra. The problem is first reduced to the case of nilpotent orbits. We prove then that in suitably chosen quasi-homogeneous coordinates the quasi-degree of the transverse Poisson structure is −2. In the particular case of subregular nilpotent orbits we show that the structure may be computed by means of a simple determinantal formula, involving the restriction of the Chevalley invariants on the slice. In addition, using results of Brieskorn and Slodowy, the Poisson structure is reduced to a three dimensional Poisson bracket, intimately related to the simple rational singularity that corresponds to the subregular orbit.

1. Introduction

The transverse Poisson structure was introduced by A. Weinstein in [21], stating in his famous splitting theorem that every (real smooth or complex holomorphic) Poisson manifold M is, in the neighbourhood of each point m, the product of a symplectic manifold and a Poisson manifold of rank 0 at m. The two factors of this product can be geometrically realized as follows: let S be the symplectic leaf through m and let N be any submanifold of M containing m such that

T_m(M) = T_m(S) ⊕ T_m(N).

There exists a neighbourhood V of m in N, endowed with a Poisson structure, and a neighbourhood U of m in S such that, near m, M is isomorphic to the product Poisson manifold U × V. The submanifold N is called a transverse slice at m to the symplectic leaf S and the Poisson structure on V ⊂ N is called the transverse Poisson structure to S. Up to Poisson isomorphism, it is independent of the point m ∈ S and of the chosen transverse slice N at m: given two points m, m^′ ∈ S and two transverse slices N, N^′ at m resp. m^′ to S, there exist neighbourhoods V of m in N and V^′ of m^′ in N^′ such that (V, m) and (V^′, m^′) are Poisson diffeomorphic.

When M is the dual g^∗ of a complex Lie algebra g, equipped with its standard Lie- Poisson structure, we know that the symplectic leaf through μ ∈ g^∗ is the co-adjoint orbit G · μ of the adjoint Lie group G of g. In this case, a natural transverse slice to G · μ is obtained in the following way: we choose any complement n to the centralizer g(μ) of μ in g and we take N to be the affine subspace μ + n^⊥ of g^∗. Since g(μ)^⊥ = ad^∗_g μ we have T_μ(g^∗) = T_μ(G · μ) ⊕ T_μ(N), so that N is indeed a transverse slice to G·μ at μ. Furthermore, defining on n^⊥ any system of linear coordinates (q_1, . . . , q_k), and using the explicit formula for Dirac reduction

Date: September 27, 2006.

2000 Mathematics Subject Classification. 53D17, 17B10, 14J17.

The authors would like to thank the Cyprus Research Foundation and the Ministère Français des Affaires étrangères for their support. 1

(see Formula (4) below), one can write down explicit formulas for the Poisson matrix Λ_N := � {q_i, q_j }_N � 1≤i,j≤k of the transverse Poisson structure, from which it follows easily

that the coefficients of Λ_N are actually rational functions in (q_1, . . . , q_k). As a corollary, in the Lie-Poisson case, the transverse Poisson structure is always rational ([15]). One immediately wonders in which cases the Poisson structure on N is polynomial; more precisely, for which Lie algebras g, for which co-adjoint orbits for which complement n.

Partial answers have been given in the literature for (co-) adjoint orbits in a semisimple Lie algebra. In ([8]), P. Damianou computed explicitly the transverse Poisson structure to nilpotent orbits of gl_n, for n ≤ 7, corresponding to a particular complement n, yielding that in this case the transverse Poisson structure is polynomial. In ([6]), R. Cushman and M. Roberts proved that there exists for any nilpotent adjoint orbit of a semi-simple Lie algebra a special choice of a complement n such that the corresponding transverse Poisson structure is polynomial. For the latter case, H. Sabourin gave in ([14]) a more general class of complements for which the transverse structure is polynomial, using in an essential way the machinery of semi-simple Lie algebras; he also showed that the choice of complement n is relevant for the polynomial character of the transverse Poisson structure by giving an example in which where the latter structure is rational for a generic choice of complement.

When the transverse Poisson structure is polynomial one is tempted to define its degree as the maximal degree of the coefficients {q_i, q_j}_N of its Poisson matrix, as was done in [8] and [6], who also formulate several conjectures about this degree. Unfortunately, as shown in [14], this degree depends strongly on the choice of the complement n, hence it is not intrinsically attached to the transverse Poisson structure. We show in Section 3 that the right approach is by using the more general notion of “quasi-degree”, i.e., we assign natural quasi-degrees ϖ(q_i) to the variables q_i (i = 1, . . . , k) and we show that, in the above mentioned class of complements, the quasi-degree of the transverse Poisson structure is always −2, irrespective of the simple Lie algebra, the chosen adjoint orbit and the chosen transverse slice N! In fact, the weights ϖ(q_i) have a Lie-theoretic origin and are also independent of the particular complement. It follows that {q_i, q_j}_N is a quasi-homogeneous polynomial of quasi-degree ϖ(q_i) + ϖ(q_j) − 2, for 1 ≤ i, j ≤ k.

Another result, established in this article, is that the study of the transverse Poisson structure to any adjoint orbit G · x can be reduced, via the Jordan decomposition of x ∈ g, to the case of an adjoint nilpotent orbit. Thereby we explain why we are merely interested in the case of nilpotent orbits.

It is easy to observe that the transverse structure to the regular nilpotent orbit O_{reg} of g is always trivial. So, the next step is to consider the case of the subregular nilpotent orbit O_{sr} of g. Then N ∼= C^{ℓ+2}, where ℓ is the rank of g. The dimension of O_{sr} is two less than the dimension of the regular orbit, so that the transverse Poisson structure has rank 2. It has ℓ independent polynomial Casimirs functions χ_1, . . . , χ_ℓ, where χ_i is the restriction of the i-th Chevalley invariant G_i to the slice N. In this case the transverse Poisson structure may be obtained by a simple determinantal formula instead of the usual rather complicated Dirac’s constraint formula. The determinantal formula may be formulated as follows: in terms of linear coordinates q_1, q_2, . . . , q_{ℓ+2} on N, the formula

(1) {f, g}_{det} := df ∧ dg ∧ dχ_1 ∧ · · · ∧ dχ_ℓ dq_1 ∧ dq_2 ∧ . . . ∧ dq_{ℓ+2}

defines a Poisson bracket on N, which coincides (up to a non-zero constant), with the transverse Poisson structure on N.

As an application of Formula (1), we show in Theorem 5.6 that the Poisson matrix of the transverse Poisson on N takes, in suitable coordinates, the block form

~Λ_N = � 0 0 0 Ω � , where Ω =

� � � � � � �

0 ∂F ∂q_{ℓ+2} − ∂F ∂q_{ℓ+1} − ∂F ∂q_{ℓ+2} 0 ∂F ∂q_ℓ ∂F ∂q_{ℓ+1} − ∂F ∂q_ℓ 0

� � � � � � � .

The polynomial F = F (u_1, . . . , u_{ℓ−1}, q_ℓ, q_{ℓ+1}, q_{ℓ+2}) that appears in this formula is precisely the polynomial that describes the universal deformation of the (homogeneous or inhomogeneous) simple singularity of the singular surface N ∩ N , where u_1, . . . , u_{ℓ−1} are the deformation parameters, which are Casimirs for the Poisson structure on N, and where N is the nilpotent cone of g. In particular, the restriction of this Poisson structure to N ∩ N , is given by

{x, y} =

∂F_0 ∂z , {y, z} =

∂F_0 ∂x , {z, x} =

∂F_0 ∂y , where F_0(x, y, z) := F (0, . . . , 0, x, y, z) is the polynomial that defines N ∩N , as a surface in C^3. As we will recall in Paragraph 5.4, Brieskorn [4] showed that, in the ADE case, the so-called adjoint quotient, G = (G_1, . . . , G_ℓ) : g → C^ℓ, restricted to the slice N, is a semi-universal deformation of the singular surface N ∩ N ; this result was generalized by Slodowy [16] to the other simple Lie algebras. Our Theorem 5.6 adds a Poisson dimension to this result.

The article is organized as follows: In Section 2, we recall a few basic facts concerning transverse Poisson structures and we show that the case of a general orbit in a semisimple Lie algebra can be reduced to the case of a nilpotent orbit. In Section 3, we recall the notion of quasi-homogeneity and we show that, for a natural class of slices, the transverse Poisson structure is quasi-homogeneous of quasi-degree −2. In Section 4 and the end of Section 5, we show in some examples, namely the Lie algebras g_2, so_8 and sl_4, how the transverse Poisson structure can be computed explicitly, and we use these examples to illustrate our results. In Section 5 we prove that in the case of the subregular orbit, the transverse Poisson structure is given by a determinantal formula; we also show in that section that this Poisson structure is entirely determined by the singular variety of nilpotent elements of the slice.

2. Transverse Poisson structures in semi-simple Lie algebras

In this section we recall the main setup for studying the transverse Poisson structure to a (co-) adjoint orbit in the case of a complex semi-simple Lie algebra g, and we show how the case of a general orbit is related to the case of a nilpotent orbit. We use the Killing form ⟨· | ·⟩ of g to identify g with its dual g^∗, which leads to a Poisson structure on g, given for functions F, G on g at x ∈ g by

(2) {F, G} (x) := ⟨x | [dF (x), dG(x)]⟩ ,

where we think of dF (x) and dG(x) as elements of g ∼= g^∗ ∼= T^∗_x g. Since the Killing form is Ad-invariant, the isomorphism g ∼= g^∗ identifies the adjoint orbits G · x of G with the co-adjoint orbits G · μ, so the symplectic leaf of {· , ·} that passes through x is the adjoint orbit G · x. Also, as a transverse slice at x to G · x we can take an affine subspace N := x + n^⊥, where n is any complementary subspace to the centralizer g(x) := {y ∈ g | [x, y] = 0} of x in g and ⊥ is the orthogonal complement with respect to the Killing form. In order to give an explicit formula for the transverse Poisson structure {· , ·}_N to G · x, let (Z_1, . . . , Z_k) be a basis for g(x) and let (X_1, . . . , X_{2r}) be a basis for n, where 2r = dim(G · x) is the rank of the Poisson structure (2) at x. These bases lead to linear coordinates q_1, . . . , q_{k+2r} on g, centered at x, defined by q_i(y) := ⟨y − x | Z_i⟩, for i = 1, . . . , k and q_{k+i}(y) := ⟨y − x | X_i⟩, for i = 1, . . . , 2r. Since dq_i(y) = Z_i for i = 1, . . . , k and dq_{k+i}(y) = X_i for i = 1, . . . , 2r, it follows from (2) that the Poisson matrix of {· , ·} at y ∈ g is given by

(3) ({q_i, q_j } (y))_{1≤i,j≤k+2r} = � A(y) B(y) −B(y)^⊤ C(y) � , where A_{i,j}(y) = ⟨y | [Z_i, Z_j]⟩ 1 ≤ i, j ≤ k; B_{i,m}(y) = ⟨y | [Z_i, X_m]⟩ 1 ≤ i ≤ k, 1 ≤ m ≤ 2r; C_{l,m}(y) = ⟨y | [X_l, X_m]⟩ 1 ≤ l, m ≤ 2r.

It is easy to see that the skew-symmetric matrix C(x) is invertible, so C(y) is invertible for y in a neighborhood of x in g, and hence for y in a neighborhood V of x in N. By Dirac reduction, the Poisson matrix of {· , ·}_N at n ∈ V , in terms of the coordinates q_1, . . . , q_k (restricted to V ), is given by (4) Λ_N (n) = A(n) + B(n)C(n)^{−1}B(n)^⊤.

According to the Jordan-Chevalley decomposition theorem we can write x as x = s + e, where s is semi-simple, e is nilpotent and [s, e] = 0. Moreover, the respective centralizers of x, s and e are related as follows:

(5) g(x) = g(s) ∩ g(e).

This leads to a natural class of complements n to g(x); Since the restriction of ⟨· | ·⟩ to g(s) is non-degenerate (see [9, Prop. 1.7.7.]), we have a vector space decomposition of g as g = g(s) ⊕ n_s, where n_s = g(s)^⊥. Notice that n_s is g(s)-invariant, [g(s), n_s] ⊂ n_s, since ⟨g(s) | [g(s), n_s]⟩ = ⟨[g(s), g(s)] | n_s⟩ ⊂ ⟨g(s) | n_s⟩ = {0} .

Choosing any complement n_e of g(x) in g(s) we get the following decomposition of g: g = g(x) ⊕ n_e ⊕ n_s.

We take then n := n_e ⊕ n_s and we denote N_x := x + n^⊥. It follows that, if n ∈ N_x, so that n ∈ g(s), then ⟨n | [g(s), n_s]⟩ ⊂ ⟨g(s) | n_s⟩ = {0} , so that in particular (6) ⟨n | [g(x), n_s]⟩ = {0} and ⟨n | [n_e, n_s]⟩ = {0} . Let us assume that the basis vectors X_1, . . . , X_{2r} of n have been chosen such that X_1, . . . , X_{2p} ∈ n_e and X_{2p+1}, . . . , X_{2r} ∈ n_s. Then the formulas (6) imply that the Poisson matrix (3) takes at n ∈ N_x the form

Λ(n) = � � A(n) B_e(n) 0 −B_e(n)^⊤ C_e(n) 0 0 0 C_s(n) � � , where A_{i,j}(n) = ⟨n | [Z_i, Z_j]⟩ 1 ≤ i, j ≤ k;

B_{e;i,m}(n) = ⟨n | [Z_i, X_m]⟩ 1 ≤ i ≤ k, 1 ≤ m ≤ 2p;

C_{e;l,m}(n) = ⟨n | [X_l, X_m]⟩ 1 ≤ l, m ≤ 2p;

C_{s;l,m}(n) = ⟨n | [X_l, X_m]⟩ 2p + 1 < l, m ≤ 2r.

It follows from (4) that the Poisson matrix of the transverse Poisson structure on N_x is given by

(7) Λ_{Nx} (n) = A(n) + B_e(n)C_e(n)^{−1}B_e(n)^⊤.

Let us now restrict our attention to the Lie algebra g(s), which is reductive, so it decomposes as g(s) = z(s) ⊕ g_{ss}(s), where z(s) is the center of g(s) and g_{ss}(s) = [g(s), g(s)] is the semi-simple part of g(s). At the group level we have a similar decomposition of G(s), the centralizer of s in G, whose Lie algebra is g(s), namely

G(s) = Z(s)G_{ss}(s),

where Z(s) is a central subgroup of G(s) and G_{ss}(s) is the semi-simple part of G(s), with Lie algebra g_{ss}(s). Since e ∈ g(s) we can consider G(s) · e as an adjoint orbit of the reductive Lie algebra g(s). We may think of it as an adjoint orbit of a semi-simple Lie algebra, since G(s) · e = G_{ss}(s) · e; similarly we may think of a transverse slice to the adjoint orbit G(s) · e as a transverse slice to G_{ss}(s) · e, up to a summand with trivial Lie bracket. Denoting by ⊥_s the orthogonal complement with respect to ⟨· | ·⟩, restricted to g(s), we have that N := e + n^{⊥s}_e is a transverse slice to G(s) · e since

g(s) = g(x) ⊕ n_e = z(s) ⊕ g_{ss}(s)(e) ⊕ n_e.

We have used that g(x) = g(s)(e), the centralizer of e in g(s), which follows from (5). In terms of the bases (Z_1, . . . , Z_k) of g(x) and (X_1, . . . , X_{2p}) of n_e that we had picked, the Poisson matrix takes at n ∈ N the form � A(n) B_e(n) −B_e(n)^⊤ C_e(n) � , which leads by Dirac reduction to the following formula for the transverse Poisson structure Λ_N on N, Λ_N (n) = A(n) + B_e(n)C_e(n)^{−1}B_e(n)^⊤, where n ∈ N. This yields formally the same formula as (7), except that it is evaluated at points n of N, rather than at points of N_x. However, since n^{⊥s}_e = g(s) ∩ n^⊥_e = n^⊥_s ∩ n^⊥_e = (n_s + n_e)^⊥ = n^⊥, the affine subspaces N_x and N only differ by a translation, N_x = s + e + n^⊥ = s + N, so that they, and their Poisson matrices with respect to the coordinates q_1, . . . , q_k, can be identified. It leads to the following proposition.

Proposition 2.1. Let x ∈ g be any element, G · x its adjoint orbit and x = s + e its Jordan-Chevalley decomposition. Given any complement n_e of g(x) in g(s) and putting n := n_s ⊕ n_e, where n_s = g(s)^⊥, the parallel affine spaces N_x := x + n^⊥ and N := e + n^⊥ are respectively transverse slices to the adjoint orbit G · x in g and to the nilpotent orbit G(s) · e in g(s). The Poisson structure on both transverse slices is given by the same Poisson matrix, namely that of (7), in terms of the same affine coordinates restricted to the corresponding transverse slice.

In short, the transverse Poisson structure to any adjoint orbit G · x of a semi-simple (or reductive) algebra g is essentially determined by the transverse Poisson structure to the underlying nilpotent orbit G(s) · e defined by the Jordan decomposition x = s + e. A refinement of this proposition will be given in Corollary 3.5.

3. The polynomial and the quasi-homogeneous character of the tranverse Poisson structure

In this section we show that, for a natural class of transverse slices to a nilpotent orbit O, which we equip with an adapted set of linear coordinates, centered at a nilpotent element e ∈ O, the transverse Poisson structure is quasi-homogeneous (of quasi-degree −2), in the following sense.

Definition 3.1. Let ν = (ν_1, . . . , ν_d) be non-negative integers. A polynomial P ∈ C[x_1, . . . , x_d] is said to be quasi-homogeneous (relative to ν) if for some integer κ,

∀t ∈ C, P (t^{ν1} x_1, . . . , t^{νd} x_d) = t^κP (x_1, . . . , x_d).

The integer κ is then called the quasi-degree (relative to ν) of P , denoted ϖ(P ). Similarly, a polynomial Poisson structure {· , ·} on C[x_1, . . . , x_d] is said to be quasihomogeneous (relative to ν) if there exists κ ∈ Z such that, for any quasi-homogeneous polynomials F and G, their Poisson bracket {F, G} is quasi-homogeneous of degree

ϖ({F, G}) = ϖ(F ) + ϖ(G) + κ;

equivalently, for any i, j the polynomial {x_i, x_j} is quasi-homogeneous of quasi-degree ν_i + ν_j + κ. Then κ is called the quasi-degree of {· , ·}.

We first show that, given O, we can choose a system of linear coordinates on g, centered at some nilpotent element e ∈ O, such that the Lie-Poisson structure on g is quasi-homogeneous relative to some vector ν that has a natural Lie-theoretic interpretation. In order to describe how this happens we need to recall a few facts on the theory of semi-simple Lie algebras that will be used throughout this paper. First, one chooses a Cartan subalgebra h of g, with corresponding root system Δ(h), from which a basis Π(h) of simple roots is selected. The rank of g, which is the dimension of h, is denoted by ℓ. According to the Jacobson-Morosov-Kostant correspondence (see [20, pars. 32.1 and 32.4]), there is a canonical triple (h, e, f) of elements of g, associated with O and completely determined by the following properties:

(1) (h, e, f) is a sl_2-triple, i.e., [h, e] = 2e, [h, f] = −2f and [e, f] = h; (2) h is the characteristic of O, i.e., h ∈ h and α(h) ∈ {0, 1, 2} for any simple root α ∈ Π(h).

(3) O = G · e.

The triple (h, e, f) leads to two decompositions of g:

(1) A decomposition of g into eigenspaces relative to ad_h. Each eigenvalue being an integer we have g = � i∈Z g(i),

where g(i) is the eigenspace of ad_h that corresponds to the eigenvalue i. For example, e ∈ g(2) and f ∈ g(−2).

(2) Let s be the Lie subalgebra of g isomorphic to sl_2, which is generated by h, e and f. The Lie algebra g is an s-module, hence it decomposes as g = k� j=1 V_{nj} ,

where each V_{nj} is a simple s-module, with n_j + 1 = dim V_{nj} ad_h-weights n_j , n_j − 2, n_j − 4, . . . , −n_j . Moreover, k = dim g(e), since the centralizer g(e) is generated by the highest weight vectors of each V_{nj} . It follows that (8) k� j=1 n_j = dim g − k = dim(G · e) = 2r.

We pick a system of linear coordinates on g, centered at e, by using Slodowy’s action. We recall the construction of this action from [17]. First, he considers the one-parameter subgroup of G, λ : C^∗ → G t → exp(λ_th)

where λ_t is a complex number such that e^{−λt} = t. The restriction of Ad to this subgroup leaves every eigenspace g(i) invariant, and acts for each t as a homothecy with ratio t^{−i} on g(i):

(9) ∀x ∈ g(i), Ad_{λ(t)} x = t^{−i}x.

Since e ∈ g(2) the action ρ of C^∗ on g, defined for t ∈ C^∗ and for y ∈ g by ρ_t · y := t^2 Ad_{λ(t)} y fixes e; we refer to ρ as Slodowy’s action. In order to see how it leads to quasi-homogeneous coordinates, let us denote for x ∈ g by F_x, the function defined by F_x(y) := ⟨y − e | x⟩, for y ∈ g. Then (9) and Ad-invariance of the Killing form imply that if x ∈ g(i) then

(ρ^∗_t F_x) (y) = ⟨ρ_t−1 · y − e | x⟩ = t^{−2} � Ad_{λ(t}−1_)(y − e) | x � = t^{−2} � y − e | Ad_{λ(t)} x � = t^{−2} � y − e | t^{−i}x � = t^{−i−2}F_x(y).

It follows that the quasi-degree ϖ(F_x) of F_x is i + 2, for x ∈ g(i). According to (2), one has, for any x, y, z ∈ g,

(10) {F_x, F_y} (z) = ⟨z | [x, y]⟩ = F_{[x,y]}(z) + ⟨e | [x, y]⟩ .

If x ∈ g(i) and y ∈ g(j), with i + j ≠ −2 then ⟨e | [x, y]⟩ = 0 and so

ϖ({F_x, F_y}) − ϖ(F_x) − ϖ(F_y) = ϖ(F_{[x,y]}) − ϖ(F_x) − ϖ(F_y) = i + j + 2 − (i + 2) − (j + 2) = −2.

This result extends to the case i + j = −2, since then ϖ(F_{[x,y]}) = i + j + 2 = 0, which is the quasi-degree of the constant function ⟨e | [x, y]⟩. This proves the following proposition.

Proposition 3.2. Let g be a semi-simple Lie algebra, identified with its dual using its Killing form, let O be a nilpotent adjoint orbit of g, with canonical triple (h, e, f). Let x_1, . . . , x_d be any basis of g, where each x_k belongs to some eigenspace g(i_k) of ad_h and let F_k be the dual coordinates on g, centered at e, F_k(y) := ⟨y − e | x_k⟩ . Then the Lie-Poisson structure {· , ·} on g is quasi-homogeneous of degree −2 with respect to (ϖ(F_1), . . . , ϖ(F_d)) = (i_1 + 2, . . . , i_d + 2).

□ We now wish to show that, upon picking a suitable transverse slice N to O at e, the transverse Poisson structure on N is also quasi-homogeneous (of degree −2). Following [14] we consider the set N_h of all subspaces n of g that are complementary to g(e) in g, and which are ad_h-invariant. For n ∈ N_h we let N := e + n^⊥, which is a transverse slice to G · e. The ad_h-invariance of n implies on the one hand that ρ leaves N invariant: if y ∈ e + n^⊥ then 0 = � y − e | Ad_{λ(t}−1_) n � = � Ad_{λ(t)}(y − e) | n � = t^{−2} ⟨ρ_t · y − e | n⟩ ,

so that indeed ρ_t · y ∈ e + n^⊥. On the other hand, it implies that n admits a basis where each basis vector belongs to an eigenspace of h. Thus we can specialize the above basis x_1, . . . , x_d so that it be adapted to n: we can choose a basis (Z_1, . . . , Z_k) for g(e) and a basis (X_1, . . . , X_{2r}) for n in such a way that:

(1) each Z_i, 1 ≤ i ≤ k, is a highest weight vector of weight n_i ; (2) each X_i, 1 ≤ i ≤ 2r, is a weight vector of weight ν_i.

The linear coordinates (centered at e) F_{Z1} , . . . , F_{Zk} , restricted to N, will be denoted by q_1, . . . , q_k. In view of the above, their quasi-degrees are defined as ϖ(q_i) := n_i + 2. The fact that the transverse Poisson structure is polynomial in terms of these coordinates was first shown in [14, Thm 2.3]. In the following proposition we give a refinement of this statement.

Proposition 3.3. In the notation of Proposition 3.2, the transverse Poisson structure on N := e + n^⊥, where n ∈ N , is a polynomial Poisson structure that is quasihomogeneous of degree −2, with respect to the quasi-degrees n_1 + 2, . . . , n_k + 2, where n_1, . . . , n_k denote the highest weights of g as an s-module.

Proof. According to (4) we need to show that for any 1 ≤ i, j ≤ k the functions A_{ij} and (BC^{−1}B^⊤)_{ij} are quasi-homogeneous of degree ϖ(q_i) + ϖ(q_j) − 2 = n_i + n_j + 2. For A_{ij} this is clear, since A is part of the Poisson matrix of the Lie-Poisson structure on g, which we have seen to be quasi-homogeneous of degree −2. Similarly, we have that ϖ(B_{ip}) = n_i + ν_p + 2. Since

ϖ(B_{ip}C^{−1}_{ps} B_{js}) = n_i + n_j + ν_p + ν_s + 4 + ϖ(C^{−1}_{ps} ),

it means that we need to show that

(11) ϖ(C^{−1}_{ps} ) = −ν_p − ν_s − 2.

This follows from the fact that

�_{2r} i=1(ν_i + 1) = 0, itself a consequence of (8). Indeed, consider a term of the form C^′_{ij} = C_{i1j1} . . . C_{i2r−1j2r−1} , where

{i_1, i_2, . . . , i_{2r−1}} = {1, 2, . . . , 2r} \ {s} and {j_1, i_2, . . . , j_{2r−1}} = {1, 2, . . . , 2r} \ {p} .

Then

ϖ(C^′_{ij}) =

2r−1�

k=1 (ν_{ik} + ν_{jk} + 2) = −ν_s − ν_p − 2,

A typical term of C^{−1}_{ps} is of the form^{C′ij}_{Δ(C)} , where Δ(C) is the determinant of C which is constant, as it is of quasi-degree zero, by the same argument (this observation was already made in [14, Thm 2.3]). This gives us (11). □

Remark 3.4. As was pointed out to us by the referee, the quasi-homogeneity of the transverse Poisson structure is implicit in the works of [10] and [13], for the special transversal n = Ker ad_f . Namely, using the eigenspaces of ad_h they consider a filtration on the universal envelopping algebra Ug of g, which yields a grading on the transversal Poisson algebra, for this choice of n. The graded algebra, associated to the filtration is Sym(g^∗), with the quasi-degrees that we use.

Let us consider now the case of any adjoint orbit G · x and x = s + e the Jordan- Chevalley decomposition of x, a case that we already considered in Proposition 2.1. A well-known result ([20, par. 32.1.7.]) says that there exists a sl_2-triple (h, e, f) such that [s, h] = [s, f] = 0. Consequently, (h, e, f) is a sl_2-triple of the reductive Lie algebra g(s) and we can also suppose that, up to conjugation by elements of G(s), h is the characteristic of G(s) · e. Let N_{s,h} the set of all complementary subspaces to g(x) in g(s) which are ad_h-invariant. Then, by applying Proposition 3.3, we get the following result.

Corollary 3.5. As in Proposition 2.1, let n_s = g(s)^⊥, n_e ∈ N_{s,h} and n = n_s ⊕ n_e. Let N_x := x+n^⊥, which is a transverse slice to G·x. Then, the transverse Poisson structure on N_x is polynomial and is quasi-homogeneous of quasi-degree −2.

From now, a transverse Poisson structure given by Proposition 3.3 will be called an adjoint transverse Poisson structure or ATP-structure.

4. Examples

In this section we want to show in two examples how one computes the ATP-structure in practice. In the first example we consider the subregular orbit of g_2, and we do the computations without chosing a representation of g_2. In the second example, the subregular orbit of so_8, we use a concrete representation, rather than referring to tables for the explicit formulas of the Lie brackets in a Chevalley basis. These two examples will also serve later in the paper as an illustration of the results that we will prove on the nature of the ATP-structure. Both examples correspond to subregular orbits, which lead to two of the simplest non-trivial ATP-structures, in the following sense. If O is an adjoint orbit in g then the ATP-structure to O has rank dim g − ℓ − dim O at a generic point of any transverse slice to O, since the Lie-Poisson structure on g has rank^1 dim g − ℓ, at a generic point of g. For the regular nilpotent orbit O_{reg}, the ATP-structure is trivial, because dim O_{reg} = dim g−ℓ. So, the first interesting nilpotent orbit to consider is the subregular orbit, denoted by O_{sr}. We recall two well-known facts (see [5]):

- the subregular orbit O_{sr} is the unique nilpotent orbit which is open and dense in the complement of O_{reg} in the nilpotent cone;

- dim O_{sr} = dim g − ℓ − 2.

It follows that the ATP-structure of the subregular orbit is of dimension ℓ + 2 and its generic rank is 2. In each of the two examples that follow we give the characteristic triplet (h, e, f) that corresponds to the orbit, we derive from it a basis of the ad_h-weight spaces, which leads to basis vectors Z_i of g(e) and X_j of an ad_h-invariant complement to g(e) in g. The Lie brackets of these elements then lead to the matrices A, B and C in (3), which by Dirac’s formula (4) yields the matrix Λ_N of the transverse Poisson structure.

1Recall that ℓ denotes the rank of g.

4.1. The subregular orbit of type G_2. We first consider the case of the subregular orbit of the Lie algebra g := g_2. Denoting the basis of simple roots by Π = {α, β}, where β is the longer root, its Dynkin diagram is given by

and it has the following positive roots : Δ_+ = {α, β, α + β, 2α + β, 3α + β, 3α + 2β, 3α + β, 3α + 2β}. The vectors that constitute the Chevalley basis^2 of g are denoted by H_α, H_β for the Cartan subalgebra, X_γ for the 6 positive roots γ ∈ Δ_+ and Y_γ for the six negative roots −γ ∈ Δ_+. According to [5, Chap. 8.4], the characteristic h of the subregular orbit O_{sr} is given by the sequence of weights (0, 2), which means that ⟨α, h⟩ = 0 and ⟨β, h⟩ = 2, which yields h = 2H_α + 4H_β. The decomposition of g into ad_h-weight spaces g(i) consists of the following five subspaces g(4) = ⟨X_{3α+2β} ⟩, g(2) = ⟨X_β, X_{α+β}, X_{2α+β} , X_{3α+β} ⟩, g(0) = ⟨H_α, H_β, X_α, Y_α⟩,

(12) g(−2) = ⟨Y_β, Y_{α+β}, Y_{2α+β}, Y_{3α+β}⟩, g(−4) = ⟨Y_{3α+2β} ⟩.

Taking for e and f an arbitrary linear combination of the above basis elements of g(2), resp. of g(−2) and expressing that [e, f] = h one easily finds that the sl_2-triple corresponding to O_{sr} is given by e = X_β + X_{3α+β} , h = 2H_α + 4H_β, f = 2Y_β + 2Y_{3α+β}.

Picking the vectors in the positive subspaces g(i) that commute with e leads to the following basis vectors of g(e): Z_1 = X_β + X_{3α+β}. Z_2 = X_{2α+β}, Z_3 = X_{α+β},

(13) Z_4 = X_{3α+2β}, We obtain an ad_h-invariant complementary subspace n of g(e) by completing these vectors with additional vectors that are taken from the bases (12) of the subspaces g(i). Our choice of basis vectors for n, ordered by weight, is as follows: X_1 = X_β, X_6 = Y_β, X_2 = X_α, X_7 = Y_{α+β}, X_3 = H_α, X_8 = Y_{2α+β} , X_4 = H_β, X_9 = Y_{3α+β} , X_5 = Y_α, X_{10} = Y_{3α+2β} .

The Lie brackets of these basis vectors for g, which are listed in [19, Chap. VII.4], yield the Poisson matrix � A B −B^⊤ C � of the Lie-Poisson structure on g, in terms of the coordinates F_{Z1} , . . . , F_{Z4} , F_{X1} , . . . , F_{X10} on g, as A_{ij} = � F_{Zi} , F_{Zj} � = F_{[Zi,Zj ]} + ⟨e | [Z_i, Z_j]⟩ (see (10)), and similarly for the other elements of the Poisson matrix. We give the restriction of the matrices A, B and C to the transverse slice N := e + n^⊥

2The choice of Chevalley basis that we use is explicitly described in [19, Chapter VII.4].

only, which amounts to keeping in the Lie brackets only the vectors Z_1, . . . , Z_4, as F_X (n) = ⟨e − n | X⟩ = 0 for X ∈ n and n ∈ N = e + n^⊥. In terms of the coordinates q_1, . . . , q_4 on N, where q_i is the restriction of F_{Zi} to N, we get

A = � � � � 0 0 0 0 0 0 −3q_4 0 0 3q_4 0 0 0 0 0 0

� � � � ,

B = � � � � 0 0 0 −q_4 0 q_1 −q_2 q_3 0 0 0 3q_1 −q_2 0 2q_3 0 0 0 0 0 0 2q_2 q_3 −q_3 0 0 0 0 0 0 q_4 q_3 −3q_1 q_1 q_2 0 0 0 0 0

� � � � ,

C = 1 3

� � � � � � � � � � � � �

0 3q_3 0 0 0 0 0 0 0 1 −3q_3 0 0 0 0 0 3 0 0 0 0 0 0 0 0 3 0 0 −3 0 0 0 0 0 0 −2 0 0 1 0 0 0 0 0 0 0 0 3 0 0 0 0 −3 2 0 0 0 0 0 0 0 −3 0 0 0 0 0 0 0 0 0 0 0 0 −3 0 0 0 0 0 0 0 3 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0

� � � � � � � � � � � � �

.

Substituted in (4) this yields the following Poisson matrix for the ATP-structure:

(14) Λ_N = � � � 0 0 0 0 0 0 −3q_4 2q_1q_2 − 2q^2_3 0 3q_4 0 2q^2 − 2q_1q_3 0 −2q_1q_2 + 2q^2_3 −2q^2 + 2q_1q_3 0

� � � .

It follows from (12) and (13) that the quasi-degree of q_1, q_2 and q_3 is 4, while the quasidegree of q_4 is 6. One easily reads off from (14) that, with respect to these quasi-degrees, the ATP-structure is quasi-homogeneous of quasi-degree −2.

4.2. The subregular orbit of type D_4. We take now g = so_8 and we realize g as the following set of matrices : � Z_1 Z_2 Z_3 −Z^⊤_1 � | Z_i ∈ Mat_4(C), with Z_2, Z_3 skew-symmetric � . Let h denote the Cartan subalgebra of g that consists of all diagonal matrices in g. It is clear that h is spanned by the four matrices H_i := E_{i,i} − E_{4+i,4+i}, 1 ≤ i ≤ 4. Define for i = 1, . . . 4 the linear map e_i ∈ h^∗ by e_i( � a_kH_k) = a_i. Then the root system of g is:

Δ := {±e_i ± e_j | 1 ≤ i, j ≤ 4, i ≠ j},

and a basis of simple roots is Π := {α_1, α_2, α_3, α_4}, where

α_1 = e_1 − e_2, α_2 = e_2 − e_3, α_3 = e_3 − e_4, α_4 = e_3 + e_4.

It leads to the following Chevalley basis of g:

X_{ei−ej} = E_{i,j} − E_{4+j,4+i}, X_{ei+ej} = E_{i,4+j} − E_{j,4+i}, i < j X_{−ei−ej} = −E_{4+i,j} + E_{4+j,i}, i < j H_{ei−ej} = H_i − H_j , H_{ei+ej} = H_i + H_j.

According to ([5, Chap. 5.4]), the characteristic h of the subregular orbit is given by the sequence of weights (2, 0, 2, 2). It follows that

h = 4H_{α1} + 6H_{α2} + 4H_{α3} + 4H_{α4} .

The positive ad_h-weight spaces are

g(0) = h ⊕ ⟨X_{α2} , X_{−α2} ⟩, g(2) = ⟨X_{α1} , X_{α3} , X_{α4} , X_{α1+α2} , X_{α2+α3} , X_{α2+α4} ⟩, g(4) = ⟨X_{α1+α2+α3} , X_{α2+α3+α4} , X_{α1+α2+α4} ⟩,

(15) g(6) = ⟨X_{α1+α2+α3+α4} , X_{α1+2α2+α3+α4} ⟩.

As in the first example it follows that the following is the canonical sl_2-triple, associated to O_{sr}:

e = X_{α1} + X_{α1+α2} − X_{α2+α4} + 2X_{α3} − X_{α4} , h = 4H_{α1} + 6H_{α2} + 4H_{α3} + 4H_{α4} , f = X_{−α1} + 3X_{−α1−α2} − 3X_{−α2−α4} + 2X_{−α3} − X_{−α4} .

We can now define the basis vectors Z_i of g(e) and X_j of an ad_h-invariant complementary subspace n to g(e), in terms of the Chevalley basis, as follows:

Z_1 = X_{α1+α2} − X_{α2+α4} + 2X_{α3} , Z_2 = X_{α1+α2+α3+α4} , Z_3 = X_{α1+2α2 +α3+α4} , Z_4 = X_{α1} − X_{α4} ,

(16) Z_5 = X_{α2+α3} + X_{α2+α4} − X_{α3} − X_{α4} , Z_6 = X_{α1+α2+α3} + X_{α1+α2+α4} − X_{α2+α3+α4} ,

X_1 = X_{α1+α2+α3} , X_{12} = X_{−α1} , X_2 = X_{α2+α3+α4} , X_{13} = X_{−α3} , X_3 = X_{α4} X_{14}, = −X_{−α4} , X_4 = X_{α3} , X_{15} = X_{−α1−α2} , X_5 = X_{α2+α4} , X_{16} = X_{−α2−α3} , X_6 = H_{α1} , X_{17} = −X_{−α2−α4} , X_7 = H_{α2} , X_{18} = −X_{−α1−α2−α3} , X_8 = H_{α3} , X_{19} = −X_{−α1−α2−α4} , X_9 = H_{α4} , X_{20} = −X_{−α2−α3−α4} , X_{10} = X_{α2} , X_{21} = −X_{−α1−α2−α3−α4} , X_{11} = X_{−α2} , X_{22} = −X_{−α1−2α2 −α3−α4} .

If we denote by Z̄_1, . . . , Z̄_6 the dual basis (w.r.t. ⟨X | Y ⟩ =^1_2 Trace(XY )) of the basis Z_1, . . . , Z_6 of g(e) then a typical element of the transverse slice N = e + n^⊥ is given by e + �_6 i=1 q_iZ̄_i, i.e.,

(17) Q =

� � � � � � � � �

0 1 1 0 0 0 0 0 q_4 0 0 0 0 0 0 −1 q_1 0 0 2 0 0 0 −1 0 q_5 0 0 0 1 1 0 0 −q_3 −q_2 0 0 −q_4 −q_1 0 q_3 0 q_6 0 −1 0 0 −q_5 q_2 −q_6 0 0 −1 0 0 0 0 0 0 0 0 0 −2 0

� � � � � � � � �

and we can compute the matrix A, restricted to N, by A_{ij} = ⟨Q | [Z_i, Z_j]⟩, and similarly for the matrices B and C. A direct substitution in (4) leads to the following Poisson matrix for the the ATP-structure:

(18) Λ_N = 1 2

� � � � � �

0 q_4q_6 −q_4q_6 0 −2q_6 2q_{16} −q_4q_6 0 0 q_4q_6 −q_5q_6 −2q_{36} q_4q_6 0 0 −q_4q_6 q_5q_6 2q_{36} 0 −q_4q_6 q_4q_6 0 2q_6 −2q_{16} 2q_6 q_5q_6 −q_5q_6 −2q_6 0 2q_{56} −2q_{16} 2q_{36} −2q_{36} 2q_{16} −2q_{56} 0

� � � � � � ,

where

q_{16} = 2q_2 − q_1q_4 − q_4q_5 + q^2_4 , q_{36} = q_3q_4 − q_2q_4 − q_2q_5,

(19) q_{56} = 2q_3 − 2q_2 − q^2_5 + q_4q_5 − q_1q_5.

It follows from (15) and (16) that the quasi-degrees of the variables q_i are: ϖ(q_1) = ϖ(q_4) = ϖ(q_5) = 4, ϖ(q_2) = ϖ(q_3) = 8 and ϖ(q_6) = 6. The fact that the ATPstructure is quasi-homogeneous of quasi-degree −2 is again easily read off from (18).

5. The subregular case

In this section we will give an explicit description of the ATP-structure in the case of the subregular orbit O_{sr} ⊂ g, where g is a semi-simple Lie algebra. Since in the case of the subregular orbit the generic rank of the ATP-structure on the transverse slice N is two and since we know dim(N)−2 independent Casimirs, namely the basic Ad-invariant functions on g, restricted to N, we will easily derive that the ATP-structure is the determinantal structure (also called Nambu structure), determined by these Casimirs, up to multiplication by a function. What is much less trivial to show is that this function is actually just a constant. For this we will use Brieskorn’s theory of simple singularities, which is recalled in Paragraph 5.2 below. First we recall the basic facts on Ad-invariant functions on g and link them to the ATP-structure.

5.1. Invariant functions and Casimirs. Let O_{sr} = G · e, be a subregular orbit in the semi-simple Lie algebra g, let (h, e, f) be the corresponding canonical sl_2-triple and consider the transverse slice N := e+n^⊥ to G·e, where n is an ad_h-invariant complement to g(e). We know from Section 3 that the ATP-structure on N, equipped with the linear coordinates q_1, . . . , q_k, is a quasi-homogeneous polynomial Poisson structure of generic rank 2. Let S(g^∗)^G be the algebra of Ad-invariant polynomial functions on g. By a classical theorem due to Chevalley, S(g^∗)^G is a polynomial algebra, generated by ℓ homogeneous polynomials (G_1, . . . , G_ℓ), whose degree d_i := deg(G_i) = m_i + 1, where m_1, . . . , m_ℓ are the exponents of g. These functions are Casimirs of the Lie-Poisson structure on g, since Ad-invariance of G_i implies that [x, dG_i(x)] = 0 and hence the Lie-Poisson bracket (2) is given by

{F, G_i} (x) = ⟨x | [dF (x), dG_i(x)]⟩ = − ⟨[x, dG_i(x)] | dF (x)⟩ = 0,

for any function F on g. If we denote by χ_i the restriction of G_i to the transverse slice N then it follows that these functions are Casimirs of the ATP-structure. The polynomials χ_i are not homogeneous, but they are quasi-homogeneous, as shown in the following proposition.

Lemma 5.1. Each χ_i is a quasi-homogeneous polynomial of quasi-degree 2d_i, relative to the quasi-degrees (2 + n_1, . . . , 2 + n_k).

Proof. Since χ_i is of degree d_i and χ_i is Ad-invariant, we get

ρ^∗_t (χ_i) = χ_i ∘ ρ_t−1 = χ_i ∘ (t^{−2} Ad_λ−1_{(t)}) = t^{−2di} χ_i ∘ Ad_λ−1_{(t)} = t^{−2di} χ_i,

so that χ_i has quasi-degree 2d_i. □

5.2. Simple singularities. Let h be a Cartan subalgebra of g. The Weyl group W acts on h and the algebra S(g^∗)^G of Ad-invariant polynomial functions on g is isomorphic to S(h^∗)^W , the algebra of W-invariant polynomial functions on h^∗. The inclusion homomorphism S(g^∗)^G → S(g^∗), is dual to a morphism g → h/W, called the adjoint quotient. Concretely, the adjoint quotient is given by

(20) G : g → C^ℓ x → (G_1(x), G_2(x), . . . , G_ℓ(x)).

The zero-fiber G^{−1}(0) of G is exactly the nilpotent variety N of g. As we are interested in N ∩ N = N ∩ G^{−1}(0) = χ^{−1}(0), which is an affine surface with an isolated, simple singularity, let us recall the notion of simple singularity (see [16] for details). Up to conjugacy, there are five types of finite subgroups of SL_2 = SL_2(C), denoted by C_p, D_p, T , O and I. Given such a subgroup F, one looks at the corresponding ring of invariant polynomials C[U, V ]^F. In each of the five cases, C[u, v]^F is generated by three fundamental polynomials X, Y, Z, subject to only one relation R(X, Y, Z) = 0, hence the quotient space C^2/F can be identified, as an affine surface, with the singular surface in C^3, defined by R = 0. The origin is its only singular point; it is called a (homogeneous) simple singularity. The exceptional divisor of the minimal resolution of C^2/F is a finite set of projective lines. If two of these lines meet, then they meet in a single point, and transversally. Moreover, the intersection pattern of these lines forms a graph that coincides with one of the simply laced Dynkin diagrams of type A_ℓ, D_ℓ, E_6, E_7 or E_8. This type is called the type of the singularity. Moreover, every such Dynkin diagram (i.e., of type ADE) appears in this way; see Table 1.

Table 1. The basic correspondence between finite subgroups F of SL_2, homogeneous simple singularities, defined by an equation R(X, Y, Z) = 0 and simply laced simple Lie algebras of type Δ.

Group F Singularity R(X, Y, Z) = 0 Type Δ

C_{ℓ+1} X^{ℓ+1} + Y Z = 0 A_ℓ

D_{ℓ−2} X^{ℓ−1} + XY^2 + Z^2 = 0 D_ℓ

T X^4 + Y^3 + Z^2 = 0 E_6

O X^3Y + Y^3 + Z^2 = 0 E_7

I X^5 + Y^3 + Z^2 = 0 E_8

For the other simple Lie algebras (of type B_ℓ, C_ℓ, F_4 or G_2), there exists a similar correspondence. By definition, an (inhomogeneous) simple singularity of type Δ is a couple (V, Γ) consisting of a homogeneous simple singularity V = C^2/F and a group Γ = F^′/F of automorphisms of V according to Table 2.

Table 2. We give the list of all possible inhomogeneous singularities of type Δ = (V, Γ), where V is one of the homogeneous simple singularities and Γ = F^′/F is a group of automorphisms of V . The labels B_ℓ, C_ℓ, F_4 and G_2 for these types will become clear in Proposition 5.2.

Type Δ V F F^′ Γ = F^′/F

B_ℓ A_{2ℓ−1} C_{2ℓ} D_ℓ Z/2Z

C_ℓ D_{ℓ+1} D_{ℓ−1} D_{2ℓ−2} Z/2Z

F_4 E_6 T O Z/2Z

G_2 D_4 D_2 O Z/3Z

The connection between the diagram of (V, Γ) and that of V can be described as follows: the action of Γ on V lifts to an action on a minimal resolution of V which permutes the components of the exceptional set. Then, we obtain the diagram of (V, Γ)

Table 3. For each of the inhomogeneous simple singularities, of type Δ (see Table 2), the correspondending homogeneous simple singularity V = C^2/F is given by its equation R(X, Y, Z) = 0, together with the action of Γ = F^′/F on V . In the last line, α is a non-trivial cubic root of unity.

Type Δ Singularity R(X, Y, Z) = 0 Γ-action

B_ℓ X^{2ℓ} + Y Z = 0 (X, Y, Z) −→ (−X, Z, Y )

C_ℓ X^ℓ + XY^2 + Z^2 = 0 (X, Y, Z) −→ (X, −Y, −Z)

F_4 X^4 + Y^3 + Z^2 = 0 (X, Y, Z) −→ (−X, Y, −Z)

G_2 X^3 + Y^3 + Z^2 = 0 (X, Y, Z) −→ (αX, α^2Y, Z)

as a Γ-quotient of that of V . It leads to Table 3, which is the non-simply laced analog of Table 1.

We can now state the following extension of a theorem of Brieskorn, which is due to Slodowy ([16, Thms 1 and 2]).

Proposition 5.2. Let g be a simple complex Lie algebra, with Dynkin diagram of type Δ. Let O_{sr} = G · e be the subregular orbit and N = e + n^⊥ a transverse slice to G · e. The surface N ∩ N = χ^{−1}(0) has a (homogeneous or inhomogeneous) simple singularity of type Δ.

To finish this paragraph, we illustrate the above results in the case of the two examples that were given in Section 4. In both cases we give the invariants, restricted to the slice N, and their zero locus, the surface χ^{−1}(0).

1) For the subregular orbit of g_2, the invariant functions, restricted to the slice N, are given by χ_1 = q_1, χ_2 = 12q_1q_2q_3 − 4q^3_2 − 4q^3 + 9q^2_4 ,

(21) which leads to an affine surface χ^{−1}(0) in C^4, isomorphic to the surface in C^3 defined by 4q^3_2 + 4q^3 − 9q^2_4 = 0.

Up to a rescaling of the coordinates, this is the polynomial R that was given in Table 3.

2) For the subregular orbit of so_8, the invariant functions, restricted to the slice N, are found as the (non-constant) coefficients of the characteristic polynomial of the matrix Q (see (17)):

χ_1 = −2q_1 − 2q_4, χ_2 = −12q_2 − 4q_3 − 4q_4q_5 + (q_1 + q_4)^2, χ_3 = −q_2 + q_3 − q_4q_5,

(22)

χ_4 = −4q_1q_2 − 16q_2q_5 − 12q_3q_4 + 12q_2q_4 + 4q_1q_3 + 4q^2_4 q_5 + 4q_1q_4q_5 − 4q^2_6 .

By linearly eliminating the variables q_1, q_2 and q_3 from the equations χ_i = 0, for i = 1, 2, 3, we find that χ^{−1}(0) is isomorphic to the affine surface in C^3, defined by

4q^2_4 q_5 − 2q_4q^2_5 + q^2_6 = 0.

Its defining polynomial corresponds to the polynomial R in Table 1, upon putting X = iγq_4, Y = γ(q_5 − q_4) and Z = q_6, where γ is any cubic root of 2i.

5.3. The determinantal Poisson structure. We prove in this paragraph the announced result that the ATP-structure in the subregular case is a determinantal Poisson structure, determined by the Casimirs. Let us first point out how such a determinantal Poisson structure is defined. Let C_1, . . . , C_{d−2} be d − 2 (algebraically) independent polynomials in d > 2 variables x_1, . . . , x_d. For such a polynomial F , let us denote by ∇F its differential dF , expressed in the natural basis dx_i, i.e., ∇F is a column vector with elements (∇F )_i =^{∂F}_{∂xi} . Then a polynomial Poisson structure is defined on C^d by

(23) {F, G}_{det} := det(∇F, ∇G, ∇C_1, . . . , ∇C_{d−2}),

where F and G are arbitrary polynomials. It is clear that each of the C_i is a Casimir of {· , ·}_{det}, so that in particular the generic rank of {· , ·}_{det} is two. Notice also that if the Casimirs C_i are quasi-homogeneous, with respect to the weights ϖ_i := ϖ(x_i) then for any quasi-homogeneous elements F and G we have that

ϖ({F, G}_{det}) = ϖ(F ) + ϖ(G) + d−2� i=1 ϖ(C_i) − d� i=1 ϖ_i,

an easy consequence of the definition of a determinant and of the following obvious fact: if F is any quasi-homogeneous polynomial, then^{∂F}_{∂xi} is quasi-homogeneous and ϖ(^{∂F}_{∂xi} ) = ϖ(F ) − ϖ_i. It follows that {· , ·}_{det} is quasi-homogeneous of quasi-degree κ, where

(24) κ = d−2� i=1 ϖ(C_i) − d� i=1 ϖ_i.

Applied to our case it means that we have two polynomial Poisson structures on the transverse slice N which have G_1, . . . , G_ℓ as Casimirs on N ∼= C^{ℓ+2}, namely the ATP-structure and the determinantal structure, constructed by using these Casimirs.

Remark 5.3. The determinantal Poisson structure first appears (without proof that it is a Poisson structure) in [7], who attributes the formula to H. Flaschka and T. Ratiu. A first explicit proof appears in [11], while a more conceptual proof appears in [18, Remark 1 and Theorem 4].

In our two examples (see Section 4), these structures are easily compared by explicit computation. For the subregular orbit of g_2, we have according to (23) that

(Λ_{det})_{ij} = det (∇q_i ∇q_j ∇χ_1 ∇χ_2) ,

where χ_1 and χ_2 are the Casimirs (21). This leads to

Λ_{det} = −6 � � � � 0 0 0 0 0 0 −3q_4 2q_1q_2 − 2q^2_3 0 3q_4 0 2q^2 − 2q_1q_3 0 −2q_1q_2 + 2q^2_3 −2q^2 + 2q_1q_3 0

� � � � .

In view of (14), it follows that Λ_{det} = −6Λ_N , so that both Poisson structures coincide. For so_8 one finds similarly, using the Casimirs χ_1, . . . , χ_4 in (22)

Λ_{det} = −128

� � � � � �

0 q_4q_6 −q_4q_6 0 −2q_6 2q_{16} −q_4q_6 0 0 q_4q_6 −q_5q_6 −2q_{36} q_4q_6 0 0 −q_4q_6 q_5q_6 2q_{36} 0 −q_4q_6 q_4q_6 0 2q_6 −2q_{16} 2q_6 q_5q_6 −q_5q_6 −2q_6 0 2q_{56} −2q_{16} 2q_{36} −2q_{36} 2q_{16} −2q_{56} 0

� � � � � � ,

where q_{16}, q_{36} and q_{56} are given by (19). In view of (18), both Poisson structures again coincide, Λ_{det} = −256Λ_N .

In order to show that, in the subregular case, the ATP-structure and the determinantal structure always coincide, i.e., differ by a constant factor only, we first show, that both structures coincide, up to factor, which is a rational function.

Proposition 5.4. Let {· , ·} and {· , ·}^′ be two non-trivial polynomial Poisson structures on C^d which have d − 2 common independent polynomial Casimirs C_1, . . . , C_{d−2}. There exists a rational function R ∈ C(x_1, . . . , x_d) such that {· , ·} = R {· , ·}^′.

Proof. Let M and M^′ denote the Poisson matrices that correspond to {· , ·} and {· , ·}^′ with respect to the coordinates x_1, . . . , x_d. If we denote R := C(x_1, . . . , x_d) then M and M^′ both act naturally as a skew-symmetric endomorphism on the R-vector space R^d. The subspace H of R^d that is spanned by ∇C_1, . . . , ∇C_{d−2} is the kernel of both maps, hence we have two induced skew-symmetric endomorphisms φ and φ^′ of the quotient space R^d/H. Since the latter is two-dimensional, φ^′ and φ are proportional, φ^′ = Rφ, where R ∈ R. Since M and M^′ have the same kernel, M^′ = RM. □

Applied to our two Poisson structures {· , ·}_N and {· , ·}_{det} the proposition yields that {· , ·}_N = R {· , ·}_{det}, where R = P/Q ∈ R. We show in the following result that R is actually a (non-zero) constant, thereby characterizing completely the ATP-structure in the subregular case.

Theorem 5.5. Let O_{sr} be the subregular nilpotent adjoint orbit of a complex semi-simple Lie algebra g and let (h, e, f) be the canonical triple, associated to O_{sr}. Let N = e+n^⊥ be a transverse slice to O_{sr}, where n is an ad_h-invariant complementary subspace to g(e). Let {· , ·}_N and {· , ·}_{det} denote respectively the ATP-structure and the determinantal structure on N. Then {· , ·}_N = c {· , ·}_{det} for some c ∈ C^∗.

Proof. By the above, {· , ·}_N = R {· , ·}_{det}, where R ∈ R. If R has a non-trivial denominator Q, then all elements of the Poisson matrix of {· , ·}_{det} must be divisible by Q, since both Poisson structures are polynomial. Then along the hypersurface Q = 0 the rank of (∇χ_1, . . . , ∇χ_ℓ) is smaller than ℓ, hence χ^{−1}(0) is singular along the curve χ^{−1}(0) ∩ (Q = 0). However, by Proposition 5.2, we know that χ^{−1}(0) has an isolated singularity, leading to a contradiction. This shows that Q is a constant, and hence that R is a polynomial.

In order to show that the polynomial R is constant it suffices to show that the quasidegrees of {· , ·}_N and {· , ·}_{det} are the same, which amounts (in view of Proposition 3.2) to showing that the quasi-degree of {· , ·}_{det} is −2. This follows from the following formula, due to Kostant (see [12, Thm 7]), which expresses the dimension of the regular orbit in terms of the exponents m_i of g:

(25) 2 ℓ� i=1 m_i = dim O_{reg} = dim g − ℓ.

Indeed, if we use this formula, Lemma 5.1 and (8) in the formula (24) for the quasi-degree of {· , ·}_{det}, then we find κ = ℓ� i=1 ϖ(χ_i) − ℓ+2� i=1 ϖ(q_i) = 2 ℓ� i=1 d_i − ℓ+2� i=1 (n_i + 2)

= 2 ℓ� i=1 m_i − ℓ+2� i=1 n_i − 4

= dim g − ℓ − (dim g − ℓ − 2) − 4 = −2. □ 5.4. Reduction to a 3 × 3 Poisson matrix. Let O_{sr} be the subregular nilpotent adjoint orbit of a complex semi-simple Lie algebra g of rank ℓ. Let (h, e, f) be its associated canonical sl_2-triple, and let N := e + n^⊥ be a transverse slice to O_{sr}, where n is an ad_hinvariant complementary subspace to g(e). Let {· , ·}_N be the ATP-structure defined on N. Recall that N is equipped with linear coordinates q_1, . . . , q_{ℓ+2} defined in Section 2, and that {· , ·}_N has independent Casimirs χ_1, . . . , χ_ℓ, which are the restrictions to N of the basic homogeneous invariant polynomial functions on g.

Our goal now is to show that, in well-chosen coordinates, the ATP-structure {· , ·}_N on N is essentially given by a 3×3 skew-symmetric matrix, closely related to the polynomial that defines the singularity. More precisely, we have the following theorem.

Theorem 5.6. After possibly relabeling the coordinates q_i and the Casimirs χ_i, the ℓ+2 functions

(26) χ_i, 1 ≤ i ≤ ℓ − 1, and q_ℓ, q_{ℓ+1}, q_{ℓ+2}

form a system of (global) coordinates on the affine space N. The Poisson matrix of the ATP-structure on N takes, in terms of these coordinates, the form

(27) ~Λ_N = � 0 0 0 Ω � , where Ω = c^′

� � � � � � �

0 ∂χ_ℓ ∂q_{ℓ+2} − ∂χ_ℓ ∂q_{ℓ+1} − ∂χ_ℓ ∂q_{ℓ+2} 0 ∂χ_ℓ ∂q_ℓ ∂χ_ℓ ∂q_{ℓ+1} − ∂χ_ℓ ∂q_ℓ 0

� � � � � � � ,

for some non-zero constant c^′. It has the polynomial χ_ℓ as Casimir, which reduces to the polynomial which defines the singularity, when setting χ_j = 0 for j = 1, 2, . . . , ℓ − 1.

Proof. The non-Poisson part of this theorem is due to Brieskorn and Slodowy. Before proving the Poisson part of the theorem, namely that the Poisson matrix takes the above form (27), we explain, for the convenience of the reader, the basic notions of singularity theory that are used in their proof, see [16] for details. Let (X_0, x) be the germ of an analytic variety X_0 at the point x. A deformation of (X_0, x) is a pair (Φ, ı) where Φ : X → U is a flat morphism of varieties, with Φ(x) = u, and where the map ı : X_0 → Φ^{−1}(u) is an isomorphism. Such a deformation is called semi-universal if any other deformation of (X_0, x) is isomorphic to a deformation, induced from (Φ, ı) by a local change of variables, in a neighborhood of x. The semi-universal deformation of (X_0, x) is unique up to isomorphism. It can be explicitly described in the following case: let (X_0, 0) be a germ of a hypersurface of C^d, which is singular at 0, say X_0 is locally given by f(z) = 0. Then the semi-universal deformation of (X_0, 0) is the (germ at the origin of the) map

(28)

Φ : C^k × C^d → C^k × C (u, z) → (u, F (u, z)),

where

(29) F (u, z) = f(z) + k� i=1 g_i(z)u_i,

and where the polynomials 1, g_1, g_2, . . . , g_k represent a vector space basis of the Milnor (or Tjurina) algebra

(30) M(f) :=

C[z_1, . . . , z_d] � f,^{∂f}_{∂z1} , . . . ,^{∂f}_{∂zd} � = C[z_1, . . . , z_d] �_{∂f}

∂z_1 , . . . , ∂f ∂z_d �, where the last equality is valid whenever f is quasi-homogeneous, which is true in the present context. The dimension dim M(f) = k + 1 is called the Milnor number of f.

We can now formulate Brieskorn’s result. It says that the map χ : N → C^ℓ, which is the restriction of the adjoint quotient (20) to the slice N, is a semi-universal deformation of the singular surface N ∩ N . More precisely, when the Lie algebra is of the type ADE, then the map

(31) Φ : C^{ℓ−1} × C^3 → C^{ℓ−1} × C ((χ_1, . . . , χ_{ℓ−1}), (q_ℓ, q_{ℓ+1}, q_{ℓ+2})) → ((χ_1, . . . , χ_{ℓ−1}), χ_ℓ)

is the semi-universal deformation of the singular surface N ∩ N ; for the other types one has to consider Γ-invariant semi-universal deformations, as was shown by Slodowy, see Table 2 and [16]. It is implicit in Brieskorn’s statement that (χ_1, . . . , χ_{ℓ−1}, q_ℓ, q_{ℓ+1}, q_{ℓ+2}) form a system of coordinates on N, which comes from the fact that one can solve the ℓ − 1 equations χ_i = χ_i(q) linearly for ℓ − 1 of the variables q_i, namely the Casimirs have the form

(32) � � χ_1 . . χ_{ℓ−1}

� � = A � � q_1 . . q_{ℓ−1}

� � + � � F_1(q_ℓ, q_{ℓ+1}, q_{ℓ+2}) . . F_{ℓ−1}(q_ℓ, q_{ℓ+1}, q_{ℓ+2})

� � ,

where A is a constant matrix, with det A ≠ 0; this will be illustrated in the examples below.

We now get to the Poisson part of the proof. Since the coordinate functions χ_1, . . . , χ_{ℓ−1} are Casimirs, the Poisson matrix ~Λ_N takes with respect to these coordinates the block form ~Λ_N = � 0 0 0 Ω �

where Ω is a 3 × 3 skew-symmetric matrix. We know from Theorem 5.5 that the ATPstructure is a constant multiple of the determinantal structure. Since det A ∈ C^∗ it follows from (32) that for ℓ ≤ i, j ≤ ℓ + 2, ~Λ_{ij} := c det(∇q_i ∇q_j ∇χ_1 . . . ∇χ_ℓ) = c^′ det(∇^′q_i ∇^′q_j ∇^′χ_ℓ), where c and c^′ are non-zero constants and ∇^′ denotes the restriction of ∇ to C^3, namely

∇^′F = � ∂F ∂q_ℓ ∂F ∂q_{ℓ+1} ∂F ∂q_{ℓ+2}

�_⊤ . The explicit formula (27) for Ω follows from it at once. □

Examples 1) For the subregular orbit of g_2 we have, according to (21), that χ_1 = q_1, so that χ_2, expressed in terms of q_2, q_3, q_4 and χ_1, is given by χ_2 = 9q^2_4 − 4q^3_2 − 4q^3 + 12χ_1q_2q_3.

The Poisson matrix (14) of the ATP-structure is already in the form (27), with c^′ = −1/6 (and χ_1 = q_1). Since the Milnor algebra (30) is given in this case by M(9q^2_4 −4q^3_2 −4q^3 ) = C[q_2, q_3, q_4]/ (q^2 , q^2_3 , q_4), one easily sees that 1 and the coefficient q_2q_3 of u_1 form indeed a vector space basis for the Γ-invariant elements of the Milnor algebra (see Table 3); cfr. [16, p. 136].

2) We now turn to the case of so_8. Recall from (22) that its ATP structure has Casimirs χ_1, . . . , χ_4. As stated in the proof of Theorem 5.6, we can solve three of them linearly for q_1, q_2, q_3 in terms of χ_1, χ_2, χ_3 and the last three variables q_4, q_5, and q_6. We obtain

q_1 = −q_4 − χ_1 2 , q_2 = 1 64 � χ^2_1 − 16χ_3 − 4χ_2 − 32q_4q_5 � , q_3 = 1 64 � χ^2_1 + 48χ_3 − 4χ_2 + 32q_4q_5 � . Substituted in χ_4 this yields

χ_4 = 8q_4q^2_5 − 16q^2_4q_5 − 4q^2_6 − 4χ_1q_4q_5 + (χ_2 − 1 4 χ^2_1 + 4χ_3)q_5 − 16χ_3q_4 − 2χ_1χ_3,

so that χ̂_4 = 8q_4q^2_5 − 16q^2_4q_5 − 4q^2_6 − 4χ_1q_4q_5 + χ̂_2q_5 − 16χ_3q_4, where χ̂_2 := χ_2 −^1_4 χ^2_1 + 4χ_3 and χ̂_4 := χ_4 + 2χ_1χ_3, which can be used instead of χ_2 and χ_4 as basic Ad-invariant polynomials, restricted to N. Using (18), expressed in terms of the coordinates χ_1, χ̂_2, χ_3, q_4, q_5 and q_6 we find that the matrix Ω is indeed of the form (27), with c^′ = −1/8, since

{q_4, q_5} = q_6 = − 1 8 ∂χ̂_4 ∂q_6 , {q_4, q_6} = 2q_4q_5 − 2q^2_4 −^1_2 χ_1q_4 +^1_8χ̂_2 = 1 8 ∂χ̂_4 ∂q_5 , {q_5, q_6} = −q^2_5 + 4q_4q_5 +^1_2 χ_1q_5 + 2χ_3 = − 1 8 ∂χ̂_4 ∂q_4 . It follows easily from these formulas that the Milnor algebra is given by M(8q_4q^2_5 − 16q^2_4 q_5 − 4q^2_6 ) = C[q_4, q_5, q_6]/(q_6, q_4(q_5 − q_4), q_5(q_5 − 4q_4)), so that 1 and the coefficients q_4, q_5 and q_4q_5 of χ̂_4 form indeed a vector space basis for it.

3) We finally consider the subregular orbit O_{sr} in sl_4. This example is from [8]. This case was also examined in [14] where it was shown that the slice, originally due to Arnold [2], belongs to the set N_h. It is the orbit of the nilpotent element

e = � � � � 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0

� � � � . The transverse slice in Arnold’s coordinates consists of matrices of the form

Q = � � � � 0 1 0 0 0 0 1 0 q_1 q_2 q_3 q_4 q_5 0 0 −q_3

� � � � . The basic Casimirs of the ATP-structure, as computed from the characteristic polynomial of Q, are

χ_1 = q_2 + q^2_3 , χ_2 = q_1 + q_2q_3, χ_3 = q_1q_3 + q_4q_5.

If we solve the first two equations for the variables q_1, q_2 in terms of χ_1, χ_2 and q_3, q_4, q_5, and substitute the result in χ_3, then we find that

χ_3 = q^4_3 + q_4q_5 − χ_1q^2_3 + χ_2q_3.

Using the explicit formulas for the ATP-structure, given in [8], expressed in terms of the coordinates χ_1, χ_2, q_3, q_4 and q_5, we find that the matrix Ω is indeed of the form (27), with c^′ = 1, since

{q_3, q_4} = q_4 =

∂χ_3 ∂q_5 , {q_3, q_5} = −q_5 = −

∂χ_3 ∂q_4 , {q_4, q_5} = 4q^3 − 2χ_1q_3 + χ_2 =

∂χ_3 ∂q_3 . It can be read off from these formulas that the Milnor algebra is given by

M(q^4_3 + q_4q_5) = C[q_3, q_4, q_5]/(q_4, q_5, q^3 ),

so that the coefficients 1, q_3 and q^2_3 of χ_3 form indeed a vector space basis for it.

References

[1] M. Adler, P. van Moerbeke, and P. Vanhaecke. Algebraic integrability, Painlevé geometry and Lie algebras, volume 47 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004.

[2] V. I. Arnol’d. Matrices depending on parameters. Uspehi Mat. Nauk, 26(2(158)):101–114, 1971. [3] P. G. Bergmann and I. Goldberg. Dirac bracket transformations in phase space. Phys. Rev. (2), 98:531–538, 1955.

[4] E. Brieskorn. Singular elements of semi-simple algebraic groups. In Actes du Congrès International des Mathématiciens (Nice, 1970), Tome 2, pages 279–284. Gauthier-Villars, Paris, 1971.

[5] D. H. Collingwood and W. M. McGovern. Nilpotent orbits in semisimple Lie algebras. Van Nostrand Reinhold Mathematics Series. Van Nostrand Reinhold Co., New York, 1993.

[6] R. Cushman and M. Roberts. Poisson structures transverse to coadjoint orbits. Bull. Sci. Math., 126(7):525–534, 2002.

[7] P. A. Damianou. Phd thesis. 1989.

[8] P. A. Damianou. Transverse Poisson structures of coadjoint orbits. Bull. Sci. Math., 120(2):195– 214, 1996.

[9] J. Dixmier. Algèbres enveloppantes. Les Grands Classiques Gauthier-Villars. [Gauthier-Villars Great Classics]. Éditions Jacques Gabay, Paris, 1996. Reprint of the 1974 original.

[10] W. L. Gan and V. Ginzburg. Quantization of Slodowy slices. Int. Math. Res. Not., (5):243–255, 2002.

[11] J. Grabowski, G. Marmo, and A. M. Perelomov. Poisson structures: towards a classification.

Modern Phys. Lett. A, 8(18):1719–1733, 1993.

[12] B. Kostant. Lie group representations on polynomial rings. Amer. J. Math., 85:327–404, 1963. [13] A. Premet. Special transverse slices and their enveloping algebras. Adv. Math., 170(1):1–55, 2002.

With an appendix by Serge Skryabin.

[14] H. Sabourin. Sur la structure transverse à une orbite nilpotente adjointe. Canad. J. Math., 57(4):750–770, 2005.

[15] M. Saint-Germain. Poisson algebras and transverse structures. J. Geom. Phys., 31(2-3):153–194, 1999.

[16] P. Slodowy. Four lectures on simple groups and singularities, volume 11 of Communications of the Mathematical Institute, Rijksuniversiteit Utrecht. Rijksuniversiteit Utrecht Mathematical Institute, Utrecht, 1980.

[17] P. Slodowy. Simple singularities and simple algebraic groups, volume 815 of Lecture Notes in Mathematics. Springer, Berlin, 1980.

[18] L. Takhtajan. On foundation of the generalized Nambu mechanics. Comm. Math. Phys., 160(2):295–315, 1994.

[19] P. Tauvel. Introduction à la théorie des algèbres de Lie. Diderot, Paris, 1998. [20] P. Tauvel and R. W. T. Yu. Lie algebras and algebraic groups. Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2005.

[21] A. Weinstein. The local structure of Poisson manifolds. J. Differential Geom., 18(3):523–557, 1983.

Pantelis Damianou, Department of Mathematics and Statistics, University of Cyprus, P.O. Box 20537, 1678 Nicosia, Cyprus

E-mail address: damianou@ucy.ac.cy

Hervé Sabourin, Pol Vanhaecke, Laboratoire de Mathématiques, UMR 6086 du CNRS, Université de Poitiers, 86962 Futuroscope Chasseneuil Cedex, France E-mail address: sabourin@math.univ-poitiers.fr, pol.vanhaecke@math.univ-poitiers.fr