STOCHASTIC LAGRANGIAN FLOWS ON SOME COMPACT
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ABSTRACT. We investigate ponctual as well as L2 distances of some stochastic
processes with values in the group of homeomorphisms of a compact manifold
including processes modelling time evolution of fluids. These processes are
associated with operators of the form Laplace-Beltrami plus a first order term.
Several constructions are presented, in particular via coupling methods, the
corresponding behaviour of the distance depending on the constuction and on
the drift properties.
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1. INTRODUCTION

The Navier-Stokes system

9,
Frike —(u.V)u + vAu— Vp

is believed to describe the time evolution of the velocity field of fluids with viscosity
v > 0. When the fluid is incompressible the condition divu = 0 must be added to
the system.

The Lagrangian approach to hydrodynamics studies the position of the under-
lying particles. In the case of vanishing viscosity V. I. Arnold ([4]) described this
position by a geodesic flow on a (infinite dimensional) space of diffeomorphisms.
More precisely the relevant space for a fluid on a Riemannian manifold M is the
infinite-dimensional group of diffeomorphisms of M (conserving the volume ele-
ment, in the incompressible case) and its relevant metric is L?. The study of the
corresponding geometry is delicate and gives rise to divergent quantities. Restrict-
ing to H® Sobolev maps with s > % + 1 introduces sufficient regularity to define a
Hilbert manifold; this structure, that considers a H® topology and simultaneously
a L? metric, was considered by D. Ebin and J. Marsden ([7]) and named ”weak
Riemannian structure”.
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The geometrical approach to Lagrangian hydrodynamics initiated by Arnold
allowed to derive the instability of trajectories of the Euler flow (c.f.[3] and [8])
among other properties.

By introducing stochastic Lagrangian flows we can interpret the Navier-Stokes
field as a "mean velocity”. In this perspective, initiated in works such as [9], we
can obtain a generalized notion of geodesic and derive a corresponding variational
principle: this has been done in [6] for the torus and in a [1] for a general compact
Riemannian manifold.

The stability properties of the Lagrangian stochastic flows were studied in [1],
with a special emphasis for the case where the underlying space is the torus.

In this work we consider three different constructions of Lagrangian stochastic
processes on compact Riemannian manifolds. We investigate two coupling proce-
dures for some stochastic processes with values in the group of homeomorphisms
of a compact manifold. The first one is issued from the so-called mirror coupling
of particles in the manifold, and it is proved that it can be defined beyond the
hitting time of the diagonal by pairs of particles. The second one is issued from
parallel coupling of particles in the manifold. When the manifold is a sphere it
is proved that both processes have infinite lifetime. Moreover, when the drift is
sufficiently small, parallel coupling in the sphere yields processes in the group of
homeomorphism with a L? distance converging to 0.

We also consider a stochastic flow approach which has already been described in
[1]. Then we study more particularly the case of the d-dimensional sphere.

We notice that this study goes beyond its motivation in hydrodynamics: we can
consider stochastic processes with a general drift, not necessarily related to the
Navier-Stokes problem.

2. PRELIMINARIES

Let (M, g) be a compact oriented Riemannian manifold without boundary.
Recall that the It6 differential of an M-valued semimartingale Y is defined by

(2.1) dY; = P(Y),d (/O P(Y)'o dYs)

where
(2.2) P(Y),: Ty,M — Ty,M

t

is the parallel transport along ¢ — Y;. Alternatively, in local coordinates,
1. .
(2.3) 2y, = (dY; e mana dYt’“) o

where T, are the Christoffel symbols of the Levi-Civita connection.
If the semimartingale Y; has an absolutely continuous drift, we denote it by
DY, dt: for every 1-form o € I'(T* M), the finite variation part of

(2.4) / (a(Y), dY)

0
is

(2.5) / {a(Y)), DY;dt).

0
Let G° be the infinite dimensional group of homeomorphisms on M.



Consider a time-dependent C'! vector field u(t, z) on M.
We consider G°-valued processes g; such that for all z € M the M-valued process
gt(z) has quadratic variation

(2.6) dgy(x) ® dgy(x) = 2vg™" (g:(x)) dt,

and and absolutely continuous drift satisfying Dg.(z) = u(t, g:(z)).

An example of such semimartingales is given by an incompressible Brownian
flow g; € GY, with covariance a € T'(TM ® TM) and time dependent drift u(t,-) €
['(TM). We assume that for all z € M, a(x,z) = 2vg~!(x) for some v > 0. This
means that

(2.7) dgi(z) @ dgi(y) = a(9:)(x), 9:(y)) dt,

(2.8) dgs(z) @ dg(x) = 2vg~ " (g¢(z)) dt,

the drift of g;(z) is absolutely continuous and satisfies Dg;(z) = u(t, g:(x)).
The generator of g:(z) is

0
L,=— A .
u 8t+y + u.V

where A is the Laplacian on M.
The distance p(g,1)) between two elements ¢, € G is defined by

(2.9) o) = /M Rrlo(a) (x)) de

where pjs is the distance in M.

We are interested in estimating the evolution in time of this L? distance of two
processes starting from two different maps, as well as the evolution in time of the
distance between two particles.

3. THE DISTANCE BETWEEN TWO PARTICLES: A COUPLING APPROACH

In this section we consider some coupling processes in G° constructed as in [5].
Pointwise construction yields a G°-valued process.

Consider a stochastic process g; with values in G°, such that the pointwise
projections are M-valued diffusions associated with L,. For instance one can take
a stochastic flow satisfying (2.7) and (2.8). Let go = ¢ € G°. For z € M denote by
dmg:(z) the martingale part of the Itd differential dg;(x).

Consider now the so-called ”mirror map” on M; this is the map my ,, : T,(M) —
Ty (M), defined by parallel transporting a vector along the unit speed geodesic v 4
joining x and y (whenever it is unique) and then reflecting into the hyperplane of
T, (M) which is perpendicular to the incoming geodesic. Then we solve the equation

(3.1) dgs(r) = Mg, (2) 5, (2)dm e (x) + u(t, §s (x)) dt

with go(z) = ¥(x), ¥ € G°, and such that ¢ (x) does not belong to C(¢(z)), the
cut-locus of ¢(x). The process g is defined up to tc(g), the first time either g:(x)
hits the cut-locus C(g¢(x)), or (g+(x), g:(x)) hits the diagonal of M x M for some
x € M. The stopping time is in general small, it can even be equal to 0 if for some

z e M, p(r) = P(z).
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Proposition 3.1. The construction of g by coupling extends after the hitting time
of the diagonal by (gi(x), g:(x)) for any x € M. More precisely, replacing g:(x)
by (r,er) where ry is a real-valued process and ey is a unitary vector in Ty (ayM
satisfying gi(x) = exp(rier), the equation for (ri,e;) smoothly extends on {r = 0}.

Proof. For simplicity we let z; = gi(x), y: = gi(x). Since we want to extend the
construction of the coupled process after the hitting time of the diagonal, we always
assume that the distance from z; to y; is small. We let pi(xz) = ppar(xe, ye). Let
a — 7q(z,y) the minimal geodesic in time 1 from = to y (yo(z,y) = x, 11 (z,y) = v)),
and T, = T, (t) = Ya(2t,y:). For a € [0,1] we let J, = Ty, the tangent map to 7,.
In other words, for v € T, M and w € T,M, J,(v,w) is the value at time a of the
Jacobi field along 7. which takes the values v at time 0 and w at time 1.

For simplicity we write 74 (t) = va(2¢, y¢) and Ja(t) = Yo (zs, y¢). Letting Py, . )
be the parallel transport along v, (t), we have for the Ité covariant differential

DHa(t) = P(va())ed (P(va (")) "Ha(t))
= Vay,(t)¥a + %deaa) Vi, (t)Ya(t)-

On the other hand the It6 differential dvy,(t) satisfies

1
d’ya(t) = Ja(dwtvdyt) + 5 (v(dzt,dyt)Ja) (dl’t,dyt).

So we get

. . . 1 .
(3.2) Z.(t) = vJa(dwt,dyt)7a+v%( )(dmt,dyt)7a+§vdva(t) 'Vdva(t)Va(t)-

V(day,dyy)Ja

Let e1(t) € T, M be the unit vector satisfying T, (t) = pt(x)e1(t). Then we let e;(t),
i =2,...,d such that (e;(t))1<i<q is an orthonormal basis, and we define a — Ji(t),
i =1,...,d the Jacobi field such that Ji(t) = e;(t), Ji(t) = My, y,€i(t). Moreover
we assume that Vjs(t)Jé(t) =0, VJ;-(t)J{'(t) =0.

With these notations, equation (3.2) rewrites as

d d
1 1
DTo = vJa(dIt,dyt)Ta + 5 §_1 VVJZ; J(’;Ta dt + 3 §_1 VJZ ’ VJ};Ta dt

d
. 1
= Ja(d.’bt, dyt) + 5 ZJ-VJZVJ‘iTa dt.

Now define the real Brownian motion b; as

(3.3) dby = (dmx, e1(t))
and let
d
(3.4) dmxiv =dpzy — (dmay, e1(t))er (t) = Z<dmxt7 ei(t))ei(t).
Note

(3.5) Ji=(1-2a)P,, .. me(t), Ji==2P,, .. mei(t).



‘We have
(3.6)

DTo = =2dbi Py, -, nyer(t) + Ja (dmxt ,thy,dmxt )+ Ja (u(t, ze),u(t,ye)) dt

d
1
52 Vo Vi Tadt.

=2

From this we easily get the Ité equation for the distance p;(x):

dm@ﬂ:d<(élﬂuﬂﬂuﬂ>@>uv

Note

1
8p¢(x)?

1 1 1
e (2/0 (PTu(t), Tu(t)) da+/0 (DT, (1), DTa(t)) da)
1 9 )
e (151P) - (ITal?)
1
= th( ) (—4pe(x)dby + 2 (Py, 2, (u(t, ye)) — ult, x¢), To) dt)

d 1
2p ) (/ Z VJIVJrTa;T>dadt+4dt+Z/ ||j2||2da>
t i=2 70

16p; ()? dt.

1 1
/<vJévJéTa,Ta> da:/ (ViVr,JiTa) da
0 0

1 1
:/ (V1, Vi Jo, Ta) da—/ (R(T,,J})J., T,) da
0 0
1 1
:/ To(V yiJo,Ty) da— | (R(T,,J})J., T,) da
0 0
1
i 1 iy 7i
= (Vi T _/0 (R(To, J)JiT,) da
1
:f/ (R(T,,J})J.,T,) da
0

using the fact that Vi Ji =0 for a=0,1. So finally,

(3.7)

Now writing

(3.8)

we get

(3.9)

dpi(x) = = 2dby + (Py, o, (u(t, y1)) — ult, z1), e1(t)) di

ptt/szQAQ Rler, )i 1) da.

To (t) = pt(l’)el (t)

DTy = pu(a) Ze (1) + dpu(@er (1) + () Zer ()
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again with Ze;(t) = P(z.);d (P(2.); 'e1(t)) and this yields

Per(t) = ﬁ.@n - ﬁdpt(x)el(t) - %ﬁdpt(x)@el(t)
= ﬁi)dbtel(t) + ﬁjo(dmxgv s Py, gy )
s ot )t ) e+ s gv‘,év(,én dt
s ther (1) = s (P (0t ) = u(t 1)1 (1) (1)
-3 (/ Ejj (V02— Rer, 1) 1) da) er(t)

%ﬁdpt(x)gel(t)

- ptzx) Jo(dn Pa, ydm) + ﬁjo(ufv(t,m,w(t,yt))
+ 2[)%(96) zd; V5V i To dt

-5 (/ Z (IVer Jall* = (Rlex, Jo) o e1)) da) ex(t)

where we used the fact that dp;(x)Ze;(t) = 0, which can be seen from the martin-
gale part of Pe;(t) calculated at the third equality.
Now as before

V5V 5:To = V1,V 5i.Js — R(To, J5) Jg
= p1(@) (Veat Vi — Rler (), J5) 1)
= —pi()R(ex(t), J5)Jo

since V Ji =0, and y; = exp (ps(x)eq(t)), so

1 .
-@el(t) :pt(l‘) JO(dmxivv th,exp(pt(x)el(t))dmxi\z)

+ ﬁ%(uN(t, w0), u (t,exp (p(x)es (1)) dt
d
5 Rlea(r), Tyt
=2
d

(/ Y (IVe Tl = (Rlex, J2) i e)) da) ex(t) dt.

0 ;=2

DO =



Consider the process (r¢, e;) solution of the system

dry = — 2db; + <Pexp(7“tet),:ct(u(t’ exp (Ttet))) - u(tv xt)’ 6t> dt

(3.10) +5 01 é (IVe 212 = (Rlew, Ji) iy e) dadt,
Pe, :%Jo(dmxiv Py expiroenydml)
o L 20, e (re0)
(3.11)

d
1 o
=5 D Rlew, Jo) Ty d
=2

%

1 1 d A o
-3 </ Z (IVe, Jell? = (R(er, J3) T er)) da) ey dt,
0 =2

with J¢, dmxiv defined as before, letting y; = exp(rye;). Then the coefficients of
the system smoothly extend to 7, = 0, due to the fact that for v € T, M,

1.
;JO(U7 Pzt,exp(met)v) = O(l)

As a consequence, the pair of coupled processes (zt,v:) = (g:(), g:(x)) can be
defined after the hitting time of the diagonal (note y; = exp(r¢e;) with a possibly
negative 7). This is true for all z € M, so this achieves the proof of Proposition 3.1

(Il

Now consider the problem of the cutlocus.

Proposition 3.2. When M = S¢ the d-dimensional sphere, the construction of
the coupled process g from g smoothly extends after the hitting time of the cutlocus
by any (9:(x), §:(x)), © € M. As a consequence, the lifetime of g is the same as the
lifetime of g. In addition, §; is a GO-valued process.

Proof. When M = S¢ the d-dimensional sphere, just note that the map Mg,y is the
reflection with respect to the hyperplane in R%*! containing 0 and orthogonal to
y — x. It is well defined even if y is in the cutcolus of x, and depends smoothly on
(z,y) outside the diagonal. Consequently the mirror coupling of the processes in
the sphere can be defined for all times. ([

Considering again a general Riemannian manifold M, we let (p,(z), e1(x)) solve (3.10)
and (3.11),
(3.12)

dpy(x) = — 2dbe(z) + (Pg, (2),: () (u(t; Gt () — ult, g1 (7)), ex(t)(z)) dt

1 d
+ 28 [0S (19 e @ = Rlea(o), Jo@) T3 (0).e4(2) dade
i=2

with an additional term —L(z) in (3.10), the local time of p;(z) when (g:(x), g:(x))

visits the cutlocus. See e.g. [5] for a construction around the cutlocus. Denote
[b(x), b(y)] the quadratic covariation of b(x) and b(y).
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Proposition 3.3. The It differential of the distance p; between g; and g; is given
by
(3.13)

I == [ @@~ [ gt dr

+Tm pi(x /Z IVer @) Ja(@)? = (Rler(2), Jo(2)) Ja(x), e1(2))) dadxdt

L / P(5) (Pr 2,00y (a1, 30(2))) — ult, 9o (), €1 (£) () v
Edt ; /MxMpt<x>pt<y>d[b<x>7b<y>]tdmdy.

There exists an adapted process o, bounded in absolute value by 2, a real-valued
Brownian motion B, a bounded adapted process process c; and a process vy satisfying

P2 — (fyy pel) der)”

(3.14) v >
! P}

such that
(3.15)

1
dpt = pt(ot dﬁt + ¢ dt) + v¢ dt — ; / pt<.')3)st(£U) dx
tJM

- Pt /Z IVer () Ja (@)1 = Rler(x), Jo(2)) o (), er(2)) dadadt.

2py

Proof. From equation (3.12) we easily get

2= X t\T) — t\ T tlx)ax
it =4 [ pi@yan@) =2 [ L
| ot |
2 [ @) (o0 (8 50(0)) — (e 1 0)), 2 (8) ) vt
M
+ 4dt.

d
+ Z (IVer @) Jo(@)|* — Rlex (), Jo(x)) T4 (x), e1(x)) dadzdt
+

Then writing Y; = p? and using

1
d —dY —d|Y,Y
Pt = 2pt t 8,0? [ ) ]t
we get equation (3.13).
Now letting d[b(z),b(y)]: = h(z,y): dt we have |h(z,y):| < 1, and the quadratic
variation of p; satisfies

dlp, plt = ig (/Mprt(x)pt(y)h(w,y)t dxdy) dt < 4dt,

Pt

which yields the existence of o; and ;.



Then clearly

1

— [ pu(2) (Pyo(2) 00 () (ult, Gt (2))) — ult, ge()), e1(t)(2)) dxdt = prey dt
Pt Jm

with a bounded process ¢;.
Next using again

[ @b, b dedy = ( [ @itz dxdy) at
Mx M MxM

< (/M pe(x) dx>2 dt

we get the existence of vy satisfying (3.14). O

Remark 3.4. Due to the positive drift v; which is singular at 0 we would expect
that if ¢ # ¢ then there is no coupling of the two processes in G° at any time.

Proposition 3.5. In the case M = S, d > 2, the equation for p;(x) writes

dpy(w) = — 2dby(x) + ( Py, (@),g:(a) (lt; 5t () — u(t, g (), e1(t)(x)) dt

(3.16) ()

—(d—1)tan dt.

—2(d—1
An equivalent for the drift when pi(x) is close to w™ (resp. —m) is th

o(d_ 1 ™ — pi(z)
(resp.7r(_|_;t(x)) dt). As a consequence almost surely the process (g:(x), §:(z)) never

hits the cutlocus.

Proof. For i =2,...,d, the boundary conditions for J¢ yield

pi()
2

Jh = (cos(pt(x)a) + tan sin(pt(x)a)> Py, v €ilt)-
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From this we compute

/Z IVer (@) Ja (@)1 = (Rler(@), J4 () o (), e1(2))) da

—(d—1) /01 (tanpt;x) cos(ps(x)a) — sin(pt(:c)a)>2 da

—d-1) /0 1 (tanpté@sm(pt(z)a) —l—cos(pt(x)a)) da
—(d-1) /0 1 ((m? @ _ 1) cos(2py(x)a) — 2tan ”téx) sin(2pt(x)a)> da
—(d-1) ((tan 5 pi() 1) sin(2p:(2)) - pe() (COS(?pt(x)) - 1))

2 2p4() 2 pe(z)
d-1 (cos(m( z)) prl)
) 2

pi(x pe() sin(p¢()) cos(pt(z)) + 2 tan

cos?

sin® (s (I)))

cos? 22

= 72d tan P )
pi () 2
and this yields the expression for dp;(x).
From this it is easy to get the equivalents around 7 and —w. Then we can
compare 3p;(z) to a Bessel process of dimension § satisfying %5t = 2(d — 1),
namely § = 4d — 3, to conclude that for d > 2 the cutlocus is not reached.

pe@) gy 2(2)
= _2d ( i ( 2 (oc) : (COS2(pt(JZ)) +Sin2(pt(1‘)))>
1

O

Corollary 3.6. When M = S¢, d > 2, the It differential of the distance p; between
g¢ and g; is given by

dpt
=— [ pi@an(a)
(3.17) _d-l pt(x) tan éa:) dx dt
*/ pe(2) (Pg, (2,90 () (ult; G () — ult, ge(2)), e1(t)(x)) du dt
E dt — E I (@)pe(y)d[b(z), b(y)]: dz dy.

We investigate parallel coupling ¢; from g; on a general compact Riemannian
manifold M. It consists in replacing m, 4 by P, 4, the parallel transport from T, M
to Ty M along the minimal geodesic (whenever it is unique). Then equation (3.1)
becomes

(3.18) dgi(x) = Py, (2),5:(x)dm9s(x) +u(t, g (x)) dt

with go(z) = (), ¥ € G°. An advantage of this construction is that it is well-
defined around the diagonal since P, , depends smoothly on x and y. Moreover the
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technique for construction around the cutlocus is the same as for mirror coupling,
see e.g. [11] for details. Contrarily to mirror coupling there is no simplification in
the case of the sphere, parallel transport does not have a smooth behaviour around
the cutlocus, but we will see that the cutlocus is not reached. We briefly give the
formulas for the distance p;(z) from 7;(x) to g:(x) and the L? distance from g; to

Gt-
Proposition 3.7. The distance pi(x) from gi(x) to gi(x) satisfies
(3. 19)

dpe() = (Py (@), g.() (u(t, G2 ())) — u(t, ge()), ex(t)(w)) dt — dLy(x)

pi(x) ; ) . i
+ T/o ; (IVey @) Je(@)|? = Rler(z), Ji(x))JL (), e1(x)) dadt,

in particular it never vanishes.
The L? distance between g, and G, solves

(3.20)
1
dp: = pt/ (@)dLy(z) da

- pt /Z IVer @) Ja (@) = Rler(w), Jo(2)) o (), e1(w)) dadxdt

2py
+ 2 [ @) (Pryay gutoy (s 0(2))) — ut, 9o (2)), €2 (8)()) dv .
Pt Jm

In the case of the sphere the situation is even simpler.
Proposition 3.8. When M = S¢ with d > 2, assuming o(x) # (x) a.e., we have

dpi(x) =Py (@),9.() (u(t, §2(2))) — ult, ge(2)), 1 () (x)) dt

(321 — (d—1)tan pilz)

dt.

The second line is nonpositive, and almost surely the process (g:(x), g:(x)) never
hits the cutlocus.
Furthemore,

dpr = % | oil@) (Pg (g0 () (ult, e(2))) — u(t, ge(x)), e1(t) () dadt

d—1

- / pt(x) tan pi(2) dzx dt.
P Jm 2

Again the second line is nonpositive. Moreover we have the bound

d

(3.23) dpe < (nwa Moo — 2) dt.

Remark 3.9. It is clear from equation (3.23) that if there exists ¢y such that for
all t > tg, |Vu(t, )|o < 9452 — ¢ for some € > 0, then the L? distance between g
and §; converges to 0 exponentially fast as ¢ goes to infinity.

(3.22)

To finish this section we investigate the rotation of g;(x) around g.(x), repre-
sented by the behaviour of the unit vector e (t) such that g:(x) = exp(pi(z)e(t)
when M = 5.
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Proposition 3.10. The covariant Ité differential of e1(t) satisfies

(3.24)
Fer(t) = tan X0, 0+ cotangy (@) (Pyy o) g o™ (0(2) — 0™ (1.1 2)))

+ d; ! (1 - pt?x) tan ptgc)) er(t).

If ||Vu(t, ) |leo converges to 0 as t goes to infinity then e1(t) converges in law to a
parallel transport along g¢(x).

Proof. Equation (3.24) is a direct consequence of (3.11) (which is the same for
mirror and parallel coupling). If ||Vu(t, )|l converges to 0 as ¢ goes to infinity
then all coefficients of equation (3.24) converge to 0. Applying Corollary 11.1.5
in [10] for Feller continuity of solutions of stochastic differential equations yields
the convergence in law to a parallel motion. ]

4. THE DISTANCE BETWEEN TWO PARTICLES: A STOCHASTIC FLOW APPROACH
Let B; = (Bf)gzo be a family of independent real Brownian motions, ¢ =

(0¢)e>0, with, for all £ > 0, oy a divergence free vector field on M. We furthermore
assume that

(4.1) o(x)o(y) = a(z,y).
In particular
(4.2) o(x)o*(z) = 2vg ™ (z).

We let ,1 € GY. In this section we assume that

(4.3) dgi(z) = o(g¢(x)) dB + u(t, g:(z)) dt,  go =
and
(4.4) dgi(z) = o(ge(x)) dBy + u(t, ge(x)) dt,  go = 1.

For simplicity we let z; = g¢(x), v = g+(x) and

pe(x) = par(we, ye)-

For z,y € M such that y does not belong to the cutlocus of z, we let a +— v,(z,y)
be the minimal geodesic in time 1 from « to y (yo(z,y) = x, 11 (x,y) = y)). For
a € 10,1] we let J, = T, the tangent map to v,. In other words, for v € T, M and
w € TyM, J,(v,w) is the value at time a of the Jacobi field along «. which takes
the values v at time 0 and w at time 1.

For this construction we have proved in [1] the following formula for the distance
of two Lagrangian processes,
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Proposition 4.1. The It differential of the distance p; between g; and g; is given
by

dpy = pltz_: (/M pi() (Pgt(z),gt(x)(of(gt(a:))) — O'Z(gt(x)> dx) dB!
+ %/M pe(x) (P_c?f,(x),gt(a:)(uT(f]t(x)))) - uT(gt(x))) dx dt — %/M pe(x)dL,(x) dx

+ 2% /MZ ( /01 <|IJ'§NI|2 _ <R(Ta(t,x),vaN(t,x))JﬁvN(tw),Ta(t,x») da) da

>0

+ L 3 (1 ~ cos? (Jg’T(t, ), To(t, ))) /M ng’T(t,x)HQ dz dt

20 353

where
Jur <j§’T(t, x), To(t, x)> dx

o (fu 7] ae)

We consider the case of the two dimensional sphere. Let S? be the sphere of
radius one defined in spherical coordinates as

cos (ngT(t, ), To(t, -)) -

S={(0,9):0€[0,n[,¢p € S}
where S! is the one dimensional sphere parametrized by the angle. Then the metric
tensor is given by

g11=1,812=0, g22= sin?6
Consider the volume measure dm = sinf df d¢ and the Laplacian:

1

Af = 32 det ”8-
cos 6 1

=05f+——00f + 93
Of sin o Gf Sil’lza ¢f
The Lagrangian flows associated to the Brownian motion on the sphere are de-
fined by the following stochastic differential equations,

1
cos g4 (x) 1
dg; (z) = dw; + mdt +u (¢, gi(x))dt

dgi (z) = dwi +u*(t, gi(x))dt

sin g ()
with (w!, w?) a two-dimensional Brownian motion, x € S?. Here gZ(z) is considered

as an R-valued process.
We study the ponctual distance,

p; = pi)? + [p7)?

with [pf] = |g{ (x) — g; ()], [p7] = psr (97 (x), 97 (y)), x,y € S?. Define zy = g;()
and ¥ = g+(y).
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Since points are polar, almost surely for all ¢, z; and y} never visit {0,7}.

Moreover it is clear that if 2y # y§ then ] — y} never vanishes. We can assume
that =3 > y. So we have for all ¢ [p}] = 2} — yi and

d[pi] cosx; cosy; 1 1
= — — — +u (t, 7)) —u (8,
dt sinz}  siny} (¢, z1) (t, 1)

IN

~lpi] + 2llult, )l

Suppose that for all ¢,

lut, oo < ce™.

Then .
dlpy] -
5 S leel 4 2eem
We therefore have the following decay behaviour

_ 2c _ _
o] < lpole™ + 7= (7" —¢7").

1—
Concerning the second component, we have
22 1 1 1 1 1
d 2 — (wt yt) _ d 2 _ th
loi] [0?] (sin x}  sin ytl) Wit 2[p?] (sin x}  sin ytl)
1
+ m(ﬂff — yi) (U (t,2e) — uP(t,ye)dt + dLy
t
1 2 22, 1 L
— =7y — — — —)°dt
2[p?]3 (@ = v7) (sin x}  sin ytl)
(2?2 —y?), 1 1 1
= G g ey ) () — ¥ (t g )de + dLe
t t t i

where L; is the local time of the distance in S at 0 and 7. We have

ﬁ(fﬂ? —y) (W@ (t,ze) — u(t,ye)) < 2[ult, )] < 2ce™,

however it is not clear what is the behaviour of the second component p?.

(1
2]
(3]
4]
(5]
(6]
[7
(8]
9]
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